Chapter 4 Exponential and Logarithmic Functions

4.1 Exponential Functions

4.1 Practice Problems
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5.a. (0,1)and (2,49)
f(0)=1:>1=c-a0=c-l=c
Therefore,
f(x)=l-a*=49=1.a" =
49=0>=a=7
So, f(x)=7%

b. (-2, 16) and [3, %j

16=ca™

—=ca

2
16 ca™?

127

32=a_5=>a=l
2

-2
16=c(%j =l16=4c=>4=c

1

So, f(x)=4(5jx.

6. A=P+I=P+Prt
=10,000+10,000(0.075)(2)
=10,000+1500=11,500

There will be $11,500 in the account.

7.a. A=P(1+r) =8000(1+0.075)
=~11,485.03
There will be $11,485.03 in the account.

b. Interest=A—- P =11,485.03-8000
=3485.03
She will receive $3485.03

8. The formula for compound interest is
nt
A=P (1 + 1) :
n
For each of the following, r = 1.

(i) Annual compounding (n = 1)
0.065

1
A= $5000(1 + j =$5325.00

(ii) Semiannual compounding (n = 2)
0.065

2
A =3$5000 (1 + ) = $5330.28
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Section 4.1 Exponential Functions 383

9.

(iii) Quarterly compounding (n = 4)
0.065

4
A=$5000(1+ ) =~ $5333.01

(iv) Monthly compounding (n = 12)

12
A= $5000(1 + %) = $5334.86

(v) Daily compounding (n = 365)

365
A=3$5000 1+ 0.065 = $5335.76
365

- \128
20,000 = 9000(1 + —)
12

+ JE—
12 9000 9

r 20)1/96
I+—=|—

12 9

L_ (§)1/96 O

12 9

1/96
r=12{(?) —11:.10023

Carmen needs an interest rate of about
10.023%.

(1 r )96 _ 20,000 _ 20

10. A= Pe’ =$9000e 000625 < ¢14 764.48

11. Shift the graph of y =e¢” one unit right, then

reflect the graph about the x-axis. Shift the
resulting graph two units down.

12. Use the exponential growth/decay formula

A() = Aye

a. A(30) =6.08¢"010G0) < 9 8257
The model predicts that if the rate of

growth is 1.6% per year, there will be about
9.83 billion people in the world in the year

2030.

13.

A(-10) = 6.08¢*01010) < 5 1810

The model predicts that if the rate of
growth is 1.6% per year, there were about
5.18 billion people in the world in the year
1990.

A(r) = Age™
A(6) = 22,000¢018)0) 747110

4.1 Basic Concepts and Skills

1.

For the exponential function
f(x) =ca*,a>0, a#1,the domain is

(—eo,00) and for ¢ > 0, the range is (0,0) .

The graph of f (x) =3" has y-intercept 1 and
has_no x-intercept.

The horizontal asymptote of the graph of
X
y= (%) is the x-axis.

The exponential function f (x) =a” is

increasing if @ > 1 and is decreasing if
O<ax<l.

The formula for compound interest at rate r
compounded n times per year is

r nt
A= P(1+—) .

n

The formula continuous compound interest is
A=Ppe”.

False. The graphs are symmetric with respect
to the y-axis.

False. This is true for a > 1 only.

True
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384 Chapter 4 Exponential and Logarithmic Functions
10. False. The graph of y =e” +1 is obtained by 27. 87 £ 47 — (23)” - (22)” _ 937w 27
shifting the graph of y =e” vertically one =372 _ o7
unit.
V5 5
5 5 2 3 25 . 235
11. Not an exponential function. The base is not a 28. 9% 227 = (3 ) * (3 ) =320 533
constant. —32V5-35 _ 35
12. Exponential function. The base is a constant, i
4. 29, (35 ) =323 _ 36
13. Exponential function. The base is a constant,
2 30. (2J§ )Jg =35 s
14. Not an exponential function. The base is not a
positive constant. 7
15. Not an exponential function. The base is not a 31. (Cl\/§ = a2 = V6 - 46
constant.
16. Notan egpl;)lnential function. The exponent is 3. o2 _(az)\/g ERVES NS N ]
t .
not a variable I
17. Not an exponential function. The base is not a
positive constant. 33.a. (0,1)and (2, 16)
18. Exponential function. The base is a constant, f (0) =l=l=ca’ =1=c
1.8. f(2)=16=16=1-a> = a=4
1. f©=5""=5"=1 fx)=4"
1 b. (0,1)and [ -2 1
20. f(-2)= o2+l _ 5l _ - . (0,1) an '9
f0)=1=1=ca’ =1=c
2. g(3.2)=3"72=322=0.892 © .
g(-1.2)=3"12 =322 112116 f(=2)= 25" la?=a=3
2.8+1 3.8 =3
1 1 flx)=3
22, g(28)= (—j = (—) =0.0718
2 2 34.a. (0,3)and (2, 12)
N3 28 ) o3 32 0a® = 32
5(-35)= =53] =s56569 f0)=3=3=ca"=3=c
f2)=12=12=3.a>=24=a’>=a=2
2(1.5)-1 2
23. h(1.5)=(3) =(§j _4 f(x)=3-2%
3 3 9
2 2(-2.5)-1 N\ 729 b. (0,5)and (1, 15)
h(—2.5):(§) =(§) ZH f(O):5:>5:caO:>5=c
f()=15=15=5-a'=a=3
2. f(2)=3-5*=-22 ) .
f(-1)=3-5"=238 flx)=5-3
25. 3\/5 3\/5 — 3\/§+\/§ — 32\/5
26. 74912 Z 73 7212 5BV

_7V3+43 _ 453
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Section 4.1 Exponential Functions 385

35.a. (1, 1)and (2,5)
f(1)=1:>1=ca1
f(2)=5=5=ca’
1 ca! 1

= s =a'=5=q
5 ca? 5

f(1)=1:>1=c.51:>c=§

36.a. (1,5)and (2, 125)
f()=5=5=cd'
f(2)=125=125=ca?

5 a1

— == _—_=a"'>225=a
125 ca® 25

f(1)=5:>5=c~251=>c=%

1
f(x)= g'(25)x

b. (=1,4)and (1, 16)
f(-)=d4=4=ca”’
f()=16=16=cd'

-1

iZ&:>1=cfz:>2=a
16 cad' 4

f()=16=16=c-2' =c=8
f(x)=8:(2)"

37.

39.

40.

x 4% is}
2 | 116 r
2l
-1 /4 ol
0 1 3|
1 4 o
2 16 T
2
] I I
-2 -1 1 2 X
X 10" f; -
1nF
_ 10+
1| 110 o
0.5 | =0.32 S
ok
0 1 51
ik
05 | =32 i
1 10 " I L
-1 -05 05 1 «x
_ y
X (3/2) * 8
7 -
4 | 8116 T
2| 94 Sp
4 —
-1 3/2 3+
2 —
’ 1 \H—x
1 2/3 - T e
2 4/9
4 | 16/81
X 7 ly(; -
9 —
-2 49 sk
7L
-1 7 sl
51
0 1 L
3 I
1 1/7 oL
S~
2 1/49 0 05 05 10 ‘x
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386 Chapter 4 Exponential and Logarithmic Functions
_ax—1
a.| x | W4 - 49. g(x)=3
) 16 B Shift the graph of f(x)=3" one unit right.
) 4 O Domain: (—oo, oo); Range: (0, oo)
B Horizontal asymptote: y =0
0 1 B ,
B Y
1 1/4 L
B AL
2 1/16 B
B g =3""
1 1 S~
2 -1 1 2
1
’ e | |
4. x (110)* B 2 -1 0 1 2 x
-2 100 B ™
-1 10 - 50. g(x)=3%-1
0 1 - Shift the graph of f(x)=3" one unit down.
1 0.1 - Domain: (—eo, e); Range: (-1, )
) 0.01 ~_ Horizontal aS}/mptote: y=-1
05 1 x Y
4 —
43 5 1.37F
-4 | =2.86 gy =3"-1
1 —
-3 =22 | | | |
[ R m 5 _] ) ) X
0 1 —4 3 2 -1 r2 s34 _- = T
=1
2 | =059 '
4 | =035 51. g(x)=47"
44 y Reflect the graph of f(x)=4" about the
. x 0-7—x 5 ol
y-axis.
4 | =024 4 Domain: (—eo, e); Range: (0, o)
3
) 0.49 ) Horizontal asymptote: y =0
0 1 M [ R -
—4 32 -1 1 2 3 4 x r
2 =2.04 C
4 | =4.16 L
45. ¢ 46. b 47. a 48. d B
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Section 4.1 Exponential Functions 387

52.

53.

54.

g(x)=—4"

Reflect the graph of f(x)=4" about the
X-axis.

Domain: (—eo, e); Range: (-, 0)

Horizontal asymptote: y =0

g(x)=-2-5""+4

Shift the graph of f(x)=5" one unit to the

right, reflect it about the x-axis, stretch
vertically by a factor of 2, then shift four units
up. Domain: (—oe,0); Range: (—e,4).

Horizontal asymptote: y = 4.
y

e

g)=—-25""+4

[ L1\ 1
-3 -2 -1 0 1 2\3x

1 -
=—.5"¥_»
8 (%) 2

Reflect the graph of f(x)=35" about the y-

axis, then shift the graph one unit to the right,
compress vertically by a factor of 2, then shift
two units down.

Domain: (—eo,0); Range: (-2, «).

Horizontal asymptote: y = —2.
y
4 —

g =+ x5 -2

gx)= -2 43

Shift the graph of f(x)=e" two units to the

right, then reflect it about the x-axis, then shift
the graph three units up.

Domain: (—eo, e); Range: (—oo, 3)

Horizontal asymptote: y = 3
y

<==-3

X

g(x)= 3+e2

Reflect the graph of f(x)=e”* about the x-

axis, then shift it two units to the right, then
shift the graph three units up.

Domain: (—eo, o); Range: (3, =)

Horizontal asymptote: y = 3
y

The graph passes through the point (0, 3) and
1, 3.5).

f(0)=3=23=a"+b=3=1+b=b=2
f()=35=35=d"+2=15=a
f(x)=15"+2

f(2)=152+2=425

The graph passes through (-2, 6) and (0, 3).
f(0)=3=23=a"+b=3=1+b=b=2
f(2)=6=6=a"+2=4=a"=

1 1
—2=4ﬁa=5

f(x)=(%)x+2=> f(2)=(%)2+2=%
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388 Chapter 4 Exponential and Logarithmic Functions
59. The graph passes through (-2, 7) and (-1, 1). 61. y= 2¥+2 4 5
f(2)=T=7=a+b @
-1 62 _ 3—()6—3) _ 3—X+3
f(-D)=1=1=a"+b - Y= or y=
Subtract (2) from (1). Y
— - _ —_nX
6=a72—a71=>6=i2—l=> 63. y—Z(zj 5 64, y=-2""+43
a a
6a* =1-a=6a’+a-1=0= 65. 1= Prt=$5000-0.1-5=$2500
11
(2a+1)(3a-1)=0=a= 33 66. 1= Prt=%$10,000-0.05-10 = $5000
1 67. [ =Prt=$7800-0.06875-10.75 = $5764.69
If a= —E, then
1! 68. I =Prt=$8670-0.04125- 6g =$2384.25
1:(—5j +thb=1=-2+b=b=3. 3
13
If = % _ then 69.a. A= 3500(1+@) = $7936.21
-1 .
- (1) b le34b o b2, b. interest= $7936.21-$3500 = $4436.21
3
) ) ) 00751202
The horizontal asymptote of the given graph is 70.a. A= 6240(1 4 j =$15,305
y = -2, so the equation of the graph is 2
X
£ ()= (1) _s b. interest = $15,305 - $6240 = $9065
3
2 71.a. A=7500e"0? =$12,365.41
f(z):(l) _221_2:_2
3 9 9 b. interest = $12,365.41—$7500 = $4865.41
60. The graph passes through (-1, 2.5) and (1, 1). 0.065 39505
F-1)=25=25= al+b 72.a. A= 8000(1+ 365 ) =$21,207.50
D=l=l=d'+b=1=a+b
f( ) —isaTb=isar @ b. interest =
Subtract (2) from (1). 1 $21,207.50 - $8000 = $13,207.50
15=a'-a=15=—-a= 10
a 0.08 10
) , 3 73. 10,000=P|1+——| =P(1.08)" =
1.5a=1-a"=a" +-a-1=0=> 1
) P =$4631.93
2a"+3a-2=0= (a+2)(2a—1)=0:>
| 0.08 \*1? 40
a=-2, 5 74. 10,000= P 1+T =P1.02)" =
If a=-2, then 1=-2+b=3=b. P =$4528.90
fa=t, thenl=t4b=L=p. 0.08 )**1”
2 2 2 75. 10,000=P|14+—— = P =$4493.68
The horizontal asymptote of the given graph is 365
= 1/2, so the equation of the graph is
Y 1 S 76. 10,000 = P"%80% = p = $4493.29
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Section 4.1 Exponential Functions

77. Reflect the graph of y=e” about the y-axis. 81.
y
8
7
6
5
4
3
2
| \l\‘*
-2 -l 1 2

78.

79.

Horizontal asymptote: y =0

Reflect the graph of y =e” about the x-axis. 82.

Horizontal asymptote: y =0

Shift the graph of y =e™ two units right.

=

[ RS )
T

—_ W kW
T

83.

Horizontal asymptote: y =0

80. Reflect the graph of y=e” about the y-axis,

and then shift it two units right.

)
(o

—_— W s N

Horizontal asymptote: y =0

Shift the graph of y =e”* one unit up.

1 | | |
-2 -1 1 2 x

Horizontal asymptote: y = 1

Reflect the graph of y =e” about the y-axis,

then reflect it about the x-axis, and shift it two

units up.
y

o

-2

1+
2+
3+
-4
5
—6

Horizontal asymptote: y = 2

Shift the graph of y =e* two units right,

reflect the graph about the x-axis, and then
shift it three units up.
y

Horizontal asymptote: y = 3
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390 Chapter 4 Exponential and Logarithmic Functions

84. Shift the graph of y =¢™ two units right,

reflect the graph about the y-axis, and then
shift it three units up.

N

— WA LN 0O
T T T T T TT

1 L ! !
0 1 2 3 4 x

Horizontal asymptote: y = 3

4.1 Applying the Concepts

85.a. (i) T =200-4"12 125-1766°C
(i) T=200-47169) 125148 1°C
b. 125=200-4"2" +25=100=200-4"" =
%: 470N 01 _ 902 1 g0y
t =5 hours

¢. As t— oo, T — 25. Verify graphically.
[

[0, 50, 10] by [0, 200, 25]
86. a. (i) Because 7 = the number of years since
2010, t=0.
p(0)=1.6-2%1%7 1600 thousand
= 1,600,000
(i) 1= 8,50 p(8)=1.6-2"1047®
= 2859 thousand = 2,859,000.
b. x=2025-2010=15,

p(15)=1.6-2%1%705 < 4753 1 thousand
=4,752,100

1(5)
87. A= 190,000(1+¥j = $220,262

0.07 )*@V
88. 80,000= P(1+'Tj = P =$18,629.40

0.15\!®
89. AzSO,OOO(l—'T) ~ $35,496.43

90. a. 1 =24(0.06)(380) = $547.20 . The total
investment is $547.20 + $24 = $571.20

1(380)
b. A= 24(1 + gj = $99,183,639,920

(380)(12)
¢ A= z4(1+%)
12

= $180, 905,950,100

d. A=24"9C80) < g191 480,886,300

91. Assume that interest is compounded annually.
1(54)
22,000,000 = 5000(1 N 3 -

4400 = (1+ r)>* = 4400 = 1+ r =
11681 =1+ 7= r=0.1681~16.81%

92. 15,000 = 12,000¢'% :%zelok =

1/10
ot :(2) .
4

A=15,000e'% =15, OOO(%J =18,750

93. A=10e""%10 < 0.1357 mm?
94.a. T=25+73"30 -9g°C
b. T =25+73¢02800) < 29 440C
c. T=25+73¢028CY <2527°C

d Ast—o,e " 50=T - 25C.

Verify this using a graphing calculator.
Y1ZEE+FEe "~ EBHD

n=zB.Bz87E7 _V=zE.001zB% .

r 4(12)
95, 95,600=6O,000(1+Zj =
48
g:(uﬁj P e TN
150 \ 4 Viso "4
W22 oLl 2 1|~ 0.039= 7
150 4 150

The interest rate on the bond was about 3.9%.
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Section 4.1 Exponential Functions 391

96. Let P represent the amount invested. Then
(i) 9.7% compounded annually for one year
would yield

1(1)
A= P(l+@) =1.097P.

(ii) 9.6% compounded monthly for one year
would yield

1(12)
0'0296j =1.1003P.

A=P@+

(iii) 9.5% compounded monthly for one year

would yield A = Pe®®°W) < 1.1000P.

The 9.6% investment compound monthly is
the best deal.

97. The number of pieces of paperis 2*, where x
is the number of tears. The height of the paper

is 0.015-2% .
a. 0.015-2°° =16,106,127 cm

b. 0.015-2%0 =16,492,674,420 cm

c. 0.015-2%° = 16,888,498,600,000 cm
=1.689x10" cm
98. Because the jar is full in 60 minutes, and the
number of bacteria doubles every minute, it

will be half full one minute earlier, or in 59
minutes.

4.1 Beyond the Basics

f+h)—f(x) e —e®  e*(e"-1)
h  h ok
NG
=8 —
h

99. a

b. fx+y)=e"" =e'e’ = f(X)f(y)

*X_L: 1
c. f(=x)=e = 0

100. 2. f(x)+g(0=(3"+37)+(3" =37
2.3

b f(0)-g(n=(3" +3‘X)—(3x —3‘X)
=2.37%

e [f@] -[¢e@]

(o5 [lr-3)]

= (3% 437 4 2) - (3% 437 -2) =4

d. [fo] +[g®]

=[(3*+ 3*")]2 +[3*- 3*")]2
= (3% 437 4 2)+ (37 437 -2)
=2(3% 437

101. 55:2+l+i+l+i:@z2.71667
20 31 41 5! 60
Slo:Ss+i+i+i+L+L:2.7182818
6! 7! 8 9! 10!
5152510+L+L+L+L+L
11! 121 13! 14! 15!
=2.718281828

The sum approaches the value of e.

—X X
102. a. f(-x)= % = f(x)= cosh x is even.
et —e*
b f(—x): > :—f(x):>sinxis odd.
—X _ —X
c¢. coshx+sinhx= te +£ ¢
2 2
2¢*
= = e
2

d. (coshx)? —(sinh x)?

_\2 _
e +e B ef—e*
2 2

er +2eX7% +e*2x er Pt +e*2x

4 4
e 42+ P24
4 4

m(1)
103. A=P[1+L) =P(+y)=
m

r m r m
(1+—j =1+y=>y=(1+—j -1
m m
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392 Chapter 4 Exponential and Logarithmic Functions

104, a A(t + 1) - A(t) B pe 1) _ pekt so the denominator 1+ ca”™ approaches 1 and
: - kt
A(l) Pe y= b approaches b.
ek(t+1) e 1+ca®
Sl I N T
kt k _ ke
_ee - N
¢ y:1+bca""a<1
b A(t+h)—A(r) Pt _ peht _/
) A(t) Pelt x
k(t+h) ke x
_¢ - If a > 1, then, for x < 0, ca™ approaches 0, so
k
i k‘z ' i the denominator 1+ ca™ approaches 1 and
_ e e - _ kh
- kt =e” -1 y= approaches b. For x =0, the
€ 1+ca®
105. y=e*— y= e IR y= Q21 y= 30241 denominator becomes very large, so
106. y=e' s y=e"? 5y=e77 T approaches 0
y:263x+2_)y:_263x+2_>y:_263x+2_5 y y=b

107. yzex—>y=ez+x—>y=ez+3x—> \ b
_ _ _ y= ,a>1
y=e? T 5 y=5¢7 5y =502 14 Q
3+4x

108. y=e' > y=e" 5 y=¢ — >
3+4x e3+4x Sy =__263—4x N

y=2e —y=-2

34 112. There are four possibilities, 0 < a < 1 with ¢ <
y==2e"" -1

0,0<a<1lwithec>0,a>1withc<0,and a
> 1 with ¢ > 0. They are illustrated below

y

4.1 Critical Thinking/Discussion/Writing

109. The base a cannot be 1 because this makes the
function a constant, f (x) =1. Similarly, the
base a cannot be 0 because this becomes
f(x)=0% =0, aconstant. We rule out

negative bases so that the domain can include
all real numbers. For example, a cannot be —3

because f (%) = (—3)1/ * = =3 isnotareal

number.

y=ca*,0<a<1,¢>0

y=ca*,0<a<l1,c<0

110. ¢ (x) is defined for the set of integers. For

o 1
example, g (—2) = (—3) = 5 and y=ca*,a>1,¢>0

g(3)=(-3) =-27.

X

111. If 0 <a < 1, then, for x < 0, the denominator _x .
y=ca,a>1,c<0

becomes very large, so y = <
1+ca

approaches 0. For x>0, ca® approaches 0,

Copyright © 2015 Pearson Education Inc.



Section 4.1 Exponential Functions 393

113.

114. The graphs of y =2" and y = x intersect in

The function y =2" is an increasing function,

so it is one-to-one. The horizontal line y = k

for k > 0 intersects the graph of y =27 in

exactly one point, so there is exactly one
solution for each value of k.

exactly two points: (1, 2) and (2, 4). So
2¥=2x=x=1or2.
y

5+ y=2 y=2x

41 @4

3+

2+ (1,2)
/I’ 1 1 1 1 1
-1 1 2 3 4 5 x

4.1 Maintaining Skills

115.

116.

117.

118.

119.

120.

121.

122.

109 =1

10 =L 201
10

(-9 =48 -2

2592 = 25 =5

-2
(1) =72 =49
7

12
(lj =92 _ /9 =3

9

1872 =18 =92 =32
1y 2
(E) =122 =Jy12=\J43=23

123.

124.

125.

126.

127.

128.

f(x) =y=3x+4
Interchange x and y, then solve for y.
x=3y+4=>x-4=3y=

X;4:y:f,1(x)

The domain and range of f ! are (—oo, oo).

f(x)=y=gx-5

Interchange x and y, then solve for y.
x=%y—5=>x+5=%y=> 2(x+5)=y=
y=f""(x)=2x+10

The domain and range of f ' are (oo, o).
f(x)=y=+x,x20

Interchange x and y, then solve for y.
x=\/;=>x2=y=f71(x), x=0

The domain and range of f ! are [0, oo).
f(x)=y=x*+1,x20

Interchange x and y, then solve for y.
x=y2+1:>x—1=y2:>
yszl(x)zm, x=1

The domain of £~ is [1, o).

The range of f_1 is [0, oo).

f(x)zyle_l,xil

Interchange x and y, then solve for y.

xzﬁ:x(y—l)zlzy—lzé:

y=f71(x)=1+l, x#0

X
The domain of f~" is (e, 0)U(0, ). The
range of £ is (~oo, 1)U(L, o).
fx)=y=x
Interchange x and y, then solve for y.
x=3y=>x3=y=f71(x)

The domain and range of £~ are (oo, o).
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394 Chapter 4 Exponential and Logarithmic Functions

4.2 Logarithmic Functions x y=log, x x )
4.2 Practice Problems 2 2'=2= y=log,2=1 2,1
1.a. 2'9=1024 is equivalent to 4 22=4= y=log,4=2 (4,2)
log,1024=10. 3
8 27=8= y=log,8=3 8,3)
b. 9—1/2 — l is equivalent to log, (l) — _l ) Plot the ordered pairs and connect them with a
3 2 smooth curve.
y
c¢. p=a’ isequivalentto log, p=g 41
3 —
2.a. log,64=6 isequivalent to 2° =64 . 2r %
[ R
b. log,u=w isequivalentto v =u . LA 234567 8%
-2
-3
—4

3.a. log;9=y=3"=9=23"=3"=y=2
Thus, log; 9 =2.

b. log, 1 oY= 1 32y i3l Ve 1 7. Shift the graph of y = log, x three units right,
3 2 then reflect the resulting graph about the

1 1 Xx-axis.
Thus, logg —=——. !
893775 )

— N W A
I

y
c. logl/232:y:>(%j =302=27V=2 >
|

I

|

|

|

I

Lt L1

y=-5 LT 23 ANg67 8%
Thus, log/, 32=-5. L !

|

|

|

|

|

_'&_
3 = 1 3
4.a. logs1=0 b. logs 3P =5 4L Yy 0gy(x = 3)

c. 7925 _5 8. P, =log3-log2=0.176
This means that about 17.6% of the data is

5. Since the domain of the logarithmic functi
tnee the comatit o the fogallimic function expected to have 2 as the first digit.

is (0,%0) , the expression +/1—x must be

positive. /1 —x is defined for (—eo,1), so the 9, a. y:]nl:wy =l=> V== y=-1
i 1 i 1 ‘ 1 ‘
domain of log;y~/1—x is (—eo,1). Thus, InL = —1.
6. Create a table of values to find ordered pairs ¢
on the graph of y =log, x. b. Using a calculator, we have In2 = 0.693.
x y=log, x ) 10. a. If P dollars are invested, then the amount
A=3P.
l 73 =l=>y=10g21=_3 (l,_g,j A= Pe" =3P = Pe00 = 3= 0005
8 8 8 8 In3
In3=0.065t =t = =16.9
1 27 = 1 = y=log, 1 -2 (Z’_Z) It will take approximately 17 years to triple
your money.
1 o1 1 1 )
— | 2 ===y=log,—=-1 -1
2 2 T8 2
1 2°=1= y=1log,1=0 (1,0)
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Section 4.2 Logarithmic Functions 395

11.

b. A=Pe" =3P=Pe =3=¢" =

ln3:5r:>t:%z0.2197

The investment will triple in 5 years at the
rate of 21.97%.

Start with equation (2) in Example 11 in the
text.

T =72 4+ 108 ~0-14953171

This equation gives the rate of cooling in a
72°F room when the starting temperature is
180°F. Since the final temperature is 120°F,
replace T with 120 and solve for .

120 =72 +108¢~ 01493317
48 = 108670‘149531%
4
T 0.14953171t
9

In (gj =-0.1495317¢

—0.8109302 = —0.1495317t = 5.423 =¢

The employees should wait about 5.423
(realistically 5.5 minutes) to deliver the coffee
at 120°F.

4.2 Basic Concepts and Skills

1.

11.
13.

15.
16.

The domain of the function y =log, x is

(O,oo) and it range is (—oo,oo).

The logarithmic form y =log, x is equivalent

to the exponential form a” = x .

The logarithm with base 10 is called the
common logarithm, and the logarithm with
base e is called the natural logarithm.

a'®&* = x and log, a* = x.
False 6. True
logs25=2 8. lo (lJ——l
g5 . 849 7 5
__1 1 4 _
logy 64 = 3 0. log.a =2
log;,0.1=~1 14. logy5=x

a*+2=7=a*=5=log,5=2

log, m=e

17.

18.

19.

21.

23.

25.

27.

28.

29.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

43.

2a3—3=10=>2a3=13=>a3=§=>

13
log, (?j =3

5-2C’=11=>2“=%=>1og2(%j=cz

25=32 20. 72=49
102 =100 22. 10'=10
10°=1 24. a’=1

-1
1072 =0.01 26. G) =5

310g82:1:>10g82:%:>81/3:2

1+10g1000 = 4 = log 1000 = 3 = 10 = 1000
e* =2 30. e“=rx

logs 125 = 3 because 5° =125

logg 81 =2 because 92 =81

log 10,000 = 4 because 10% = 10,000

1 1
log; —=-1because 3 =—
g3 3 3

1 |
log, —=—-3 because 27" =—
g28 U 3

1 -3
1 —=-3b 47 =—
Og4 64 ccause 64

log; V27 =% because 372 =27

1
log,; 3= 3 because 27"% =3

log62 =i because 164 =2

logs ~/125 =% because 572 = /125

log;1=0 42. log),1=0

log; 7=1 44.  logy é =1
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396 Chapter 4 Exponential and Logarithmic Functions
; 1 5 intervals is (—1, oo), so the domain of g is
45. 10g6 6' =7 46. 10g1/2 [Ej =5 (_1 oo)
log, (l) 1 59. Since the domain of the logarithmic function
47. 3&5=5 48. 7 2= 5 is (0,0), the expressions (x — 1) and (2 — x)
must be positive. This occurs in the interval
49, g7 log s 53 -74 (-3)=4 (1, o) for x — 2 and in the interval (—eo, 2)
for (2 — x). The intersection of the two
50. 3'°%° _log, 27 =5-(-3)=8 intervals is (1, 2), so the domain of  is (1, 2).
~ 60. Since the domain of the logarithmic function
log, 6 _ 2 —6— (=)=
SL. 4757 —logy 4 6 ( 2) 8 is (0,), the expressions (x — 3) and (2 — x)
52, 10%8F _ oy — must be positive. This occurs in the interval
(3, oo) for x — 2 and in the interval (—oo, 2)
53. Since the domain of the logarithmic function for (2 — x). The intersection of the two
is (0,0) , the expression x + 1 must be intervals is J, so the domain of fis .
positive. This occurs in the interval (—1,e0), 6l a. F b, A
so the domain of log, (x+1) is (=1,¢0). . D d B
54. Since the domain of the logarithmic function e. E f. C
is (0,e0), the expression x — 8 must be 2 Fo=1 b, F0=1
. a. x)=1log, x . x) =log, x
positive. This occurs in the interval (8,0), so &2 &3
the domain of log; (x—8) is (8,e°). ¢ f=logyx d. f(x)=logyx
55. Since the domain of the logarithmic function 63. Shift the graph of y =log, x three units left.
is (0,0) , the expression +/x —1 must be Domain: (=3,<0) ; range: (—oo, ) ; asymptote:
positive. This occurs in the interval (1, oo) , SO x=-3
y
the domain of logs~/x—1 is (1,0). 4r
N
56. Since the domain of the logarithmic function 2r
is (0,<0), the expression +/3—x must be L / Z,,’,—-)
-4 =3 £2 -1 1 2 3 4 "x
positive. This occurs in the interval (—eo, 3), -1
2+
so the domain of log, v3—x is (—eo, 3). Sk
4+
57. Since the domain of the logarithmic function
is (0,0), the expressions (x —2) and (2x — 1) 64.  Shift the graph of y =log/, x one unit right.
must be positive. This occurs in the interval Domain: (L,eo) ; range: (=, o) ; asympiote:
(2, oo) for x — 2 and in the interval (%, oo) x=1
for 0
(2x — 1). The intersection of the two intervals 4
. - . . o 3k
is (2, o), so the domain of fis (2, o). ’
58. Since the domain of the logarithmic function T !

is (0,), the expressions vx+5 and (x + 1)
must be positive. This occurs in the interval
(=5, o) for vx+5 and in the interval

(=1, ) for x + 1. The intersection of the two

LLL

T T T 71
T
v,
21
o[
ol
oL
i
-
o
IS
=
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Section 4.2 Logarithmic Functions 397

65. Reflect the graph of y =logs x about the

66. Stretch the graph of y =log; x vertically by a

67.

68.

x-axis. Domain: (0,) ; range: (—oo,o0) ;

asymptote: x =0
Y

3

2

factor of 2. Domain: (0, 0) ; range: (—oo,c0) ;

asymptote: x =0
¥

3
2_
1
I I I R
1 2 3 4 5 6 7 x
-1
-2

cy =

Reflect the graph of y =logys x about the
y-axis. Domain: (—ee,0) ; range: (—oo,0) ;
asymptote: x =0

Y
4
3
2
1 | 1 1 | | \))

2

Reflect the graph of y =logys x in the y-axis,

and then shift it up one unit. Domain:
(—0,0) ; range: (—oo,c0) ; asymptote: x =0

&wpu‘*
T T

| | | |
=T 6 -5 -4 -3 2 -l x

On (0,1), reflect the graph of y =logs x
about the x-axis. Domain: (0,<0) ; range:

[0,00) ; asymptote: x =0

1

0 1 2 3 4 5 6 «x

On (—<0,0), reflect the graph of y =1log; x
about the y-axis. Domain: (—eo,0) U (0,0);

range: (—oo,0) ; asymptote: x =0

— o W =

[
1 2 3 4 x

Shift the graph of y =log, x one unit right.
Domain: (1,0); range: (—oe,0); asymptote:
x=1

y

5
4
3
2
1

T 1T T T 1

-1
-2
-3
—4
-5

T T T 7T

Reflect the graph of y =log, x about the
y-axis. Domain: (—ee,0) ; range: (—oo,o0) ;
asymptote: x =0

T T T
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398 Chapter 4 Exponential and Logarithmic Functions
73. Shift the graph of y =log, x three units right 1%
and then reflect it about the y-axis. 9
Domain: (—e<,3); range: (—oo,0); s
asymptote: x =3 Z
y 5
S5k 4
4 3
\Z— /_
L L
N R R RN RN N
~6-5-4-3-2-1 [ 1 N3 47
Ll 77. On (—<o,0), reflect the graph of y =log, x
=in about the y-axis. Domain: (—oe,0) (0, 0);
4+
sk range: (—oo,0); asymptote: x =0
y
74. No transformation. Domain: (0, eo); 51
range: (—oo,0); asymptote: x =0 i:
y \ s /
5+ 1+
4+ L1 1 1 L1 1 1
3k —5-4-3-2 23 4 5 «x
2 =
1+
1 I S I Y Y A |
Gt 23456780910%
-2
-3
:g | 78. On (—o0,0), reflect the graph of y =log, x
about the y-axis. On (—0,0)(0,0), stretch
75. Shift the graph of y =log, x three units right, the graph vertically by a factor of x.
then reflect it about the y-axis, and then shift it Domain: (—oo,0) U (0,0); range: (—oo,o0);
2 units up. Domain: (—ee,3); range: (—oo,c0); asymptote: x =0
asymptote: x =3 y
y 6~
\i: 4 :
3P L
2t L
1+ | I | I I I |
I I N I N S Y T VI -6 -4 -2 2 4 6x
~6-5-43-2-1 [ 12p 47 ~
2
b -4
—4
5 -6
4
76. Shift the graph of y =log, x three units right, 79. log,(log;81) =log, 4 =1because 3" =81 and
reflect it about the y-axis, reflect the resulting 4t =4
ira%;;;?ﬁ'x:ms%;nfa:le; S(h_lft it f)(.)ur units 80. log,[log;(log, 8)]=1log,[log;3]=1og,1=0
P P72 Tange: e ) because 2° =8,3' =3, and 4° =1.
asymptote: x =3
2
81. log 52=2 because 2 =2.
2
82. logzﬁ 8 =2 because (2@) =8.
4
83. log ;4 =4 because (ﬁ) =4,
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84.

85.

86.

87.

88.
89.

90.

91.

6
log\/g 27 =6 because (\/5) =27.
logx=2=10>=100= x

loglx-1)=1=10"=x-1= x=11

Inx=l=e' =e=x

hx=0=¢"=1=x

Shift the graph of y =Inx two units left.
y

Shift the graph of y =Inx two units right,
then reflect the graph about the y-axis.

Y=
W
Ny
-
=

LN
L1

Shift the of y =Inx graph two units right,

then reflect the graph about the y-axis, and
then reflect the graph about the x-axis.
y

5
4~
3+
2
1

|

w

|
.
|
oy =
|
o
|
o=
w
Ny .
Ty =
=

\

92,

93.

9.

Stretch the graph of y =Inx vertically by a
factor of 2.

—_ 0w A ;=

-1+
-2
-3
-4
-5

Stretch the graph of y =Inx vertically by a

factor of 2, reflect the resulting graph about
the x-axis, and shift it three units up.

Shift the graph of y =Inx one unit right,

reflect the graph about the y-axis, reflect the
graph about the x-axis, then shift the graph
one unit up.

4.2 Applying the Concepts

95.

96.

97.

98.

2P = P08 — 2 =008 5 1n2=0.08t =
t = 8.60 years

120,000 = 10,000e% " = 12 =% =
In12=0.1t = t = 24.85 years

2P =P = 2=¢% = n2=6k >
k=0.1155=11.55%

50,000 = 8000e>* = 6.25 = > =
In6.25 = 25k = k = 0.0733 = 7.33%
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400 Chapter 4 Exponential and Logarithmic Functions
99. a. The population in 2010 was 109.7% of the 101. Find k using T =50,T, =75,T, =20, and
population in 2000. ¢ =1 minute.
308 =1.097A, = A, = 280.7657247 " 30 )
The population in 2000 was about 280.8 50=20+(75-20)e *V = 5-¢
million. 30
In—=-k=0.6061 =k
b. 308 =280.7657247¢'%" = 35
308 o a. (i) T =20+ (75-20)e 060615
280.7657247 T = 22.66°F
In L =10r=
280.7657247 ) (i) 7 =20+ (75— 20)e %110 —
ln( 308 ) T = 20.13°F
= — 2807651247/ . 0.009257 = 0.93% 06061060
10 (i) 7 =20+ (75—20)¢ *006160)
T = 20°F
. 400 = 30800092 _, 400 _ 00092 _,
308 0 b. 22 =20+ (75-20)e 0001 —
In(35e
In (@j =0.0092f = ¢ = M ~28.4 2 7060617 lni =-0.6061t =
308 0.0092 55 ' 55
years after 2010, or in the year 2039. £~ 3.5 minutes
100. a. The population is 2010 was 112.33% of the 102. Find kusing T =40,Ty =32,T; =85, and
population in 2000. ¢t = 30 minutes.
=1.12 = 31.5819461 _ _
35=1.123340 = A9 = 315819461 40=85+(32—85)e 0k — B _ 30k
The population was about 31.2 million in 53
2000. In2 = 30k = k = 0.005454
35 53
b. 35=3120" =522  _ loOr _ B ~0.005454¢
€ 315819461 ¢ 503—585+(32 85)e =
ln( 35 ) 10— In 7 = ~0.0054541 = ¢ = 76 min
31.5819461
35 . .
r=lnmz0.011627z1.16% 103. Find kusing T =160,T, =50,T, = 400, and
10 t =10 minutes.
. 70=35e00M02T — 5 = OO 160 = 400+ (50 — 400)e ™10k = 220 _ ,-10k
In2=0.011627t = o 350
In—=-10k = k = 0.03773
Z=Lz59.614 yr or in the year n35
0.011627 Use this value of & to find the time given
2070. T =220,T, = 50, and T, = 400.
d 50=3500011027 _, 30 _ ooni627 _ 220 = 400+ (50 — 400)e 773 =
35
50 18 _ 00 18 6 03773
In (—j =0.011627t = 35 35
35 t =17.6 minutes
In (22 . .
— (35) ~30.676 = 30.7 yr or in the 104. Find k using T= 848, TO = 857,TS = 55, and
0.011627 t =30 minutes.
year 2040.

84.8 =55+ (85.7—55)e KG9 =

20.8 =30.7¢ G0  n 28
30.7

k = 0.000992

=-30k =

(continued on next page)
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(continued)

Now use this value of & to find the number of
minutes that passed until the body was found.

85.7 =55+ (98.6 — 55) 00009921

30.7 _ -0.000992¢ 30.7

43.6

t = 353 minutes

The murder occurred 353 minutes before
2:10 aM,, or at 8:17 pM., assuming that the
temperature of the live body was 98.6°F.

105. a.

106. a.

107. a.

= In—=-0.001r =

A(1)=0.8(0.04)=0.032
Using the model A(r)= Aye”, we have

0.032=0.04¢" =08=¢"=r=1n0.8
So, in one year (12 months), the
concentration of the contaminant will be

A(12) =0.04¢"20% = 0027 =0.27%

0.0001 < 0.04¢™*% = 0.0025 < 0% =
In0.0025 <In 0.8t = ¢ < 26.85 months
3

T(1)=7

Using the model 7' (n) =Tye™, we have

(16,000) =12,000

12,000 =16,000¢" = % =e¢' =r=I (3/4)
So T'(r) =16,000¢" )" = 16,000 (3/4)"
T(12) = 16,000¢™ 12 = 506.82 m®

0.2(16,000) = 16,000¢™ ¥4 =
02=e" 5 1n0.2=1n(3/4)r =
t = 5.6 years

3000 = 1500e>” = In2=3r =

r=2 0231
3

Thus, the functionis P = 1500331
Alternatively, since the population doubles
every three years, we have the geometric
progression progression given by

P =1500-2"°,

P =1500¢"%'") = 7557
There will be about 7557 sheep in the herd
seven years from now.

C.

108. a.

109. a.

110. a.

15,000 = 1500e*%" =10 = "5 =
In10=0.231r = ¢ :ﬂ: 10

0.231
The herd will have 15,000 sheep about 10

years from now.

In two years, there will be 8/ 9 the number
of sharks than there are now.

§:e2r :ln(§j22r:>
9 9

In(®
r= —(9) ~-0.059
2
Thus, the functionis P = 150e 005"

1500095 <118
There will be about 118 sharks four years
from now.

35 = 1500005 _y 33 _ 005

150

35 In
In —) =009 =>t=—""+=
(150 -0.059

There will be 35 sharks in about 24.7 years.

P; =log4—log3= log(%j =(0.125

About 12.5% of the data can be expected to
have 3 as the first digit.

P =log2-1logl=0.3010
P, =log3-1log2=0.1761
P; =log4-1log3=0.1249
P, =log5-1log4 =0.0969
P; =log6—1log5=0.0792
P, =log7-1log 6 = 0.0669
P; =log8—1log7 = 0.0580
B =log9-1og8=0.0512
Py =logl10—1log9 = 0.0458
B+P+P+---FR+F=1
This means that one of the digits 1...9 will
appear as the first digit.

2,3,5,7,11,13,17,19
7(20)=8

2,3,5,7,11,13,17, 19, 23, 29, 31, 37, 41,
43, 47

71'(50)=15
50 ~13
In 50
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1,000, 000

¢. 7(1,000,000) ~ ———2——_
In 1,000,000

=72,382

4.2 Beyond the Basics

111.

112.

113. a.

114. a.

Since the domain of the logarithmic function

-2
al N must be

is (0,e0), the expression
x+

positive. This occurs in the interval
(—e0,—1)U(2,0), so the domain of

—2\
10g3();+1) is (=0, —1)U(2,00).

Since the domain of the logarithmic function

must be

. . x+3
is (0,e0), the expression

positive. This occurs in the interval
(—e2,—3)U(2,2°), so the domain of

lo (x+3) is
g3 _2

(—e0,=3)U(2,20).

h(x) =log; x and g(x) =log, x. So,
f(x)= g (h(x)). The domain of h(x) is
(0,00) = the domain of f(x) is (1,00).

b. h(x) =In(x—1) and g(x) =log x. So,

f(x)= g (h(x)). The domain of h(x) is
(1,00) = the domain of f(x) is (2,0).
c. h(x)=log(x—1)and g(x)=Inx. So,
f(x) =g (h(x)). The domain of h(x) is
(1,00) = the domain of f(x) is (2,0).

d. h(x)=log(x—1)and g(x) =logx. So,

f(x)=g(g(h(x))). The domain of h(x) is
(1,00). The domain of g (h(x)) is (2,00).
(Note thatlog(x —1) =0= x=2.) So, the
domain of g (g (h(x))) is (11,e).

vy =log,(logs x) . Switch the variables and
then solve for y:

x=log,(logy y) =2  =log; y =3> =y

b. y=log(In(x—1)). Switch the variables and

then solve for y:

x=log(ln(y-1))=10"=In(y-) =

10* 10*

e’ =y-l=e"  +l=y

C.

115.

116.

117. a.

b.

118. a.

119.

y = In(log(x —1)). Switch the variables and
then solve for y: x = In(log(y —1)) =

e =log(y-1)=10° =y-1=10° +1=y

y = log(log(log(x —1))). Switch the
variables and then solve for y:

x = log(log(log(y —1))) =

10" =log(log(y — 1)) =

100" =log(y-1) = 10" +1=y
y=logx— y=log(x-2)—
y=log(%x—2j% y=3log(%x—2J—>

y =—3log(%x—2j% y =—3log(%x—2j+4

y=logx —> y:log(2+x)—>
y=4log(2+x)—> y=4log(2+3x)—>
y:410g(2—3x)—> y:—410g(2—3x)—>
y=—-4log(2-3x)+1

P =100,000e 07?0 = $24. 659.69

10r

50,000 = 75,000¢"10" = % —pl0r

In (2/3) =-10r = r = 0.0405 = 4.05%

Using the simple interest formula, we find
that 50,000 = P(0.05)(1) = P =1,000,000.
So we need $1,000,000 in order to earn
$50,000 per year. To determine the amount
in the account at age 40, we have

1,000,000 = Pe%032) — p ~ $286,504.80.

Using the simple interest formula, we find
that 50,000 = P(0.08)(1) = P = $625,000.
So we need $625,000 in order to earn
$50,000 per year. To determine the amount
in the account at age 40, we have

625,000 = Pe©%29) — p ~ $84,584.55.

Using the simple interest formula, we find
that 50,000 = P(0.1)(1) = P =500, 000.
So we need $500,000 in order to earn
$50,000 per year. To determine the amount
in the account at age 40, we have

500,000 = Pe%1'2) — P = $41,042.50.

4.2 Critical Thinking/Discussion/Writing

210g23_310g32 =3-2=1
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120. log; 4 =log; (2?)=2log; 2

121.

122.a.  f(x)=|log| ={

123.

124.

log, 9 =log, (3%) = 2log, 3
Let x =logs 2 and let y = log, 3.
(10g3 4 +log, 9)2 - (10g3 4-1log, 9)2
= (2x+2y)2 —(2x—2y)2
z[(2x+2y)+(2x—2y)]-
[(2x+2y)—(2x—2y)]
= (4x)(4y) =16xy
Note that
x=log;2=3"=2andy=1log,3=2"=3
3 =(3) =20 =323 =3z ay=1
Alternatively,
log2 log3
log3 log?2
Therefore, 16xy =16-1=16, so

xy =log;2-log,3=

logs 4 +1og,9) — (logs 4 —log, 9)° =16.
3 2 R 2

log, [10g4 (10g2 x)] =0=log, (10g2 x) =305

log, (log, x)=1=log, x=4= x=2"=16

if0<x<l1
ifx>1

—log x
log x

b. g(x)=|In(x—1)]+[In(x-2)|

{ln(x—l)—ln(x—2)

In(x—1)+In(x-2)

if2<x<3
ifx>3

a. Yes, the statement is always true.
b. The increasing property is used.

There are four possibilities, 0 < a < 1 with
c<0,0<a<1withec>0,a>1withec<0,
and a > 1 with ¢ > 0. They are illustrated
below.

y=ca*,0<a<l,c<0||| y=clog,x,0<a<1,¢>0

y=ca*,a>1,c<0\|[y=ca’,a>1,¢>0

4.2 Maintaining Skills

125.

127.

128.

129.

130.

131.

132.

133.

134.

135.

612'617 209

126. (a2)3 =a*3 =4
J;gz(aﬂvz:cfﬂp):a4

3,6 = (a6)1/3 _ 05 _ 2
23V [r243V5T (3}
5 =|%) =6
3 3(1/5) ws) P
Sy sl L) (L (L
2 ‘5(3zj ‘(32J {(32) }
1 3
-(3)

(4.7x107)(8.1x10%) = (4.7 x8.1)(107 x10°)

=38.07x10"
=3.807x10"

6 6
72x10° 72 10° . o

24%x107° 2471073

log; 81 =4 because 3* =81,

logz 3+1og; 27 =1+3=4 because log;3=1
and 3% =27. Therefore,

log; 81 =1ogs 3 +log; 27.

log, 8 =3 because 23 =8,
log, 128 —log, 16 =7 —4 =3 because

27 =128 and 2* =16.

log,16 =4 because 2% =16.

2log, 4=2-2=4 because 2% = 4.
Therefore, log, 16 = 2log, 4.
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136. log, 64 =3 because 4° = 64.
log,64 6

=— =3 because 2° =64 and
log, 4 2
22 = 4. Therefore, log, 64 = M.
log, 4

4.3 Rules of Logarithms
4.3 Practice Problems

1. Given logsz=3 and logs y =2
a. logs(y/z)=logsy—logsz=2-3=-
b. logs(y2z3):10g5(y2)+log5 (23)

=2logs y +3logs z
=2-2+3-3=13

2x—1

X+

1/2
b. log /4_xy=10g(4_xy) %log(“_xyj
Z Z Z

= %(log 4xy —log 7)

2.a. In

=In2x—-1)—In(x+4)

=%(log4+logx+logy—logz)
1
zz(log(22)+logx+log y—log z)

1 1 1
=log2+—1 +—1 -—1
og > ogx 5 ogy 5 0gz

3. %[10g(x+1)+10g(x—1)]
1[log x+1 ]

:%log(x —1) log(x2 -1
= logxlx2 -1

4.  K=234%
log K =log (234567)
log K =56710og 234 =1343.345391
Since log K lies between the integers 1343 and
1344, the number K requires 1344 digits to the
left of the decimal point. By definition of the

common logarithm, we have
K = 101343345391 _ {(50.345391 1 ()1343

)1/2

~ 2215088 x10"343

log15

5. log;15=—"—=2.46497
log3

6. a., b., Substitute (3, 3) and (9, 1) in the
equation y =c+blogx to obtain
3=c+blog3 o
I=c+blog9 (2

Subtract equation (1) from equation (2) and
solve the resulting equation for b.

—2=blog9—-blog3=b(log9-log3)
=blog%=blog3
2
log3

Substitute the value for b into equation (1) and
solve for c.

3=c+(— 2 Jlog3=>3=c—2=>c=5
log3

Substituting the values for b and c into
y=c+blogx gives

23(10gx)=5—2(10ng

=5-
Y log log3

=5-2logz x

A(r) 66\ _
7. ln(Tj kt = ln(IOO) 15k =
In(0.66
In (0.66) = 15k = k = %
To find the half-life, we use the formula
_In2 _ In2

h= =——F—=125.

k  1n(0.66)/15
The half-life of strontium-90 is about 25
years.

8. King Tut died in 1346 B.C., so the object was
made in 1540 B.C,, so the time elapsed
between when the object was made and 1960
is 1540 + 1960 = 3500 years. The decay
function for carbon-14 in exponential form is

A(t) = Age "001210 (See example 7in the
text.) Let x = the percent of the original
amount of carbon-14 in the object remaining
after  years. Then

xAO — Aoe—0.0001216t N

t =3500, so
— »~0:0001216(3500)

— 6_0'0001216[.

=(0.6534 = 65.34% .
4.3 Basic Concepts and Skills

1. log, MN =log, M +log, N.

2. log, % =log, M —log, N
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

log, M" =rlog, M.

The change-of-base formula using base e is
InM

Ing

log, M =

False. There is no rule for the logarithm of a
sum. log, u+log,v=1log, (uv).

True. log%:ng—loglO:logx—l .

log6 =1log(2-3) =log2+log3
=0.3+0.48=0.78

log4 =1log(2-2) =log?2+log?2
=0.3+0.3=0.6

log5 = log(%J =logl0—-log2=1-0.3=0.7
log(3x) =log3+logx=0.48+2=2.48

log(zjzlogZ—logx:0.3—2:—1.7
X

logx? =2logx=2(2)=4

log(2x2y) =log2+2logx+logy
=034+2(2)+3=73

log(xy®) =logx+3log y=2+3(3) =11

log \3lx2y4 = log(x2/3y4/3) = %10gx+%log y

2 4 16
—5(2)"'5(3) =3

log(log x2) =log(2log x) =log(2-2)
=log2+1og2=03+03=0.6

log3/48 =log(2*-3)!/3 = %logZ +%log3
4 1
=2(0.3) +=(0.48) = 0.56
3( ) 3( )

log3 048

= =1.6
log2 0.3

log, 3=

In[x(x—1D]=Inx+1In(x-1)

x(x+1) _
(x-1)?
=Inx+In(x+1)-2In(x—-1)

In In(x(x+1)) - In(x - 1)?

21.

22,

23.

25.

26.

27.

log, \/xy® =log, /x +log, y*
=log, X2 +log, y3

= %loga x+3log, y

3

log =log 3x2—10g \/5
a ‘\/; a a
=log,3+log, xz—loga y
:10g03+210gax—%10gay

1/3 |
log,, %/E =log, (ﬁ) =—log, (ij
y y 3 y

1 1
:§loga x—gloga y

12

1/3
x2 x2 / 1 x?
loga?’F:lOga F :§loga F

1 2 1 5
:gloga X _Eloga y

2 5
:Eloga x—gloga y

B 21/4
1 X
e #19% _oe (22] 1, [0
0g- 3 052(8 40g2

:ilog2 (xyz)—ilogz 8

1 1 1
=—lo +—1o -—(3
n gy X 4 g2 Y 4( )

1 1 3
= log, x+2-—log, y—=
Zlogax+2-logy y—-

—llo x+llo _3
4 g2 2 g2 Y 4

2 2 3 2
1 x
log 32 —1oel 22X | =100l 22
£4100 g[loo 38| 100
RN
—Elog(x y)—glogIOO

=%logx2 +élogy—%(2)

—%10 x+llo _2
3 oBYTZBY T

[..2
log Y —;lzlog\/x2+l—log(x+3)

X+
= %log(xz +1) - log(x +3)
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- 23
28. log, [;C—9J = %log4(x2 -9) —§10g4(x2 —6x+8)

2 2
= {510&1 ((x=3)(x+ 3))} - {510&1 ((x=2)(x - 4))}
2 2 2
= {Elogzl(x -3) +§10g4(x+ 3)} —g(log4(x —2)+log,(x— 4))

:glog4(x—3)+glog4(x+3)—glog4(x—2)—glog4(x—4)
3 3 3 3
29. log, x2y3z =2log, x+3log, y +log, z
1/2 1 1
30. log, +/xyz =log, (xyz) =§logb x+ 210gb y+510g17 z

31. ln(£)=ln(x\/;)—ln(x2+2)=lnx+ln((x—1)1/2)—ln(x2+2)=lnx+lln(x—1)—ln(x2+2)

x> +2 2

32. (Fm) In (V¥ =2 +1)=In [ +3) = In((x=2)"?)+ 1n((x+ 1))~ 1n (x> +3)

x“+3
1 1
=3I (x=2)+3In(x+1)=In(x* +3)

33. lﬂ{%]=ln((x+1)2)—ln((x—3)x/m>= 21 (x+1)=(1n (x=3)+In (x-+4)"?)

=2ln(x+1)=In(x=3)= T In (x+4)
34. In %j=ln(2x+3)—ln((x+4)2(x—3)4)=ln(2x+3)—(ln((x+4)2)+ln((x—3)4))
= In(2x+3)—2In(x+4)-41n (x-3)

35. In|(x+1) x2+2}=1n(x+1)+ln(#y/2:1n(x+1)+%(ln(x2+2)—ln(x2+5))

x> +5 x°+5

=In(x+1)+2In(x? +2) - Lin(x? +5)
REREICA) N N +1(x+1))=In((x=1)* Bx+
36. 1n{(‘_1)2(3x+2)]_1n(\/2x [(x+1)=In((x=1)" (3x+2))
= in (2x+1)+In(x+1)=[2In (x=1) +1n (3x+2)]

=i (2x+1)+In(x +1)=2In (x=1) = In (3x+2)

- ln[ 2 (Bx+1)* J x*(3x+1) (x+2)
\/x2+1(x+2)_5(x—3) ( )

=1n[x‘ Bx+1)* (x+2) ]—ln[( +1)/2( —3)2}

:31nx+41n(3x+1)+51n(x+2)—%ln(x2+1)—21n(x—3)
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38.

39.

40.

41.

42,

43.

44.

45.

46.

47.

48.

49.

(x+ 1)1/2 (x2 3 2)2/5 (x+ 1)1/2 (x2 B 2)2/5 (x2 N 2)4/5
In V2 2 5 | = In 3
(-1 (x? +2) (2x-1)
=In |:(x+ N’ (x*- 2)2/5 (x2+ 2)4/5}— In (25-1)?
1 2 4 3
=3I (x+ 1)+ Zin(x* ~2)+ 2In (x> +2) - SIn (22~ 1)
log, x +1og, 7 =1log,(7x) 50. K = 7050
X log K =log (7[650) =650log 7w
logy x ~log, 3=log, (Ej =323.1474173 =
K = 1032341474173 — 100.1474173 x 10323
%log_x—logy-klogzzlog(ﬁj 51.4042X10323
y
51. K =3247°
L llog x +1og y) = log(x)"? = log /v log K = log (3247%) = 75610g 324
2 = 1897.972028 =

K= 101897.972028 — 100.972028 % 101897

! (log, z+2log, y) =log (yzz)l/5
= 2 2 - 2
3 ~9.3762 %1087

= logzé/ﬁ

52. K =723*16
1 log K = log (723‘“6) = 41610g 723
—(logx—2logy+3logz)
3 3 =1189.401532 =
1 xz° xz’ xz° _ 101189.401532 _ 1 10.401532 , 1 11189
=§10g(—2J=10g£—2J “loer e 118910 <19
y y \ ~2.5208 x 10
Inx+2Iny+3Inz=In(xy%z%) 53, K =234%7
» log K =log (234567) =5671log 234
2lnx—3lny+4lnz=ln[x§ j =1343.345
y M = 567234
234
T log M = log (5677**) = 23410g 567
2Inx 2ln()c +D)=Inx"—-InvVx~ +1 — 664.338

| [ 52 ] Since log K >log M, K > M. Thus,
=In

(21 234307 5 567234,

| | 54. K=43219
21In x+Eln(x2 -1 —Eln(xz +1)

log K = log (43218765) =8765log 4321

=1n[x2’/x2_lJ =31865££
2. M =8765*
log M = log (87654321) = 43211028765
K=e" =17036.63
log K = log (e5°°) =500loge = 217.147241 = Since log K >log M, K > M. Thus,

8765 4321
K = 10217147241 _ 1(0.147241 | 4217 432177 > 87657

~1.4036 x10%!7
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5S.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

K =17%%.53%7
log K =log (17200 -5367)
=log (17200)+ log (5367)
=2001log17 +671log 53

=361.6163
There are 362 digits in the given product.

K = 67200 . 93150
log K =log (67 200 . 23150)
=log (67200) ~log (23150)

=2001log 67 —1501og 23
=160.9558
There are 161 digits in the given quotient.

log, 5= 1282 _ 5357
log?2
log, 1= _; 734
log4
10g1/2 3 = _1585
log12.5
log 12.5=—=""~4598
8 log\/g
logx/ﬁ
log =17 = ~1.760
&5 log\/g
log;s123 = 108123 _; 797
log15
log, 7 +log, 3= 087 1083 3¢
log2 log4
log9 log5
log,9-1log 55=—o———2°"_ ~_1474
&2 & log?2 logx/i

logs V3= logs 32 =

-1
1
logy/, 4 =logy), (Z) =-1

log;(log, 8) = logs (log, 2°) =log; 3 =1

210g2 2 — 21 — 2
52logs 3+logs 2 _ slogs 3*+logs 2 _ 5logs(9-2)

— Slog5 18 _ 18

3In2-2In3 In(23+32) _ 8
e e = 5

71.

72.

73.

74.

75.

log 4+ 2log5 = log(4-5%) = log 100
=logl0? =2

log, 160 —log, 5 =log, (%J =log, 32
=log, 25=5

Substitute (10, 1) and (1, 2) in the equation
y=c+blogx to obtain

l=c+blogl0d )

2=c+blogl (2

Subtract equation (1) from equation (2) and

solve the resulting equation for b.
1=blogl->blogl0O=b-0-b-1=-b=
b=-1

Substitute the value for b into equation (1) and

solve for c.
l=c-logl0=1=c-1=c=2

Substituting the values for b and ¢ into
y=c+blogx gives y=2-logux.

Substitute (4, 10) and (2, 12) in the equation
y=c+blogx to obtain
10=c+blog4 )
12=c+blog2 (2
Subtract equation (2) from equation (1) and
solve the resulting equation for b.
—2=blog4—blog2="b(log4—1log2)
=blog2=
[—

log2
Substitute the value for b into equation (2) and
solve for c.

12=c+( -2 jlog2=>12=c—2=>c=14
log2

Substituting the values for b and ¢ into
y=c+blogx gives

y=14—| -2 llogx = 14— 2| lo&x
log?2 log2

=14-2log, x.

Substitute (e, 1) and (1, 2) in the equation

y=c+blogx to obtain

l=c+bloge (1)

2=c+blogl (2

Since log 1 = 0, equation (2) becomes ¢ = 2.
(continued on next page)
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(continued)

76.

77.

Substitute the value for ¢ into equation (1) and
solve for b.

1=2+bloge= -1=bloge=>b=—-

loge
Substituting the values for b and c¢ into
y=c+blogx gives

y=2—( ! ]k)gx:z—(loﬂj:z—lnx.
loge loge

Substitute (3, 1) and (9, 2) in the equation
y=c+blogx to obtain

I=c+blog3 )
2=c+blog9 (2

Subtract equation (1) from equation (2) and
solve the resulting equation for b.

1=blog9—-blog3=b(log9—log3)
:blog(%J:blogSS
1
log3

Substitute the value for b into equation (1) and
solve for c.

l=c+ !
(10 3

]10g3:>1:c+1:>c:0
g

Substituting the values for b and ¢ into
y=c+blogx gives

1 log x
= 10 :_:10 .
Y (log3j 8 log3 83

Substitute (5, 4) and (25, 7) in the equation
y=c+blogx to obtain

4=c+blog5 )
T=c+blog25 (2

Subtract equation (1) from equation (2) and
solve the resulting equation for b.

3=blog25-blog5=b(log25-1log5)
=b10g(?}=blog5=>

3
log5

Substitute the value for b into equation (1) and
solve for c.

4=c+( 3 Jlog5:>4=c+3:>c=1
log5

Substituting the values for b and c into

78.

79.

y=c+blogx gives

y= 14| = |logx=1+3| 10&x
log5 log5

=1+3logs x.

Substitute (4, 3) and (8, 5) in the equation
y=c+blogx to obtain

3=c+blogd )

S=c+blog8 (2

Subtract equation (1) from equation (2) and
solve the resulting equation for b.

2:b10g8—b10g4:b(10g8—10g4)

:blog(gjzblog2:>
2
log2

Substitute the value for b into equation (1) and
solve for c.

3oct| 2 |logd=c+| —2 10g(22)
log2 log2

:c+2( 2 jlog2:c+4:>
log?2

3=c+4=-1=c
Substituting the values for b and c into
y=c+blogx gives

y= 14| =2 |logx = -1+ 2| 108>
log?2 log?2

=-1+2log, x.

Substitute (2, 4) and (4, 9) in the equation
y=c+blogx to obtain

4=c+blog2 O

9=c+blogd (2

Subtract equation (1) from equation (2) and
solve the resulting equation for b.
S=blog4-blog2= b(log4—log2)

:blog[ij2>5:blog2:>b:
2 log?2

Substitute the value for b into equation (1) and
solve for c.

4:c+( > jlog2:c+5:>—1:c
log?2

Substituting the values for b and c into
y=c+blogx gives

y=—1+] =2 llogxr=—1+5[108*
log2 log?2

=-1+5log, x.
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80. Substitute (1, 1) and (5, 7) in the equation
y=c+blogx to obtain
I=c+blogl @
T=c+blog5 (2

Subtract equation (1) from equation (2) and

solve the resulting equation for b.
6 =blog5—blogl=hb(log5-logl)

=blog(§J:> 6=blogs=>b=
1 log5

Substitute the value for b into equation (2) and

solve for c.

7=c+( 0 jlog5=c+6=>1=c
log5

Substituting the values for b and ¢ into
y=c+blogx gives

y=1+] =2 |logx =1+6[ 087
log5 log5

=1+6logs x.

81. A(r)= Age™ = 23=50¢'* =
0.46 = ' = 1n(0.46) = 12k =

In (0.46)
k= 12
To find the half-life, we use the formula
p=-2___ In2 ___47

k ~ In(0.46)/12
The half-life is about 10.7 years.

82. A(t)= Aye" = 65=200'"% =
0.325=¢'% = 1n(0.325)= 10k =

_In (0.325)
k= 10
To find the half-life, we use the formula
p=-2_____In2____c)

k ~ 1n(0.325)/10
The half-life is about 6.2 years.

83. A(f)=Ape" =3.8=103"" =
38 _ sk o 1n(ﬁ)= 15k =

103 10.3
3.8
Lo (%5
15
To find the half-life, we use the formula
h=-102_ n2 04

k ~ In(3.8/10.3)/15
The half-life is about 10.4 hours.

84.

8s.

A(r)= Age =12.3=20.8¢4" =
12.3 _ 40k 12.3) _
208~ e = ln(—20.8) =40k =

123
Lo (553)

40
To find the half-life, we use the formula
p=-102_ In 2 ~52.8.

= n(123208)/40
The half-life is about 52.8 minutes.

4.3 Applying the Concepts

7.09=7% =

ln7'7£ =k =0.012775=1.2775%

86.a. 12=7¢%012775 Iy (%J =0.012775t =

87.

88.

89.

90.

91.

t = 42.2 years after 2011.

The world population will be 12 billion
sometime during 2054.

20 = 720127735 5 I (?j =0.012775t =

t = 82.2 years after 2011.

The world population will be 20 billion
sometime during 2094.

20 < 7¢'%% = In (?) <100k =

0.010498 =1.0498% < k
The maximum rate of growth is 1.0498%.

5>7¢PF = 1n (%) > 25k =

—-0.013459 = -1.3459% > k = the rate of
growth must be less than 1.3459%.

3500 =1000* " = n3.5=0.1t =
t =12.53 years

Assume the original investment is $1.
2= = In2=6k=k=0.1155=11.55%

Because the half-life is 8 days, there will be
10 grams left after 8 days. Use this to find k:

10 = 20 :%: S = ln(%) — 8k =
k ~ —0.08664
A =20e70086645) <12 969 grams
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92,

93.

9.

9s.

96.

97.

98.

Because the half-life is 13 years, there will be
5 grams left after 13 years. Use this to find k:

5=10¢'* = % =e'* = (%) =13k =
k =-0.05332
A =10¢7003332(2) < 8 9885 grams

2
Find k using A=7.5,A; =60, and t = 63:
7.5=60e%* = In (%) =63k = k = —0.033

1

5= e 008 (%) =-0.033t =t =21 hr.

15=5¢"% 2 03=¢""%" = 1n0.3=-10k =
k =0.1204

~ |
31007012040 _ 1 —0.1204r _

In (1/4) =-0.1204¢t = t = 11.5 hours
Find k using A=38,A, =16, and r = 36:

8= 16730k = L = o730k

In (%) =36k = k =0.0193
A=16¢7001950®) o 4 <137 grams.

Find k: % =e "k = (%) =12k =

k =0.0578

0.9=¢% - 100.9=-0.0578t =
t =1.82 hours

In exercises 99—-102, we use the formula

-M
p=—"" .,

1—@+§ym

where P = the payment, r = the annual interest rate,
M = the mortgage amount, ¢ = the number of years,
and n = the number of payments per year.

99.

p = 006:120.000 0102020 +12=859.72
0.06\ "~

1= (1+93°)
The monthly payment is $859.72.
There are 240 payments so the total amount
paid is 240-$859.72 = $206,332.80.
The amount of interest paid is
206,332.80 — 120,000 = $86,332.80.

L_ ro0sst (%) =—0.055t =1 =~12.6 yr.

100.

101.

102.

1200 = 0.08450,02(; )
0.08
1-(1+58)
14,400 = 12,000

1- (1+%)712'

0.08\™"" 12,000
-1+ =2 =222
12 14,400

150
log g)

- 121log (%) -

They will have to make payments for 22.5
years. They will make 270 payments of $1200
each for a total of $324,000. They will pay
324,000 — 150,000 = $174,000 in interest.

0.085-M 12

- (H%)—lz-so N

0.085-M

1— (1 + %)—12-30

0.085 712~30:|
_ 10, 200[1 - (1 + T)
0.085

=110,545.60

Andy can afford a mortgage of about
$110,545.60.

22.5

850 =

10,200 =

M

r-120,000

- (Hé)—lz-zs N

Use the hint with a graphing calculator.

850 =

Flokl Flotz Flokz # My
~HMIB12EEEEEC1=0) [Tar B4A.14
1+EA1207 0 -124250 | | oeod | 8
212 e0s | BEans
/e i
T A70E

~Ny=
Y1=849. BEEEERISY

~We=
At 7.02%, her monthly payment will be
$849.67.
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4.3 Beyond the Basics

103. log, (\/x2 +1 —x)+logh( x? +1+x)
=log,, ((\/xz +1—x)(\/x2 +1 +x))
=log, (x2 +1—x2)= log, 1=0

104. Use reasoning similar to that in exercise 103:

0=log,(x+1-x)
=log, (( x+1 +x)(\/x+1 —x))
=10gb( x+1 +x)+logb (\/x+1 —x)=>
logb( x+1 +x)= —log,, (\/x+1 —x)
loga logbh
105. (lo log b)= . =1
( & a)( Ea ) logb loga
106. log (gj +log (éj
b a
=loga—logh+logh—loga=0
107. 4
0 P/ 10
[0, 10, 1] by [4, 4,1]

108, X logs (x+3) X logs (x+3)
-3 Undefined 2 1
-2 0 3 1.11
-1 0.43 4 1.21
0 0.68 5 1.29
1 0.86

y
2 —
.
| | b’TJ— | | | | |
A T2 345
-2
_3 —
4
_5 —
a b c a
109. a. log (—j + log (—j +log (—) +log (—) =0
b a a c

(See exercise 106.)

2 2 2
b. log 4 +log L + log <
bc ca ab

=2loga—(logh+logc)
+2logb — (logc+loga)
+2logc—(loga+1logh)=0

log3 log22
log2. log3
_log3 2log2
_log2. log3 -

c. log,3-log;4=

d. log,b-log,c-log.a
_logb logc loga _

loga logh logc

110. log,(log, N)=4=2%=16=1log, N =
216 = N = N =65,536.
There are 5 digits.

11 f(x)=log, (1og5 (togs (18x -+ —77)))
18x—x? =77 = =(x’ —18x+77)
=—(x—11)(x—7)
log, (1 8x—x2 - 77) is defined only for those

values of x which make 18x — x> —=77 > 0.
Thus, the domain of log; (18x— x% =77} is

(7, 11).

logs [log3 (18x —x?- 77)} is defined only for
those values of x in the interval (7, 11) which
make logs (18x— X - 77) >0. Weusea

graphing calculator to solve this. Note that we
use the change of base formula to define the
function.

log(18x - x? —77)
log 3

Y, =log; (18x— x> - 77) =

2&F0 2&F0
H=P.ZEPOMOZ Y=-BAE-1Z Hz10.73205L Y=o
[6, 12] by [-1,2]
Thus, the domain of

logs [10g3 (18x —x?- 77)} is approximately
(7.27, 10.73).

(continued on next page)
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(continued)

log, (log5 (10g3 (1 8x—x%— 77))) is defined only for those values of x in the interval

(7.27, 10.73) which make logs [mg3 (18x-7 - 77)} >0.
We use a graphing calculator to solve this. Note that we use the change of base formula to define the

function. Y, =logs (log3 (18x -x%- 77)) =logs (Y,)= IY_IS
0g

=, P —
2RF o / \ 2Rk / \
n=g =7 MEBE-1% n=in =0

[6, 12] by [-1,1]

Thus, the domain of log, (10g5 (log3 (1 8x—x2 - 77))) is (8, 10).

112.a. f (1j =log, (1) =log,(x "
X X

=—log, x=—(=log . x) =logy, x

_ _ 1/h
b LG = f() _log,(x+h) 1ogax=%.loga(ﬂjzé.loga(Hﬁjzloga(Hﬁ) %0
X X X

h h
113. a. False b. True c. False d. False e. True
f. True g. False h. True i. False j- True

114.a. Let M =qa” andlet N =a" for some real numbers v and w. Then
v

M -
loga—zlogaa—w =log,a" " =v—w.
N a

M
v=log, M and w=1log, N, so v—w=log, M —log, N. Therefore, logaﬁzlogaM—loga N.

b. Let M =a" for some real number v. Then log, M " =log, (av)r =log, (a"r) =r.

v=1log, M, so vr=rlog, M. Therefore log, M" =rlog, M.

115. log (#) - %(loga +logh)=> 2log (“—;’I’J = log (ab) = 2log (a + b) - 2log 3 = log (ab) =

log (a+b)* —log9 = log (ab) = log (a + b)* =log (ab) +log9 = log (a + b)” = log (9ab) =
(a+b)* =9ab= a® +2ab+b* =9ab= a®> +b> —Tab =0
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1 1 1 1 1 1
116. + + = + +
I+log.ab 1+log,bc 1+log,ca | logab —  logbe logca
logc loga logb
_ logc loga logb
B logc+logab loga+logbc logb+logca
_ logc loga logb
B logc+loga+logh loga+logb+logec logb+logc+loga
_loga+logb+logc _
B loga+logb+logc -
4.3 Critical Thinking/Discussion/Writing
117. Instep 2, log [%j is negative, so 3<4 = (_oo’ 0) U (0’ 1)'
——  is defined only for those values of
In(x+2)

1 1
31 — |>41 — .
Og(z) Ogtzj

118. The domain of 2log x is (0,oc), while the

domain of log(xz) is (—e0,0) U (0,0).

119. If p=2" -1 is a prime number, then the

only way p and 2™ have a different number
of digits is if 2 =10% or 2" % =5k,
However, this is impossible because 2"k s

even and 5* is odd. Thus, p and 2™ have the
same number of digits.

K= 243112609
log K =log (243“2609) = 4311260910g 2

=12978188.5
There are 12,978,189 digits in this prime
number.

120. 1 is defined only for those values of
log (1-x)

log (1 - x) # 0 and for those values of x such
that log (1 - x) is defined.
log(l—x)=0=>1—x=1=>x=0
log(1-x) is defined for

l1-x>0=1>xorx<1.

Thus, the domain of ; is

log (l - x)

In (x+2)¢0 and for those values of x such
that In (x+2) is defined.
ln(x+2)=0=>x+2=1=>x=—1
In(x+2) is defined for
x+2>0=>x>-2o0r —2<ux.

Thus, the domain of ; is
In (x + 2)

(=2, =1)U(-1, o).

The intersection of the two domains is the
1 + 1

log (1 - x) In (x + 2)

-1)U(-1, 0)U(0, 1).

4.3 Maintaining Skills

domain of . Thus, the

domain is (—2,

121. 11-3°=11-1=11

122. —4.5%.5%=—4.5"%=_4.50= 4

123. 4X —2x+1 =( ) 2 —2x+1 — 22)( 2 —2x+1
_ 2 ( 2x+1) 2 -9
2 —
124. (7x) '(72) Y g2 g2 _g2x-2x _ 40 _y

For exercises 125-128, let # =5%. Then 5% = ¢?

125. 5% -5 ==’ —t=-1=1>—t+1=0
126. 3-5%-2.5=7=3t2-2%=7=
3t2-2t-7=0
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127.

128.

129.

130.

131.

132.

133.

134.

135.

3 243 136. 4x-1726—(5+2x)
ST 43.57 z+;_1 1 4x—-1721-2x
5—X_Z:> ; —Z:> p —Z: 6x>218=> x2>3

tif =%:>4r2+12=12 =32 +12=0= Solution set [_3’ ) o
5 4.4 Exponential and Logarithmic
rr4=0 Equations and Inequalities
5745t 1 T e 4.4 Practice Problems
5% _57 2 1_t_2:>1_;2_2 ) o

p La 3=23=3"=3=x=5
242t2=1-t>=3t2+1=0 .

b. 8 =4=(2%) =22 =27 =22
2x—(11+x)=8x+(7+2x)
x—11=10x+7

-18=9%=>x=-"2
Solution set: {-2}

3x=2:>x=%
3

2. 7.3 ooy
4x—1+(6x-2)=3—(5x+1) 7

10x-3=2-5x ln(3“1)=ln(17—1)=>(x+1)1n3=1n(%j=>
1
Sx=5=x=- In(11/7 In(11/7
3 o 0V7) o I0V7) g
1 In3 In3
Solution set: {—}
3 3 3x+1=22x

2 +3x-1=3

x2+3x-4=0
(x—l)(x+4)=0
x=1=0|x+4=0

x=1 x=-4
Solution set: {—4, 1}

2x% —7x=3x+48
2x% -10x-48=0
x> —5x-24=0
(x—8)(x+3)=0
x—8=0|x+3=0
x=38 x=-3
Solution set: {-3, 8}
2x<T+x=>x<7
Solution set: (—eo, 7)

5x—2£19—(1—x)

5x—-2<18+x
4x<20=>x<5

Solution set: (—os, 5]

12x>30-3x
15x>30=>x>2

Solution set: (2, oo)

In (3"“) =In (22")
(x+D)In3=2xIn2
xIn3+In3=2xIn2
xIn3-2xIn2=-1In3
x(ln3—2ln2): —In3

xX= —Lz 3.819
In3-2In2

4. ¥ -4e*-5=0
(ex—S)(ex+1)=0
e*=5=0or ¢e*+1=0
ex—5=O:>ex=5:>ln(ex)=ln5:>
xIne=m5= x=In5=1.609

e +1=0= e =-1, which is not possible.

5. The given model is P(t) = Py (1+ r)t )

a. In 2020, ten years after the base year, the
population of the United States will be

P(10) =308(1+.01 1)10 =343.61 million.
The population of Pakistan will be

P(10) =185(1+.033)'"" = 255.96 million.
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b. To find when the population of the U.S.

will be 350 million, solve for ¢:
350 =308(1+.011)' =30 o=
308

ln(@) =tnl1.0l11=

308

. In (350/308)
~ Inl.ol11

The population of the U.S. will be 350

million approximately 11.69 years after
2010, sometime in the year 2022.

=11.69

c. To find when the population of the two
countries will be the same, solve for

308(1+.011)" =185(1+.033)'
308(1.011)" =185(1.033)'
308 _1.033" _ (1.033)t

185 1.011° (1.011
308 1.033
In| — |=¢tIn| ——
185 1.011
In (308/185)
=23.68=t

In(1.033/1.011)

The populations of the two countries will
be the same about 23.68 years after 2010,
sometime in the year 2033.

6. 1+21nx=4:>21nx=3:>1nx=%:>x=e3/2
7. logs(x—8)+logyx=2
logs[ x(x-8)]=2
x2 —8x =32
x2-8x-9=0
(x—9)(x+1)=0
x—9=0 or x+1=0
x=9 x=-1

Now check each possible solution in the
original equation.

log; (9-8)+log;9=2
log; 1+log;9=2
0+2=2Vv
?
log; (-1-8)+1logs (-1)=2
This is not possible because logarithms are not

defined for negative values.
The solution set is {9}.

8. In(x+5)+In(x+1)=In(x-1)
In [(x +5)(x+ 1)] =In(x-1)
ln(x2+6x+5):ln(x—1)
x2+6x+5=x—1
x> +5x+6=0
(x+2)(x+3)=0
x+2=0=>x=-2 or x+3=0=x=-3

Now check each possible solution in the
original equation.

In(-2+5)+In(-2+1)=In(-2-1)
In3+In(—-1) = In(-3)

This is not possible because logarithms are not

defined for negative values.

In(=3+5)+In(-3+1)=In(-3-1)
In2+1In(-2) = In(—4)

This is not possible because logarithms are not

defined for negative values.

The solution setis & .

9. The year 1987 represents ¢ = 0, so the year
2005 represents ¢ = 18. Using equation (19) in
example 9 in the text, we have

35

6.5=———=65+3% % =35>
1+6e
285 ek en (—28'5) =
39 39
In (28.5/39)
k=—m e = 0174 =1.74%

The growth rate was about 1.74%.

10. 3(0.5)"+7>19=3(05)" >12=

(05)" >4=xIn0.5>In4= x<

x<-2

In4
In0.5

=

11. Since 1 — 3x must be positive, x < %

In(1-3x)>2=1-3x>e’ =

2
—3x>e2—1=>x<e_—;1=>

2
x<iZ€ rx<213

4.4 Basic Concepts and Skills
1. An equation that contains terms of the form
a® is called a(n) exponential equation.

2. An equation that contains terms of the form
log, x is called a(n) logarithmic equation.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

The equation y =

— represents a(n)
1+ ae

-b
logistic model.
True

False. A logarithmic equation can have a
negative solution as long as the solution does
not make the parameter of the logarithm
negative.

True.

Q2 = 43% (23)2" _ (22)3" _y 6% _ p6x

2Y=16=2"=2"=x=4

3 =243=3"=3 = x=5

x 3x 5 5
8¥=32=2=2 =>3x=5=>x=g
212512505 x—1=0=> x=1
bl =128 =22 =27 o =7 = k=4

oll = 243 = 32

[SHEC Y

=35 :>2|x|:5:>x:i
5*\)‘\ =625 = 5""‘ = 54 = —|x| =4 = there
is no solution.

3P Zgr = 3P Z 34 o —|x|=4= thereis
no solution.

Inx=0=x=1

In(x-D=1=e =x-1=x=1+e

logzx:—1:>271:x:>x:%
log,(x+1)=3=2 =x+1=x=7

logs|x]=2=3% =|x|= x =19

logy [x+1|=3=2 =x+1|= x+1=8=
x=T7orx+1=-8=x=-9

1 1
Elogx—2:O:>Elogx:2:>10gx:4:>

10* =10,000 = x

%log(x+l)—l=0=>10g(x+1)=3=>
10° = x+1= x =999

In3

In exercises 23-52, the equations can be solved using
either the common logarithm or the natural
logarithm.

23. 2x=3:>xln2=ln3=>x=—2--l.585

24,

25.

26.

27.

28.

29.

30.

31.

In

In5

3x:5:>xln3=ln5:>x:ﬁ:1.465

n

2P 215= 2x+3)In2=In15=

ax43=nld
In
ln15_
= In2 =1n15—31n2:0‘453
2 21n2
32 =17= (2x+53=hl7=
2x 4507
In
ln17_
c=In3 :ln17—51n3z_1-211
2 2In3
5-2x—7=10:>2x=%=>
xln2:ln(£j:>x:wzl.766
5 In2

3-5"+4=11=5" :%:>xln5:ln(%):>

In7-1n3
x=————
In5

3477 4 4=14= 421 =

=0.526

(2x—1)ln4:1n[?j:>

In10-1In3

In4

+1

_In10-In3+In4

10
—=

X =

2

2.3%73 _ 7210 =33 ==

(4x—5)ln3:ln(%j:>
In17—-1In2

In3

_In17-In2+5In3

2In4
17

=0.934

4

517 =2* 5 (1-x)In5=xIn2=

41n3

=1.737

In5-xIn5=xIn2=In5=x(In5+1In2)=

In5
X=—-
In5+In2

Copyright © 2015 Pearson Education Inc.

=0.699



418 Chapter 4 Exponential and Logarithmic Functions
32, 32 o0 5 Oy —1)In3=(x+D)In2= y =T ory =-3. Reject the negative solution.
2xIn3-In3=xIn2+mn2= 2" =7 xin2=1n7= x= ) 2807
x(2In3-In2)=In2+Mn3= In2

In2+1n3
x= o =1 40. 4X—4*X=2:>4X(4"—4*"=2)=>
e e 4240 =24 = 4% _ 2. 4% —1=0.

B S S Lety = 4" Then 47 ~2.4" _1=0=
B ++/
In2-6In3=4xIn3+xn2= y2—2y—1=0:>y=¥=lix/§
lln 22_ 6611n :; = x(4ln 3+In 2) = Reject the negative solution.
ﬁq:mz—l.m 4* =142 = xlnd=In(1+2)=
n n
In(1++2)
34. 52" =315 (2x+1)In5=(x-1)n3= x=———=0636
2xIn5+In5=xIn3-In3=
2xIn5-xIn3=-In3-In5= 41, 9°-63"+8=0=3%_-6.3+8=0.
X(21n15;1n13)5=—1n3—1n5=> Lety =3 Then 3% —6-3 +8=0=
xzﬁz—lQﬂ Y26y +8=0= (y—4)(y-2)=0= y=2
ory = 4. Substituting, we have 3* =2 =
-1 1
35. 2.3 =57 ¥n3=1n2= x =2 0631 or 3* =4 =

In(2:3*") =In(5""") s
In2+(x—1)In3=(x+1)In5 ¥In3=Ind4= x=1—>~1262.
In2+xIn3-In3=xIn5+1In5 The solution set is {0.631, 1.262}.

xIn3—xIn5=In5-In2+1n3
X —X
_In5-In2+In3 3
T T 3-ms 3 (374537 =6) =3 +53° =63 =
_In2-mm3-In5 ;g4 32¥ 6.3 +5=0. Let y = 3*. Then
1n5—1n3 2y x _ 2 _
363" 4+5=0= y>—6y+5=0=
36. 5.2204 = 7.3+ (y-5)(y-1)=0=y=1lory=5.

In (5 : 22“1) =In (7 : 3“) Substituting, we have 3* =1= x =0 or
In5+(2x+1)In2=In7+(x-1)In3 3xz5:>x1n3:1n5:>x:£:1_465_
In5+2xIn2+In2=In7+xIn3—-1In3 In3

2xIn2-xIn3=In7-In3-In5-1n2 The solution set is {0, £z1.465}.
x(2In2-1n3)=In7-In3-In5-1In2 In3
In7-In3-In5-In2
X 43. 3% _4.3242.37 =8
~-5.059 3% 4.3 42.3-8=0
32)6(3X—4)+2(3X—4)=0
37. 1.065 =2=¢In1.065=In2= )
X x _ 4\ _
t=111n§65z11.007 (3 +2)(3-4)=0
ne 32¥42=0= 3% =-2= thereisno
38. 1.0725' =2=1In1.0725=1n2 = solution.
2 oo 3¥-4=0=>3"=4= xIn3=ln4=
T Inl.0725 c=In4_ 560
In3

_AX 2x _ 49X _

39. Lety=2% Then 2> -4.2"=21= Solution set: {M :1_262}
y2—4y-21=0= (y-T)(y+3)=0= In3
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44.

45.

46.

47.

48.

49.

50.

2% 43.2% 2% =3
23 43,02 2% 3=
2“(2%3)—1(2%3):0
(2“—1)(2X+3)=0
22 _1=0=2*=1=2xIn2=Inl=
2xIn2=0=x=0

2" +3=0= 2" = -3 = there is no solution.
Solution set: {0}

.X_ —-X

Sl N I S DI N
3¥ 437 4
3-3"—5-3*"=0:>3"(3.3"—5.3*"=0):>
3.3 -53=0=> 3-32"=5:>32"=§:>

2xIn3= ln[gj =

x_ln(5/3)_ln5—ln3
"~ 23 23

=(0.232

er—e " N N

- 7x:l:>3-ex—3-e_ =e*+e " =
e +e

2.ex—4-e_x=0=>ex(2-ex—4-e_x=0)=>
2-e-4."=0= 2. ¥ =4 P =2

2x:ln2:>x:%20.347

4
2+3*

1n2=x1n3=>x=£:0.631
In3

=1=4=2+3"=22=3"=

! =3=7=3-2"-3=10=3-2"=

2¥ 1
n10=1In3+xln2 = x= 210713 ey

In

T o 17235-7.3 =
5-3*
7.3 =18=In7+xIn3=1n18 =
o nl8-In7 oo
In3

15 X x
———=4=15=12+8-5"=3=85"=
3+2.5%
1n3=1n8+x1n5:>x=m3;ﬂz—0.609

n

51.

52,

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

TS
+

5=8+4.3" = —% =3" = there is no solution.

:4:>7:12+20‘2x:>—l:2x:>
3+5.2° 4

there is no solution.

3+log2x+5)=2=log2x+5)=-1=
107 =2x450 -2 Loy B
10 20
1+log(3x—4)= 0= log(3x—4)=-1=
41

107" 23x—dms g 4
10 30

1og(x2—x—5)=o:>x2—x—5=100:>
ox-6=0=(x-3)(x+2)=0= x=-2
orx=73
log(x2—6x+9)=0=>x2—6x+9=100=>
x2-6x+8=0= (x—H(x-2)=0=x=2
orx=4

logy (x> = Tx+14)=1= x* ~Tx+14=4' =

x2=7x+10=(x-2)(x=5) = x=2o0rx=5

logy (% +5x+10) = 1= 2% +5x+10=4' =

X2 45x+6=0= (x+2)(x+3)=0= x=—-2
orx=-3

In(2x-3)—In(x+5)=0=
In(2x-3)=In(x+5) = 2x-3=x+5= x=8

log(x+8) +logx—-DH=1=
log((x+8)(x—1)):1:> x+8)(x-D=10=

W2 4+7x-18=0= (x+9)(x—2)=0= x=2
orx=-9.

Reject —9 because the logarithm of a negative
number is undefined. The solution is {2}.

logx+log(x+9)=1= log(x(x+9)) =1=
2 +9x=10= x* +9x-10=0=
(x+10)(x-1)=0=x=—-100orx=1.
Reject the negative solution because the

logarithm of a negative number is undefined.
The solution is {1}.

logs(3x—1)—logs(2x+7)=0=
3x-1 _ 3x—-1

logs
2x+7 2x+7
3x-1=2x+7=x=8

=50=1=
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420 Chapter 4 Exponential and Logarithmic Functions
63. log,(5x-2)-log,(3x+4)=0= 70. logz(x+1)+logs2x =log;(3x+1) =
logan—Zz 5X—2=a0=1=> log23(2x(x+1))=10g3(3;x+1)=>
3x+4 3x+4 2x°+2x=3x+1=2x"—x-1=0=
5x-2=3x+4=x=3 1
Cx+D(x-DH)=0=x=——orx=1.
64. log(x—1)+log(x+2)=1= 2
log((x=D(x+2))=1= P Hx-2=10= Reject x = —% because 2(—%) =-1and
2
X +x-12=0=(x+H(x-3)=0= there is no logarithm of a negative number.
x=—4orx=3. . The solution is {1}.
Reject the negative solution because the
logarithm of a negative number is undefined. 71. f(x)=20+a.2kx; f(0)=50; f(1)=14()
The solution is {3}. 50=20+a-2"0 = 50=20+a = a =30
65. logs(x+2)+logs(x—3)=1= 140=20+30-2"' = 4=2F 5 k=2
loge (x+2)(x=3))=1= x* —x-6=6= £(2)=20+30-2%2 =20+ 480 = 500
2 —x-12=0= (x-4)(x+3)=0=
x=4orx=-3. 72. f(x)=40+a-4*; £(0)=-216; f(2)=39
Reject the negative solution because the 216=40+a-450 = 216=40+a =
logarithm of a negative number is undefined. a=-256
The solution is {4}. £ 1 ok
39=40-256-4 ﬁﬁ=4 =
66. log,(3x—-2)—log,(5x+1)=3=
8235~ 2)~log; 0%+ ) 4 =4 o A=k k=2
1 3x-2 3x 2_23_8
B2 T T sk - 0T £(1)=40-256-47>1 =40-16 =24
10
— k-0 —
3(—£—2j=—@, so there is no solution. 21=16+a-3""=a=>5
37 37 61=16+5-3"* =2 9=3% 532 =3% 5
67. log;(2x—7)—logs(4x—1)=2=> 2:4k:>k:%
) 2x-7 2x—7_32_9 1,
Bl T o D T f(2)=16+5-32" =16+15=31
1
2x—7=36x—9:>2=34x:>x=E. 74. f(x)=5o+a.2kX;f(0)=34;f(4)=46
1 117 : . 34=50+a-2""=34=50+a=a=-16
2| — |-7 =———, so there is no solution. |
17 17 46=50-16-2F4 = 2= 2% =
4
=2 _ A4k 1
68. 10g4\/x+3—10g4\/2x—1:i:> 27 =2"=52=dk=k=—-7
3 1 Jx+3 f(2)=50—16-22(’1/2)=50—16(l)=4z
log, =—= =4 =\/§=> 2
V2x-1 4 J2x-1
10 1
EXERN; SNELE BPUN 5. f)=g o f0)=21()=5
2x—1 2x—1 10+ae 10
x+3=4x—2:>3x=5:>x=§ 2T 0 T 0t a0
2a=4=a=2
69. log,3x+log,(2x—1) =log;(16x—10) = 1_ 10 1_ 10
) _ 2= [Eiad K=
log7 (3x(2x - 1)) = log; (16x ~ 10) = 3+2e 3+2¢
6x2 —3x=16x-10= 6x> ~19x+10=0= 3+2¢5 =20= k=%=>k=ln%
5 2
(2x-5)Bx-2)=0=>x==orx== - 10 _ -4
5 3 7 2) ] 0.068 = <5
342\ 2
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76.

77.

78.

79.

80.

81.

82.

83.

6
— f0)=1L f(1)=
a+2eX () ()
-6 _ 6
a+2ek0 a+2
6 6
0.8= =
442651 4420k

32416 =6= e =175k =

B 6 _ 16
f(z)_4+2621n1.75 0.593 = 27

= a+2=6=>a=4

In1.75

F6) = F0=2 £ )=

oA _ 4
a+4ek0 a+d
4 4
2 +4eF 2446k
_ k _ k_22 11 11
18+36e" =4=¢ =36" 18:>k ln18
-4
f(2)= 0 4 42 (11/18) ~ 7902

=2a+8=4=a=-2

5(03)" +1<11=(03)" <2=

xIn03<In2 = x> 02 1“2 (Note that 1n0.3 < 0)

0.1"-4>15=0.1">19= xIn0.1>In19=
In19

x<1 01 (Note that In0.1<0)

-3(1.2)" +1128=-3(1.2)" 2 3=
1.2 <1= xIn1.2<Inl=x<0
-7(04)" +19<5=-7(04)" <-14=

In2
In0.4

04" >2=xIn04>h2=x<

Note that the domain of log (5x+15) is (-3, o)
since 5x + 15 must be greater than 0.

log (5x+15)<2= 5x+15<10* =
Sx<85=x<17

Solution set: (-3, 17)

84.

85.

86.

87.

88.

89.

Note that the domain of log (2x + 0.9) is
(—0.45, o) since 2x + 0.9 must be greater than 0.

log(2x+0.9)>-1=2x+09>10"" =
2x>-08=x>-04
Solution set: (~0.4, o)

Note that the domain of In (x - 5) is (5, oo) since
x — 5 must be greater than 0.

ln(x—5)21=>x—526=>x26+5

Solution set: [e+5, <)

Note that the domain of In(4x+10) is

3.

since 4x + 10 must be greater than 0.
In(4x+10)<2= 4x+10<e* =

2
4xSez—10=>xS#

2 [—
Solution set: —é, ﬂ
2 4

Note that the domain of log, (3x—7) is (%, oo)

since 3x — 7 must be greater than 0.
log, (3x=7)<3=3x-7<2’ =3x<15=
x<5

Solution set: (%, 5)

Note that the domain of log, (5x—4) is (%, oo)

since 5x — 4 must be greater than 0.
log, (5x—4)>4=5x-4>2% =
5x>20=>x>4

Solution set: (4, o)

4.4 Applying the Concepts

(It
a. 18,000=10, OOO(1+¥) =

= Inl8 =10.087 years
In1.06

1.8=1.06' = ¢

b. 18000—10000(1+¥) =

1.8=1.015% = 47 = L8
In1.015

=1=9.870 yr
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422 Chapter 4 Exponential and Logarithmic Functions

12
c. 18,000 = 10,000[1—%%) =

In1.8
In1.005

1.8=1.005"" =12t =
t = 9.821 years

=

365¢
d. 18,000=10,000(1+%) =
365

365t
1.8=(1+%) =
365

365t = _ 18 =1t =9.797 years

ln(1+0'06j

365

e. 18,000=10, 000206 — 1.8 = 006 _
In1.8 =0.06t = t = 9.796 years

0.072

(It
90. a. 200=100(1+ ) =2=1.072"=>

. In2
In1.072

= 9.970 years

0.072

4t
b. 200=100(1+ ) =2=1.018% =

In2

t=————=1=9.713 years
In1.018

12t
c. 200=100(1+%J =2=1.006'" =

f=— 51 =9.656 years
In1.006

d. 200=100e"072 — 7 = 0072
In2=0.072t = t = 9.627 years

91. 40,000 = 20,000e” =2 =¢% =

In2=8r=r :% = 0.0866 = 8.66%

¢s = 20,000¢°00869) < §30,837.52
92.a. 2=1(1+r)'=2=tln(l+r)=

In2
t= years
In(1+7r)

b. 2=De" =>1n2=rt=>t=E years
r

93.a. log (é) =-0.025(30) =

L _ 107092560 _y 1 =2 134 lumens

12

b. log (%j =-0.025x = x = 19.08 feet

94. Using the continuous compounding formula,

we have 2=le”:>1n2=rt=>£=t. So,
r

0.69 69 70
r 100r 1007

In2=0.69=1t=

95. a. First, find a by substituting # =0 and
20,000
1+ ae ¥ @

10001+ a)=20,000=>1+a=20=a=19.
Now find k using =4 and f(¢) =8999.
20,000

1+19¢7F®
8999 +170,981e~** = 20,000 =

g4k 11000 ln( 11,001 j

f(0)=1000: 1000 =

8999 =

170,981 170,981
k = 0.68589
Use this value of & to find the number of
people infected:

20,000

f®= |+ 190 -0-68589(8) = 18,542

20,000
12,400 +12,400 - 19¢ %6838 = 20, 000 =
12,400 -19¢ 700838 = 7600 =
0685891 _ 7600

12,400-19

—0.68589¢ =1In 7600
12,400-19

7600
In| 7
_\12,400-19)

© -0.68589
12,400 people will be infected after 5
weeks.

b. 12,400 =

96. a. First find a by substituting ¢t =0 and

f(O)=1:

I:HSCZ—(E(O): 1+a=5000=

a =4999. Now find k using =10 and

f(0)=2500

5000

1+4999¢~F(10)
2500(1 + 4999¢ %)) = 5000

(continued on next page)

2500 =
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(continued)

97. a.

98. a.

1449990710k =g 10k = L,
4999
—mk=m( lj}ékzOBﬁ
4999
5000

So, the equation is f(t) =

y
5000
4000
3000
2000

1000

el TN O N
0 246 8101214161820 x

5000
1+ 4999 ~0-852(15)

As t — oo, R(z)e@=5000.

R(15) = ~ 4930

4490

5.4094—1.0255(0) 20

l+e

The carrying capacity is the numerator,
4490.

y
5000
4500
4000
3500
3000
2500
2000
1500
1000
500

11 1

I N T
0] 123456789101112°x

First find a by substituting ¢ =0 and
fO)=1:

=_J§Qq%?=$2o+a=2mm0=>
20+ ae
a=19980
Now find k using # = 8 and f(8) = 845.
~ 20000
20 +19980e 3¢
20 +19980¢ 8 = 20000
845
19980¢ 8¢ = 20:000
845
20000
-8k _ 845 20
19980

1+ 49990852

19980
20000
ln( 345 -20
k

- ng()] ~1.075333

20000
=22 20
—8k=In [L]

The year 2015 is 11 years after 2004.
20000
fun=m+w%w*mm“1

In 2015, there will be about 993 million
Facebook users.

=992.7

20000 -
20 +19980¢ 1073333
2000(20+19980e*“”5”3ﬂ::20000::
20+19980e 1073333 — 10 =
19980e 7 = —10 =

ptorsay oL
1998

—1.075333t =1n L
1998

This is not possible because the domain of
a logarithmic function is (0, ). Thus,

2000 =

there will never be 2 billion users,
according to the model. By graphing the
function, we see that the maximum number
of users is 1 billion.

/

[0, 50] by [0, 2000]

4.4 Beyond the Basics

9. P=

P+Pe M =M =
M-P_1 _ P b

—kt\ _
1+e’k’:>P(1+e )—M=>
M_P=g*kf

P

=

P ekt

M-P

In P =kt:>t=lln L
M-P k M-P

100. a.

b.

2 =¢® = xIn2=kx= k=1n2 = 0.693

e =28 oy hrln2 = k = —— =~ 1.443
In2
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424 Chapter 4 Exponential and Logarithmic Functions
101 a logx_logy_logz_k: Let u =log; x. Then we have
2 3 5 u(l+u)=2=u>+u-2=0=
logx =2k = x=10"" +2)u-1)=0=u=-2,1=
logy =3k = y=10%*. 1
logyx=—2=x=372==or
log z =5k = z =10°%. &3 9
So, xy =10%%.10%* =10%* = 2. logsx=1=x=3"=3
logx logy logz log, x
= = = 106. log, x+log, x=6=1log, x + =6=
2 3 5 log, 4
310gx:210gy:>10gx3:logy2:> o log, x _ 3 _
3 2 gHrXt+t——=6= —log, x=6=
x =y 2 2
Slog x = 2log z = logx° = log 2% = log, x=4=x=2"=16
r =z 107, log, x*(x—1)% —log, (x—1) =1 =>
So, 222 = 3% = 48 - 1084 ) , g2 =
logy D oy, (x-1) =12
A+i)" -1 log, 4 2
102. PA+)"=R—F— = 2
M-lo (x—l):l@
iPA+D)" =R(1+)"-1)= 2 82
i N 21 -1
P_d =11 2log [*=D] 10 (iohy=ims
R (1+)" (1+0)"
. . log, [x(x=1)]-log,(x-1) =1=
jP_R-iP 1 R =(1+)"= 2)C()C—l) .
R_ R _(1+i)n R—iP_ longzlzﬂogzleznczl
ln(R )
; log(7x—12
in[—R | a4y = n=—K=P) 108. M:2:>10g(7x—12):210gx:>
R—iP In(1+i) log x
log(7x-12)=logx* = 7Tx-12=x" =
103. (logx)2=10gx=>(10gx)2—logx=0=> x2—7x+12=0=>(x—3)(x—4)=O=>
}ogx(lolgxo—l)TO:Hcl)gx:Ol?x=1or x=3 4
ogx—i=b=logx=1=x= Be sure to check both solutions to verify that
104. (10g2 x) (10g2 8x) —10= they are valid solutions.
log, x)(log, 8 +1log, x)=10= log(3x—5
(log; x)(log, 8 +log, x) 109. Lx)=1ogx=>1og(3x—5)=210gx=>
(log, x)(3+1og, x) =10 2
Let u =log, x. Then we have 10g(3x—5):10gx2 =3x-5=x"=
2 —
u(3+u)=10=u>+3u-10=0= ¥ =3x45=0
(u+5)(u—2)=0:>u=—5,2:> _—(—3)i (—3)2—4(1)(5)_3i [9-20
log2x:—5:>x:275:L0r 2(1) 2
, 2 3411
log, x=2=x=2"=4 =T
105 (log x)(log 3x)—2=> Since logarithms are not defined for complex
. 3 3%)=

(10g3 x)(10g3 3+log; x) =2=
(10g3 x)(l +logs x) =2

numbers, there is no solution. Solution set: &
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1
110. 1o 4)-1o lo =
g(x ) gx= g(lO—xJ

111.

112.

113.

114.

115.

116.

—_

og ) log( ! )=>

10— x
il 4=—=>(x £)(10-x)= x>
X 10—
—x2+14x—40=x=>—x2+13x—40=0=>
x?=13x+40=0= (x-5)(x-8)=0=
x=5x=8

f (x) =y=3"+5

Interchange x and y, then solve for y.
x=3"+5=>x-5=3"=

logs (x=5)=y=f""(x)

flx)=y=2""+4

Interchange x and y, then solve for y.
x=2"V+4=>x-4=2""=

log, (x—4)=—-y=—log, (x—4)= ' (x)

f(x)=y=3-4"+7
Interchange x and y, then solve for y.

x=3-4y+7:>x;—7=4yz>
x=17
10g4( . J y=rf"(x)

f(x)z y=2-3x_1 -5
Interchange x and y, then solve for y.

x=2.3 5o X g

log3(x—;5):y—1:>

10g3( ;5)+1—f 1(x)

f(x)=y=1+log, (x~1)

Interchange x and y, then solve for y.
x=1+log,(y—-1)=x-1=log,(y-1)=
2 =y-1=2"41=y= (%)

f(x)z y=T+2logg (3x—1)
Interchange x and y, then solve for y.
x=T+2logg (3y—1):>

T logg(By-1)= 62 =3y 1=
672 4

3

=y=/""(x)

117. f (x) =

118.

119.

120.

121.

122.

_lln(x—lj
Y 2 x+1
Interchange x and y, then solve for y.
MU Rt | IS PR iy N
2 y+1 y+1
62x=—y_1:>(y+1)ezx

y+1
ye e + 2" =y- 1= e**

=y-1=
+1—y—y62x
1+

< =y=/f"(x)

2x+1=y(1—ezx)=>

f(x)=y=§1og[1”j

1-x

Interchange x and y, then solve for y.

x:llog 1+_y = 2x=log 1+_y =
2 -y 1-y
102 = 1Y g2
I-y
102"—1=102"y+y=>102"—1=y(102X+1)=>
102.)6_
10%* +1

10¥y=1+y=

y=f"(x)=

7" > 4357 = nIn7>67In43 =

> 6711“ B s1295
n

Thus, the smallest integer for which 7" > 437

is 130.
9" > el = nn9>321=
n>£:>n>146.09

In9

Thus, the smallest integer for which 9" > 32!

is 147.

8" <1.01= LIn8<In1.01 =
n

In8
In1.01
Thus, the smallest integer for which

8" <1.01 is 209.

<n=20898<n

127" <1.001= L 1n12 < 1n1.001 =

n
In12
In1.001
Thus, the smallest integer for which

12V <1.001 is 2487.

<n=2486.14<n
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426 Chapter 4 Exponential and Logarithmic Functions
123. 1If 31" has 567 digits, then 566 <log31" < 567. (See Section 4.3, Example 4.)
566 <log31" <567 = 566 <nlog31<567 = 566 <n< 367 = 379.5<n<380.2
log31 log31
Thus, n = 380.
124. If n'? has 456 digits, then 455 <logn'?® < 456. (See Section 4.3, Example 4.)
455 <logn'*® < 456 = 455 <123logn < 456=>%s logn<%§=>
1099123 < 5y <1091 = 5002.5 < n < 5097.03
Thus, 7 is any integer between 5003 and 5097.
1 log z 1
123 Loy ' legZ ' Zlogx ) (1010gx) ogy | (lology) 08z ' (1010g2) 08X ~ 10log xlogy ‘ 10'og ylogz ' 10logxlogz
. ylogz ylogx Zlogy - (lologx)logz (lology)logx (lologz)logy - 1ologxlogz (plogxlogy jnlogylogz
lologxlog y+log ylog z+log xlog z
= 1010gx10g z+logxlog y+log ylog z =
126. 1 N 1 + 1 - 1 +1 1 +1 1 =10gxy+logyz+logxz
log,, xyz log, xyz log, xyz logxyz logxyz logxyz logxyz logxyz logxyz
logxy logyz logxz
_logx+logy+logy+logz+logx+logz 2(log x +log y +log z) 3
logx+logy+logz logx+logy+logz
4.4 Critical Thinking/Discussion/Writing 4.4 Maintaining Skills
2 _ —
7. P__° _ r__ 1 o 129. 9% =81=logy81=2
2 l+ae™ 2 1+ae™ . :
l+ae ™ =2=ae ™ =1=¢" = 1_ al= 130. 372=—= log, (—j =-2
a 9 9
kt=Infat)=- _Ina
ki=infa”)=-la=1= X 131, 210 +1=7=2-10"=6= 10" =3 =
log3=x
128.a. log, (x—1)"=3= (x-1)°=4* =64 =
2 2 2
2 =2x-63=0= (x+7)(x-9)=0= 132. i’>e4" +25=17 =3¢ =12=e" =4=
n4=2x

b. 210g4(x—1):3:>10g4(x—1):%:>

c. 210g4|x—1|=3=>10g4|x—1|=%=>

x=-7,9
133. log,64=6=2%=64

-4
v—1=4¥2=8=x=9 134. logl/216:—4:>(%) =16

135. log(é):3:>103 A 4=20°
le-1]=4¥>=8=x-1=8= x=9or 2 2
x=1=-8=>x=-7
The three equations do not have identical 136. In (é) =kt = e = A — A= Pel
solutions because the equation in (a) has a P
quadratic term, the equation in (b) has a
linear term, and the equation in (c) has an 137. logsx=-3=x= 573 = 1
absolute value. 125

Copyright © 2015 Pearson Education Inc.



Section 4.5 Logarithmic Scales 427

138.

139.

140.

141.

142.

143.

144.

4.5

log3i=x—1=>3)‘_1 =L=>3”—1 =L=>
27 27 33

31 =37 s y-1=3x=-2

log, 1000=3=1000= x> =10’ = x* =

x=10

log, (% = 6x+10) = 1= x> =6x+10=2=

2 —6x+8=0=(x-2)(x-4)=0=
x=2,x=4
Be sure to verify that each solution is valid.

2 =305 0 =23 5 y+1=5= x=4

3771 =72 (2x-1)In3=In7=

2.x_1=1n—7ﬁ2x=1n—7+1=}x=l hl_7+1
In3 In3 2\In3
3X+1=52X*3

(x+1)ln3: (2x—3)ln5
xIn3+In3=2xIn5-3In5
In3+3In5=2xIn5-xIn3
In3+3In5=x(2In5-1n3)

_In3+3In5
T n5-m3

log(x2 +x):10g(3x+3):>
X +x=3x+3=x*-2x-3=0=>
(x—3)(x+1)=0:>x=3, x=-1

If x = -1, then we have
tog((~1)° + (-1)) = log (3(-1)+3) =
log 0 =1log0, which is not valid. So the only

solution is x = 3.

Logarithmic Scales

4.5 Practice Problems

1.

a. pH= —log[H+:| . —1og(2.68 x107°)
= —(1og 2.68+1og10*6)
=-log2.68+6=5.57
b. 847= —1og[H+]
~8.47 = log[HJr]
[H*J =107 =10°% x10° =3.39x107°

2. 2'8:pHacidrain 2—10g|:H+:| L=
acid rain
acid rain
6.2= pHordmary rain log |:H :|0r dinary rain =
[H*] =10702
ordinary rain
H* 238
[ :|acid min 10777 0-28-(-62)
|:H+ 10*6.2
ordinary rain

=10** = 2512
This acid rain is about 2512 times more acidic
than the ordinary rain.

leog(i}

Iy

6.5 =log LI N L TN
Iy Iy

1=10%°1, = 3,162,278,

Let 1), denote the intensity of the Mozambique
earthquake and let /-~ denote the intensity of the
southern California earthquake. Then we have

I I
70=log| M |=M 10" =7, =107,
1y Iy
I I
52=log| < |= £ =107 = I, =107,
Iy Iy
Iy 107.0]0 ~ 1070
Ic 1071, 107
The intensity of the Mozambique earthquake

was about 63 times that of the southern
California earthquake.

— 1074075.2 — 101.8 ~63.1

Let M,y;; and E,qy;; represent the magnitude
and energy of the 2011 Japan earthquake. Let
M 997 and Ejg9; represent the magnitude and
energy of the 1977 Iran earthquake. From Table
4.7, we have M 41 =9.0 and M g9; =7.5.

Lo _ 1015 M0 =Migg7) _ 1 g1.5(9.0-7.5) _ {1225
Ei997

=177.8
The energy released by the 2011 Japan
earthquake was about 178 times that released by
the 1997 Iran earthquake.

6. 1=200x10" W/m? and

I,=10"2W/m?.
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I 200x1077 by
L=10log| — |=10log| ——— 11. a. m, —m; =2.5log| —
g(lo} g( 10" J 2o g(sz
=10log (200x10%) =10[ log 200+ log 10° | r_0= Zlog (b_lj 1= log(b_lj .
=10[log 200+ 510g10] =10[log 200 + 5] 2 2
=101og 200 + 50 = 73.01 b0 263
The decibel level is approximately 73 dB. by
A magnitude O star is approximately 6.3
7. I=1I,X% IOL/ 10 times brighter than a magnitude 2 star.
75/10
Iys =1y x10" b. Let m; =4.6 and b, =150b,.
155 = IO XIOSS/IO b
75/10 my —my = 2.5log (—lj
Iﬂ:%:loz"/w =102 =100 by
155 IO x 10 b 1
_ 1|
A 75 dB sound is 100 times more intense than my —4.6= 2510%(1 30b j = 2-510&’(1 SOJ
a 55 dB sound. ' 711 ’
=2.5logl.507" =-2.5log1.50
8. I=1I,x10"1° my = -2.5log1.50+ 4.6 ~ 4.1598
I =10""2x10%10 =102 x10*® = 10772 The magnitude of the star that is 50%
—10%8 %1078 = 6.3%x10°% W/m2 brighter than a star of magnitude 4.6 is about
) 4.1598.
The intensity of a 48 dB sound is about . .
6.3%10°8 W/mz. 4.5 Basic Concepts and Skills
9. B is two semitones above A, so P ( f) —200. 1. If thq pH. valqeiof a solution is less than 7, the
solution is acidic.
fo =440 Hz
f 2. As [H+] increases, the pH value of a
P(f) =1200log, f_ substance decreases.
0
f 1 f 3. On the Richter scale, the magnitude of an
200=1200logy ——= —=log, —= /
f 440 6 440 earthquake M = log—.
Vo= £ =2Y0.440 = 493.9 Io
440
The frequency of B is about 494 Hz. 4. The energy E released by an earthquake of
itude M is given by logE =4.4+1.5M.
10. If the reference frequency is f;, and it faghituce M1s gven by fog -

increases by 25%, then
f =1y +0.25f,=1.25f,. Then,

1.25f,

P(f)=1200log,

=12001log, 1.25 = 1200M

log2
~386.3
Since an equal tempered major third is 400
cents, the difference is about 400 — 386.3 =
13.7 cents, or a little less than 14 cents.

The loudness L of a sound of intensity / is

given by L=10log (L}
ly

If f, is areference frequency and fis the
frequency of a note, then the change in pitch

P(f)=1200log, v
fo

If two stars have magnitudes m; and m, with

apparent brightness b; and b,, respectively,

b
then m, —m; =2.5log—.
2

False. The acidity of a solution decreases as
its pH value increases.
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10.
11.

12.

13.

14.

15.

16.

17.

True
True
pH = —log[H+:| = —1og(10‘8) =8logl0=8
The substance is a base.
pH = —log[H+:| = —1og(10‘4) =4logl0=4
The substance is an acid.
pH= —log[H+J = —10g(2.3 X 1075)
= —(1og 23+ 1og10‘5)

=—(log2.3-5l0og10) = —(log2.3-5)
=-log23+5=4.64
The substance is an acid.

pH = —log [H*} = —log (4.7 x 10‘9)

= —(1og 4.7 +log 10*9)

=—(log4.7-91log10) = —(log4.7-9)
=—-log4.7+9=8.33
The substance is a base.

pH=6= —log[H+:| = [H*] =107
[H*}[OH*]:lo*“
107 [OH‘] =107

[on™ = 11%__1: =107

pH=8= —log[H+:| = [H*] =107
[H*}[OH*]:lo*“
1078 [OH‘] =107

pH=9.5= —log[H+J = [H*] =107 =

[H*]=10" x107 ~3.16x107"
[H*}[OH‘} =107

(3.16x107°)[ o1~ | =107

_ 10714 1
O = = X
[ } 3.16x10710  3.16

~0.316x10™* =3.16x107

107

18. pH=37=-log[H* [=[H"|=10%7 =

[H*] =103 x10™* = 2.0x107*

[H*][OH’] =107
(2.0><10*“)[0H*] =107
_ 1074
[OH ]: 2.0x107*

= 1 x1071°
2.0

~05x10710
=50x107"

19.a. M= log(ij
Iy

s5=log| L |=| L =10° = 1=10°1,
Iy Iy

b. logE=44+15M
logE=44+15(5)=11.9=

E=10"? =10% x10"
~7.94%10'"" joules

20.a. M= log(ij
Iy

2 =log (Ii} = (Ii) =10% = 1 =1001,

0 0

b. logE=44+1.5M
logE=44+1.5(2)=74=
E=10"*=10%*x10’

~2.51x107 joules

2l.a. M =10g(i]
Iy

7.8 =1log x = L =10"8 =
I Iy

1=10"8 %1071, = 6.3x107 1,

b. logE=44+1.5M
log E=44+15(78)=16.1=

E=10"""=10""x10"°
~1.26 x10'° joules
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22, M =log(LJ b. M =log (Lj
Iy Iy
3.7=1log (LJ = (LJ =107 = 3.1=1log (L] = ELJ =10>!
I() 10 I() I()
1=10%"x10%1, =~ 5.012x10°1, 1=10%"1,=10%" x10°1, ~1.26x10° I,
I 1078 4
logE =4.4+1.5M 27. L=10log N =10log 012 =101log10
log E=44+1.5(3.7)=9.95= a0
E=10"% =10"% x10°
~8.91x10° joules _ 1) 1070
28. L_IOIOg[I_j_IOIOg(m_U
23. log E=4.4+1.5M N
10g103 = 4.4+ 1.5M = 134=44+15M =10log107 =20
134-44 9
M=————mm=— = 6 . -7
15 15 29. L=10log| - |=1010g %
Iy 10
M= 10g[ij =10log(3.5%10°)=10(log3.5 +log 107
Iy =10log3.5+50 = 55.4
6=log(ILJ=>(ILJ=IO6=>I=IO6IO ; 2373 10°
0 0 30. L=1010g[1—J:1010g£'10—12]
24. logE =44+15M 0 , ;
10g10'%4 = 4.4 +1.5M = 10.4=4.4+15M =10l0g(237x107) =10(log 237 + log 10’
104—-44 6 =10log2.37+70=73.7
' ' 31. 1=1,x10""0=10712 x 10310
_1n-12 8 _1n4
leog(lij =102 x108=10
; K ; 32. 1=1,x10"""=10712 x 1010
4=log| — |=|— =104:>I=10410 =102 x10° =103
Iy Iy
_ L)10 _ 112 64.7/10
25. log E =4.4+15M 33 I=1o X107 =107 =X 107 &
log10'? =4.4+15M =12 =4.4+1.5M =10 7710 T =10 x0T A0
_ ~2.95%10"
yol2-44 76
1.5 1.5 34, I=1I,x 1OL/lo —10712x 1037.4/10
I =1072 x10*™* =107"2 x10% x 107
M =log| — 9
I, ~5.50x10
5.1=1log (ILJ = [ILJ =10>! 35. A# is one semitone above A, so P(f)=100.
510 01O 5 5 Jo =440 Hz
1=1011,=10%'x10%1, =1.26x10° I, f
P(f)=1200log,
26. logE=4.4+15M fo

logl0’ =4.4+1.5M =9=44+1.5M

M :w:ﬁ:&l
1.5 1.5

f 1 f

100=1200log, ~—= —=log, ~—=

440 12 440

2 = S oW12 440 - 466 1z

440

The frequency of A# is about 466 Hz.

(continued on next page)
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(continued)

36.

37.

38.

39.

C is three semitones above A, so P(f)=300.
fo =440 Hz

P(f)=1200log, .-
fo

S 1 f
300 =1200log, ~— = — = log, —— =
82440 7 4" 8240
4= Sy p oV 440 = 523 1y

440
The frequency of C is about 523 Hz.

D is five semitones above A, so P(f) =500.
fo =440 Hz

P(f)=120010g, L~
fo

S 5 S

500 =1200log, 22— = = =log, ~-— =
%8240 712 %240

2912 = S p 0912 440~ 587 Hz

440
The frequency of D is about 587 Hz.
E is seven semitones above A, so

P(f)=700. f, =440 Hz

P(f)=1200log, .-
Jo
f 7 f
700 = 12001og , ~— =5 — = log, —.— =
%240 7 12 2149

272 =f0:> £ =2""2.440 = 659 Hz

The frequency of E is about 659 Hz.

P(f)=1200log, J{; =12001og, (190)

= 1200[%] =182

log?2
The difference, 200 — 182 = 18 cents, is
noticeable.

P(f)=1200log, - = 120010g, (2J
fo 8

log(2
=1200 g( ) =204
log2
The difference, 204 — 200 = 4 cents, is barely

noticeable.

Let the magnitude and brightness of star A be
my and by, and let the magnitude of star B be

my and b2

40.

41.

42,

2

20-4=25log LN 2.5log LN
b2 b2

6.4 =log h = b—lz 1094 =
by by
b, =10%* x10%b, = 2.5%10°b,
Star A is 2.5x10° times as bright as star B.

Let the magnitude and brightness of star A be
my and by, and let the magnitude of star B be

my and b2

2

5—(—2):2.510g L3 = T7=25log b =
by by

2.8=1log (ﬁJ b
b2 b2

b, =10°% x10%b, = 6.3x10%b,
Star A is 6.3x10? times as bright as star B.

Let the magnitude and brightness of star A be
my and by, and let the magnitude of star B be

2

(m; —2)—m =2.5log (ﬁj =
b2

-2=2.5log LS = -0.8=log L/R N
b2 b2

LT % = 6.3b, = b,

by
Star B is about 6.3 times brighter than star A.
Let the magnitude and brightness of star A be
my and b;, and let the magnitude of star B be
my =my —1 and bz

my —my = 2.5log (ll:_lj
2

(my—1)—m; =2.5log (ﬁJ =
by

-1=2.5log (EJ = -04=1log (ﬁJ
by by

b _jg0e L 2.5b, = b,

Star B is about 2.5 times brighter than star A.
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4.5 Applying the Concepts

43. pH=-log[H" |=-log(3.98x107%)
= —(10g3.98 +1og10™*) = - (log 3.98 - 8)

=—-10g3.98+8="7.4
The pH of human blood is about 7.4; it is

basic.
4. pH=~-log[H"* |=-log(3.16x107)

= —(log 3.16+ 1og10*7) = —(log3.16—7)
=-log3.16+7=6.5
The pH of milk is about 6.5; it is acidic.

45.a. pH=315=—log|H" |=[H" =107 =

[H+] =108 %107 = 7.1x 107

b. pH=72=-log|H" |=[H"]|=1072 =
[H*]=10"% x107* = 63x1078

c. pH=778=-log|H" |=[H"|=1077 =

[H+] =102 %108 =1.7x107®

d. pH=3=-log[H'|=|H"|=10" =
[H*]=107

46.a. pH=10= —1og[H+]:> [H+]= 1070 = 0.1

b. pH=87=-log|H" |=|H"|=10"" =
[H+] =103 %1070 = 2.0x107°

c. pH=106=—log|H" |=[H"]|=10""¢ =

[H*] =10%4 x10™" = 2.5%x107"!

d. pH=23=-log|H" |=[H"]|=10" =
[H*]=10"7 x107* = 5.0x10 = 0.005

47. PH g in =3-8=—log[H" | =
[H*] -1073% =
[H*]=10"x107* ~1.6x107*
The average concentration of hydrogen ions in

the acid rain is 1.6 x10™* moles per liter.
pHordinary rain = 6=—log |:H+:| =
[H*]=10"

48.

49.

50.

51.

|:H+ :|acid rain__ _ 1.6 x 10_4

|:H+ :|0rdinary rain 1076

The acid rain is 160 times more acidic than
ordinary rain.

=1.6x10% =160

PH, =pHp +1.0=—log| H', | =
|:H+A:| - 10*(PHB +1.0) _ 10(7PHB71‘0)

—pH
10
pHp =—log[H'y | = [H*g =100
_ _ 10(—PHB)
H'2] —0 100Ps)

= =
Hy | 100PH) 10 10(PHe)

10[H*A]=[H+B]
[H*, [=100[H"; ]
pH,, =-log[ H*, |=~1log(100[ H' )

:—(10g100+10g[H+B])
= —(2+10g[H+B]) = —log[H+B]— 2
=pHp -2

Let x = the original pH of the solution. Then
x + 1.5 = the new pH of the solution.

x=—1og[H+ ]=>10*" =[H+
x+1.5=—log| H' ¢, | =
107(“145) _ |:H+new ] -

10619 [, ] =

107 %1079 = [H7,,, |=

[H grigina | X10°° x107 = [H* o, |=
[H grgina |¥3:2x107 =[H, |

[H+} decreases by a factor of 0.032. The

original original :|

increase in pH makes the solution more basic.
|:H+new :I = 50|:H+original]
pHnew =—log (50|:H+original :I)

=~10g50 - log| Hgrigina |
=—10g 50 = pH iginal
The pH decreases by log50 =1.7.
The solution becomes more acidic.
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52. a.

53. a.

54. a.

=U
T i

=10%07, =10%° x 1081, =~ 3.98 x10%1,,

10gE—44+1 5(8.6)=17.3=
1017 3 0() 3 % 1017
~1.995%10'7 joules

leog(ij

Iy

78=1log| L |=|L|=107% =
Iy Iy

1=10"%1, =10 x10"1, = 6.31x10" I,

10gE—44+1 5(7.8)=16.1=
016 1 00 1 % 1016
~1.259x10'° joules

Let 1,953 denote the intensity of the 1923
earthquake and let 7,,;; denote the

intensity of the 2011 earthquake. Then we
have

1 1
9.0=10g( 2011}2> 2011 _ 1000 _
Iy 0

9.0
Lo =10771
83 = log Tiog3 |y Dioos _ 83

Iy I

8.3
L1923 =101

9.0
Iy _ 10771

Loy 1031,
Ioo11 =5.0119p3

=107 =5.0=

The intensity of the 2011 earthquake was
about 5 times that of the 1923 earthquake.

Let M,y;; and E,q; represent the
magnitude and energy of the 2011
earthquake. Let Mg,3 and Eq,3 represent
the magnitude and energy of the 1977 Iran
earthquake. M,y;; =9.0 and M,y,; =8.3.

E2011 — 10145(M2011’M1923) -
Ej9p3
=10"% =112 = Ey; = 11.2E93

The energy released by the 2011
earthquake was about 11.2 times that
released by the 1923 earthquake.

101-5(9.0-83)

55. a.

56. a.

M , =Mp+1. Then we have
1
Iy

10™at) ~La oM 0= fa
0 0
10M5 101, =1, )

I I
My =log| L |=10Ms =B 5

Iy Iy
10Ms x 1y =1,

Using equation (1), we have
10M5 101, =1, =10M5 x I, x10=1, =
The intensity of the earthquake A was 10
times that of earthquake B.
Ey _ 101504 =M ;)
Ep

=10'° =31.6 = E, ~31.6Ey
The energy released by the earthquake A
was about 31.6 times that released by
earthquake B.

_ 101.5(MB +1-My)

M, =Mp+1.5. Then we have
1

MA=MB+1.5=log(I—AJ=>
0

10Ma+13) 2 La s oM g5 2 La
0 Iy
10Ms x31.61,=1,

1
Mg =log(—3]=>
1y

I
10Ms =B = 10Ms x 1) =1,
1y

Using equation (1), we have
10Ms x31.615=1, =
10Ms x Iy x31.6=1,=I5x31.6=1,
The intensity of the earthquake A was about
31.6 times that of earthquake B.
Ey _ 101504 =M ;)
Ep

=10%>% =1778= E, ~177.8Ey
The energy released by the earthquake A
was about 177.8 times that released by
earthquake B.

_ 101.5(MB +1.5-M )
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57. M =log L
Iy

1,=1501, =

log Ia =log 1507, =log 150-1—3
Iy Iy Iy

I

=1log150 + log (I—BJ =log150+ M 4
0

The difference in Richter scale readings is

log150 = 2.18.

58. E, =150Eg :>§—A=1502101'5(MA_MB) N
B
log150=1.5(M 4 -Mp)=

log150

The difference in Richter scale readings is
log150
1.5

-5
59. L=10log (LJ =10log (%J
I 10~
=10log (5.2 x107)= 10[10g 52+ 1og107]
=10[log5.2+7]=10log5.2+70 = 77.2 dB

2
60. L=10log (LJ = 10log (%J
I 10

= 101og(2.5 x10')= 10[10g 25+ 10g1014]
=10[log5.2 +14] =10log 2.5 + 140 =~ 144.0 dB

=1.45.

61.  I=1I,x104"°
T30 = 1o x103910
Igs =1, x10%9/1°
I 1y % 1013010 100 _
Is  I,x10%910 -
=10 x10° =3.16x10°

The 130 dB sound is about 3.16x10° times
as intense as the 65 dB sound.

108

62. I=1I,x10""
L5 =1, %1071
Iy =1, %1091
I7s _IyX 10710 _10!310
Iy 1,x10%%10

The 75 dB sound is about 20 times as intense
as the 62 dB sound.

=102 =20.0

63. A sound at the threshold of pain has intensity
10 W/rn2 . A sound that is 1000 times as

intense has intensity 10* W/ m?.

L=10log| - |=1010 10* =10log10'®
g I 8| )12 g

=160 dB

64. I=1,x10""°
I, =1I,x10%/ = 15 x10%1"

I, =1y %1011 = 15 x10%1h

0.1
Iy, _1yx10™t 100101, _ 10 (L)

IL2 =1, %1010 _ I ><100.1(L1+1)

I, =1y x101/" = 1, x 10"
I, I ><100.1(L1+1)
2 v -
=10" =126 =1, =1.26x1,

2 1

The intensity of the louder sound is about 1.26
times the intensity of the softer sound.

_ 100.1(L1 +1-L;)

66. I=1,x10""°
Iy =1y %1070 = 1, %107
Iyg =1, x10%10 = 1, x10>°
Iy _ Iy x10’
Ly 1, x10%0
I =10%" x10* 1,9 = 1.26 X 10* I
The intensity of the outside sound is about

=10*' =

1.26 x10* times the intensity of the inside
sound.

67. P(f)=120010g2i
fo

log (441
P(441)=120010g2(ﬂj=1200 M
440 log?2
=393=4
The difference in pitch is about 4 cents higher.

68. P(f)=120010g2i
fo

log 438
P(441)=120010g2(@j=1200 M
440 log?2
=-7.89 = -8
The difference in pitch is about 8 cents lower.
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69. Let m; represent the magnitude of the sun

70.

71.

and let m, represent the magnitude of the full
Moon.

2

-13-(-27)=2.5log (ﬁJ =
by

14 =5.6=log b =

25 b,

b

=109 =10%0x10° = 3.98x10° =

2
b, =3.98x10°h,

The sun is about 1.63x10° times brighter
than the full Moon.

Let m; represent the magnitude of the full
Moon and let m, represent the magnitude of
Vega.

my —my —ZSIOg(b J

=2.5log (—1J
2

1303 _ =5212= log

2.5

b 52 2 100212 10

b2

b, =1.63x10°b,

The full Moon is about 1.63x10° times
brighter than Vega.

0.03— (-1

~1.63x10° =

Let m; represent the magnitude of the Sun

and let m, represent the magnitude of Venus.

my — ml—2510g(b J
by
—4— 2510g( J

—3—9 2= log =
25 b,

bL_ 1092 21092 x10°
2

b, =1.58x10°h,

~1.58%10° =

The Sun is about 1.58x10° times brighter
than Venus.

72. Let m; represent the magnitude of the Venus

73.

74.

and let m, represent the magnitude of
Neptune.

my — ml—2510g(bj
7.8—(-4)=2.5log (—lj

2
118—472 log
2.5
10*

b
2L =10%72 10072 ~5.2481x10% =

2
b, =52,481b,
The Venus is about 52,481 times brighter than
Neptune.
Let m; and b; represent the magnitude and
brightness of the unknown star and let m, and

b, represent the magnitude and brightness of

Saturn.
b,
my —my =2.5log| % |; by = 560D
2
1.47 —m = 2.510;,{5601’2 j =
2

1.47 —m; =2.5log560 =

1.47-2.510g560 =m; = 54 =m

The magnitude of the unknown star is about
-5.4.

Let m; and b, represent the magnitude and
brightness of the unknown star and let m, and
b, represent the magnitude and brightness of
Neptune.

my— ml—ZSIOg(l;j b, =10°b,
2

9
7.8—my = 2.510g[10 b2J=>
bz

7.8-m =25log(10°)=
7.8-22.5=m, =147 =m,

The magnitude of the unknown star is about
-14.7.
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4.5 Beyond the Basics

75. L=10lo g(

a.

4><104J

r=10 ft

=26 dB

=18 dB

=12 dB

=6dB

4 4
0=10log 4X£0 —0=log 4X£0 N
r r
4
.

2 = 40,000 =

r =200 ft
The decibel level drops to 0 when a listener is
200 ft away.

4
Llelog[4X£0 ]

= 10(log4+10g (104)—10g(r2))
~10((4+1og 4) - 2log r)
=40+10log4—-20logr

a=40+10log4 =10(4+log4)
b=-20

2
4 2
Llelog(4X£0 ]:1010g£2><10 J -
r r

L=20lo g( OOJ:>2—LO=10g(@j=>

r r
200 200
P r= 10L/20

77.

L, =10log ( ]—IOIOg 7

K
2
0

K

2

L, =10log| ~% | =10log| =~
2 g(]J g I
K K
—1010g

2
L, — L, =10log| 1~
Iy
:10(10gK—10gr1 logIO
—10(10gK—10gr2 —loglo)
:10(10gK—210gr1—10g10)
—10(10gK—210gr2—10g10)
=10log K —20logr, —10log I
—10log K +20log r, +10log I,
=20logr, —20logn

=20(log r, —log 1;) = 20log (r—ZJ
h

b. Using the result from part (a), we have

140- L, =20log (—IOOJ =
30
10
L, =140-20log 37 129.5 dB

140~ L, = 20log (@) =
30
L, =140-20log (10) =120 dB

At 100 m, the jet sound will have a decibel
level of about 129.5. At 300 m, the jet
sound will have a decibel level of 120.

€. Li—L,= ZOIOg(’;—Zj =
1

ﬂzlog[r_z%r_z:lomn/zo
n Ul

20
The energy released by the earthquake is
given by

= (25%10%)x10"°®) = 2,510 joules.

E 16
_2X10° 5 i0-5

Epomy ~ 5x10°
The earthquake released five times as much
energy as the nuclear bomb did.

earthquake
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78.

79.

80.

81.

82. a.

40 = 120010g2L L logZL:
fo 30 fo
230 _ S 5-130 _ fo
fo f

By transposing fand f;, Adrien computed
the following:

P(f)=1200log, ’;

= 1200(—Lj = —40 cents
30

=1200log, ( *1/30)

10—120010g2$:>%:1 g28£_0:>
o120 - £ =880x2"120 - ggs
880
foo f
_10=120010g2%=>—120 lo gzﬁﬁ
27120 L ¢ gg0x 27120 <875
880

The frequency range is [875, 885].
by

my —my =2.5log| — |=
by

- =log| — b =
2.5 b,

0.4 (m2 _ ) log( j bl — 100.4(m2 *ml)
by) by

Let m; and b, represent the magnitude and
brightness of the unknown star and let m, and
b, represent the magnitude and brightness of
the given star.

my — 2510g(ll;
2

m, —3.42=25log b |,
176b,

1
_342=25log| — |=
2 g(176j

j by =176b,

my =2.5log (L) +342=-22
176

The magnitude of the unknown star is about
-2.2.

-M D
M =5log— =log—
" °g10 5 %7
2:10()11—M)/5:>
10
—10><10m M)/5 _ 1+m M)/5

b. Using the result from part (a), we have
D= 101+(0—4.39)/5 ~1.32

Alpha Centauri is about 1.32 parsecs from
Earth.

¢ 0-439=25log = -—-=

0—
%_ 074325 20,0175 = L = 0.0175b or
b 104925 L5705 b= 57.0L

4.5 Maintaining Skills

83. 3x-2y=12=-2y=-3x+12=

3
=Zx-6
y=ox

The slope is % and the y-intercept is —6.
3
84. 3x+5y=15=5y=-3x+15= y=—§x+3

The slope is —% and the y-intercept is 3.

85. el'3x+ez'5y T e* y——e Syt =
1.3 4.7
_ € € _ -1.2 2.2
y——Tx+T——e xXte
e~ e~
-1.2

The slope is —e
62'2.

and the y-intercept is

86. xlog2-ylog4=1log8=
-ylog4=-xlog2+log8 =

3
_ 10g2x_ log8 10g22 log22 N
log4 10g4 log2 log?2
log2 310g2_lx_§
210g2 2log2 2 2

1
The slope is > and the y-intercept is —%.

For exercises 87—94, recall that the standard form for
+ ( y- k)2 =r2,

where (h, k) is the center of the circle and r is the

the equation of a circle is (x - h)2

radius. You may need to complete the square in order
to put the equation in standard form.

87. x2+(y-2)"=9

center: (0, 2); radius: 3
88. (x+1)°+y2=5

center: (—1, 0); radius: \/g
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89.

90.

91.

92.

93.

9.

(x=3)"+(y+1)> =7
center: (3, —1); radius: \/7
(x+2)* +(y-3)* =16
center: (-2, 3); radius: 4
x2+y2—2)c—3=0:>x2—2x+y2 =3=
(x2 ~2x+1)+)y =341
()c—l)2 +y2 =4
center: (1, 0); radius: 2
Xyl idy=0=>
x? +(y2 +4y+4)=0+4=>
X2 +(y-i—2)2 =4
center: (0, =2); radius: 2
P+ y?—2x+4y-4=0
x2—2x+y2+4y=4
(32 = 2041)+ (37 + 4y +4) = 44144
(x=1)°+(y+2)* =9
center: (1, =2); radius: 3
X +y?+4x—6y-3=0
X% +4x+y?—6y=3
(x2 +4x+4)+(y2 —6y+9)=3+4+9
(x+2)* +(y-3)° =16
center: (-2, 3); radius: 4

Chapter 4 Review Exercises

Basic Concepts and Skills

1.

w

e ® A0 e

False. f(x)=a” is an exponential function if
a>0 and a #1.

True

False. The domain of f(x)=1og(2—-x) is
(=2,2).

True

True

True

False. InM +1In N = In(MN)

True

True

10.
11.
15.
19.

20.

21.

22,

True
h 12.¢  13.f 14. e
d 16.b 17.a 18.¢g

Domain:
(=0, )
range: (0,c0)
asymptote:
y=0

Domain: y
(=00, 0) or
range: (0,c0) 51
asymptote: 4t
y=0 3+

-4 -3 -2 -1 1 2 x

<

Domain:
(—oo, oo)

range: (3,0)

[S I RN
T

asymptote:
y=3

Domain:
(=0, )
range: [1,o0)
no asymptote

VW A Ly 9 =
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23.

24,

25.

26.

27.

Domain:
(=00, 0)
range: (0,1]
asymptote:
y=0

Domain:
(=00, 0)
range: (0,c0)
asymptote:
y=0

Domain:
(=2°,0)
range:
(=o0,0)
asymptote:
x=0

Domain:
(=00, )
range:
(=o0,0)
asymptote:
x=0

Domain:
(1,00)
range:
(—e0,00)
asymptote:
x=1

-6 -5 -4 -3

—_ W AT

-4 3 2 -1

|
3

-

28.

29.

30.

31. a.

32. a.

Domain: y

(—o0,0) 2 /

range: (—oo,2)

asymptote: -3 2 A 1 2 3
y=2 r

Domain: )
(=2°,0)
range:
(=o0,0)
asymptote:
x=0 i

e s

(S = |
T

Domain: Y

(=5, 0) T

range: 5
(=00, 0) 4
asymptote: 3

x=-5 ?

y-intercept: y =3— 2¢° =1
x-intercept: 0=3-2¢* =2 =3

eix=§:>ex=%:>x=ln 2
2 3 3

As x = oo, f(x)—>3.
As X —> —oo, f(_x)%—oo.

y

=1

y-intercept: y = =
2+3e”

x-intercept: 0 = -

2+3e
is no x-intercept.

Copyright © 2015 Pearson Education Inc.
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b As x—ses, f(x)—> 36. 10=50-a(5")=10=50-a=a=40
’ 2 B 2%k 5 o
As x—> —oo, £(x)— 0. 0=50-40(5 ):>Z—5 =
Y 5 In (ij
’ In (—) =2kIn5= k= ~ 0.06932
2 4 2In5
(1) =50—40(5%9932(0) = 528
1 | | 1
3 2 -l 1 2 3 x
37. 1= 4 = 4 =l+ta=4=a=3
. 02 1+ae*® 1+a
33. a. y-intercept: y=e 2= 1 1__ 4 S 33K gy g3k = 7 -
x-intercept: 0=¢* = In0=-x>= 2 143 3
there is no x-intercept. -3k =1n (%) =k =-0.2824
b. As x — oo, f(x) — 0. £ 0.38898
As x— —oo, f(x)— 0. 14370282
y
38. 5= 6—; =-1=- =
y ) 1+ ae %@ l+a
~-l-a=-3=a=2
3 3
05~ 4=6-——mF+>2=—-—"—
1+2e7% 1+2¢7%
1 1 T SN N BN
-2 -1 0 1 2 % ! 4
—4k =1n (—) = k = 0.3466
6 4
34. a. y-intercept: y=3- =1 _ 3
1+2¢° f(lO)—6——_O.3466(10) =~3.1764
6 14+ 2e
x-intercept: 0=3- 142~ % = 39. The graph passes through (0, 3), so we have
3= 6 3460 =6 3=ca’ = c=3. The graph passes through
1+2¢F | (2,12), sowe have 12=3a> = 4=0a’ =
6e ¥ =3=¢" :E:>ex =2=x=In2 a =2. The equation is f(x):3'2x.

b. As x—>oo, f (x) Y 40. The graph passes through (0, 4), so we have

= -
As x— —oo, f(x)— 3. 4 =ca” = c =4. The graph passes through

Y (4, 1),s0wehave1=4a4:>%=a4=>

2‘: a=1=32
N 272 5

X
The equation is f (x) = 4(TJ .

-2 41. The graph has been shifted right one unit, so
the equation is of the form y =log, (x - 1).

The graph passes through the point (6, 1), so
we have

— 0Ok —
35. 10=a@™)=a=10 1=log, (6-1)=1=log,5= a=5.

640=102"%)= 64=8" = k=2
( 2()2):> = Thus, the equation is y =logs (x - 1).
f(2)=1027"") =160
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Chapter 4 Review Exercises 441

42,

43.

44.

45.

46.

47.

48.

49.
50.

51.

The graph has been shifted right two units and
reflected about the y-axis, so the equation is of

the form y =log, (2— x). The graph passes
through the point (-3, 1), so we have
1=log,(2-(-3))=1=log,5= a=5.

Thus, the equation is y = logs (2 x).
a. y=—(2)‘*l+3)=—2"*l—3

b. y=-2"143

a. y=%ln(%+l)
b. y=In[-(3x-1)]=In(1-3x)
In(xy’z’)=Inx+2Iny+3Inz

1og(x31/y—1) = 310gx+%10g(y—1)

h{xx/xz-i-l

1. 2 2
=lnx+—In(x“+1)—2In(x“ +3
(x2+3)2] S +1) =2 +3)

In

245 —ln[VX3+5J

x> =7 x> =7

= %(ln(x3 +5)—In(x® - 7))

Iny=Inx+In3=In(3x) = y=3x

Iny=InC+kx=Iny=InC+kxlne=
Iny=InC+Ine™ =Iny=InCe")=
y=Cekx

Iny=In(x-3)-In(y+2)=
Iny+In(y+2)=In(x-3)=
In(y(y+2))=In(x-3)=
In(y?>+2y)=In(x-3)= y>+2y=x-3=
y2+2y+1=x—3+1=>(y+1)2=x—2=>
yHl=#Jx-2= y=-1+J/x-2

We disregard the negative solution, so

y=—l++x-2.

52.

53.

54.

5S.

56.

57.

58.

59.

60.

61.

62.

63.

o
Invy= 2 _ Y
ny=Inx—In(x"y)-2lny=In| —-
y
X 1 4 1
=In > 3 =>y=—3=>y =—=
Xy Xy~ X

(ljl/4
y=\-
X
1 1 5
Iny =2 Ine=1)+In(x+ )~ In(x” +1) =

. (mm} (\/xz_lJ
ny=In =In =

x2+1 xZ+1
x2 -1

xZ+1
1 1
In(y-)=—+Iny=—Ine+lny=
X X
1n(y—1)=1n(e1/"y):> y-1=e/"y =

—_ l/)C = —_ l/)C = = —
y—e’"y 1:>y(1 e ) 1=y T

3¥=81=3"=3*=x=4
55162551 =5 5 x—-1=4= x=5

2 6y 2 2 _ 04 (2040
244/
2EVAHI6 L5

2

x> 4+2x-4=0=x=

308 _ 1230 5 2 _6x48=0=

x-4dH(x-2)=0=>x=2o0rx=4

_In23
In

3'=23= xIn3=In23=x = 2.854

21252 (x-DIn2=52=
L j_In52 In5.2

= x=1+——=3.379
In2 In2

273" =19= xIn273=In19 =

x= 19 =0.525
In 273

27=9%3" =33 =32 .37 =37

2 42x=3=x>+2x-3=0=
x+3)(x-1)=0=>x=-3orx=1

32 =7 = 2xIn3=xIn7 =
2xIn3-xIn7=0= x(2In3-In7)=0=
x=0
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64. 24 =315 (x4+4)In2=(x+1)In3= 71, logs (x” =5x+6)-logs (x—2)=1=
xIn2+4In2=xIn3+n3= 2 2 _
xIn2-xIn3=In3-4In2 = logs(%lez%:S:
x(In2-1n3)=In3-4In2= 5 5
In3—41n2 x°=5x+6=5x-10= x"-10x+16=0=
x=m2Z2M2 429
In2-1n3 (x-2)(x-8)=0=>x=2,8
If x =2, then 1 —2)=1ogs0, whichi
65. 1.7% =321 = 3xIn1.7=(2x—1)In3= x=2, then logs (x ) 085 T WHICRIS
3xInl.7 = 2xIn3—In3 = undefined, so reject x = 2. Solution set: {8}
3xInl.7-2xIn3=-In3= 2
72. log;(x"—x—-6]-log;(x-3)=1=
x(3In1.7-2In3)=-In3= 3 X )~ tos i )
__ -In3 Jog, | ‘x‘6j=1:>x —x-6_3,
Y= 3mi7-2m3 - 81 g3( x-3 x-3
2 2
x+5\ _ o(r2x-3 XT=x-6=3x-9=x"-4x+3=0=
66. 3(270)=5(77) (x=1)(x=3)=0= x=1,3
5 2x-3
ln[3(2x+ )J=1n[5 (7> )] If x = 1, then logs (x—3) = log; (~2). which
In3+(x+5)In2=1In5+(2x-3)In7 is undefined, so reject x = 1. If x = 3, then
In3+xIn2+5In2=In5+4+2xIn7-3In7 log, (x—3)=10g30, which is undefined, so
xIn2-2xIn7=In5-3In7-1n3-5In2 . _ . .
reject x = 3. Solution set: &
x(In2-2In7)=1n5-3In7-1In3-5In2
,=In5-3In7-n3-5In2 73. logg (x—2)+logg (x+1)
5749 In2-2In7 =loge (x+4)+logg (x-3)=
o loge [ (x—2)(x+1)]=loge [ (x+4)(x-3)]=
67. log;(x+2)-logs(x—1)=1= ox—2=x+x-12=2x=-10=x=5
x+2)\_ x+2
10%3(_x_1)—1:>x_1—3:> 74. In(x-2)-In(x+2)=In(x-1)-In(2x+1)=
AL _ _5 x—=2\_ x—1 x—-2  x-1
X+2=3x 3:>2x—5:>x—2 ln(x+2)_ln(2x+l)=>x+2_2x+1=>
-2)2x+1)=(x-1)(x+2)=
68. logy (x+12)—logs (x+4)=2= (x2 )@2x+1) Z(X ) )2
2x°=3x-2=x"+x-2=>x"-4x=0=>
log x+12 =2:>x+12=32=> _4)=0 — 0 (reiect this). 4
3\ 514 +4 x(x—4)=0= x=0 (reject this),
x+12=9x+36 = -8x=24= x=-3 Solution set: {4}
69. log,(x+2)+log, (x+4)=3= 75. 2In3x=3Inx=InGx)?=lnx’=
logz[(x+2)(x+4)]=3=> 9x2=x = x=9
2 3 2
X +6x+8=2"=x"+6x=0= 76. 2logx=Ine= 2logx=1=logx=1/2=
x(x+6):0:>x=—6,0 x=101/2=\/ﬁ
Reject -6 since log, (—6 + 2) =log, (—4) is
o . X “x A
not defined. Solution set: {0} 77. Multipling both sides of 2% —8-27" -7 =0 by
2" we have 2% —8.27""1 ~ 7.2 = 0=
70. logs(3x+7)+logs(x-5)=2=

logs[(3x+7)(x-5)]=2=
(Bx+7)(x-5)=5*=25=

3x2 —8x-35=25=3x>-8x-60=0=
(3x+10)(x—6)=0=>

X = —% (reject this) or x = 6

22¥ _7.2* —8=0. Letting u = 2%, we have
W -Tu-8=0=> u-8)u+)=0=>u=8
or u = —1. (Reject this solution) 2* =8 = x =3
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78.

79.

80.

81.

82.

Multipling both sides of 3* —24-37* =10 by
3% we have 3% —24-37% ~10.3* =0 =
32¥ ~10-3* —24 = 0. Letting u = 3", we have
u? —10u-24=0= w—-12)u+2)=0=

u =12 or u = -2. (Reject this solution)

Ini2 o6
In

3'=12=xIn3=h12=x=

3(0.2X)+53 20= 3(0.2)6) <15=

In5
*1<5=> < S>>
(0.2)_5 xIn0.2<In5=x o2
x=z-1

-4(02)" +15<6=-4(0.2)" < 9=
g9 9
02" > ind xIn0.2 > IH(Z) =
In(9/4)
x < m = —0.504

Note that the domain of log(2x+7) is

(—%, oo) since 2x + 7 must be greater than 0.

log(2x+7)<2=2x+7<10* = 2x<93=
93

x<7

Solution set: (—1, %)
22

Note that the domain of In(3x+5) is

(—%, oo) since 3x + 5 must be greater than 0.

ln(3x+5)£1=>3x+5£e=>3x£e—5=>
e—5
3

Solution set: {—é, ¢ 5}
373

x <

Applying the Concepts

83.

84.

2P = P(1+0.0625) = 2=1.0625" =

_ __In2
ln2—tln1.0625=>t——1nl.0625 11.4
It will take about 11.4 years to double the

investment.

3P=Pe' =3=¢' =t=In3=1.10
It will take about 1.10 years or about 1 year 1
month to triple the investment.

85.

86.

87.

88.

89. a.

b

Find k: % =e?% = 1n Gj =20k =

. In(1/2)
20
In(1/2)
025=¢ 20 t =1n0.25 Z%léz)t =
In0.25
)=
20

It will take 40 hours to decay to 25% of its
original value.

5107 _ Q@ 1 _ 5107
= e = —=—==¢ —3
Q QO Q() 2
In(1/2)

1073

1

In (§)= 5103t = 1= 138.6

The half-life of plutonium-210 is about 138.6
days.

At 5% compounded yearly,

7(1)
A= 7000(1 + gj =9849.70 .

At 4.75% compounded monthly,
0.0475

7(12)
A= 7000(1 + ) =9754.74.

The 5% investment provides the greater
return.

20,000 = 8000e*7" = % _ 0071
5

In ()
In (2) =007t=1= \2) 13.09 years
2 0.07
¢ =10; P(10) = 33¢%99300) < 34 million
60 = 330003 _, 00 _ 0.003r _,
33
In (6())
33

In (@) =0.003t =1t =
33 0.003

The population will be 60 million sometime
during the year 2206 (after 199.3 years).

=199.3 yr
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90. a.

91. a.

92. a.

AN N T T TR S N B
0| 1020 30 40 50 60 70 80 90100 ¢
Years after 2000

C(10) =100 + 25¢%9310
=~ $133.75 thousand

250 =100+ 256" = 6 = 0% =
In6=0.03t=1t= In6 = 59.73 years
0.03

The average cost of a house will be
$250,000 after 59.73 years, in 2060.

~ 0
S 030F
on
025
k2
E o020
=
Soasf
£
£o010f
8
£ 005
&)

L1 L1
0] 1234567289101t
ime s

0'029 — 0'36—0.471 -0.47¢
0.3
0.029
0.029 03
In '—):—0.47t:>t=—':>
0.3 —-0.47

t =4.97 =5 hours

x:Llog —0_ zilogIOZLcm
152 0.17, ) 152 152

1
x= Llog 0= Llog40
152 10/40 152
=(0.01054 cm
Note that 0.2 mm = 0.02 cm

0.02 = ——10g[ 10.) 5 3,04 = IOg(I_O) .
152 &7 7

170 =10>%* = 1096 times

93.

94. a.

b. P(0)=

95. a.

96.

97.

First find a and k:
F(0)=212=75+ae ¥ ¥ =137=4
125

)=200=75+137¢ WV = == =
f@ e 37-¢

In (125/137) = —k = k ~ 0.0917

150 =75 +137e0017 = T3 _ 000170

137
I (75/137)
©-0.0917

= 6.57 minutes

Number (thousands)

of mPWwWhuvo s

I I |
2 4 6 8 10 x

Time (weeks)

6 6

=1 thousand

1+5¢ 070 " 145
=1000 people

P4)= = 4.601 thousand

1+5¢707@
= 4601 people

The numerator is the upper limit, so 6000

people will fall ill.

D(0) = 5¢>%® < 5 thousand = 5000
people per square mile

D(5) =5¢"%) =7.459 thousand = 7459
people per square mile

15 - 560081 = 3 — e0.0St =
In3

t=——=13.73 miles
0.08

Using the continuous compounding formula,

we have
003t
280001 = 2006004 = 280 _ ¢ _,
200 e0.0lt
In(7/5
T g00% oo n(7/5) ~16.82 years.
0.02

There will be an average of one vehicle per
person in the year 2017.

1=1,e™"7® = 023221,
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98.

99. a.

100.

101.

102.

— 1
I=1ge 0.00310) _y £ _
Iy
So, approximately 3% of the signal was lost at
10 miles.
— 1
I=1ge 0.003(20) _, L
Iy
So, approximately 6% of the signal was lost at
20 miles.

5(470,000) = 0.04 + 0.861n(470,000)
=11.27 feet per second

e %% 20.97=97%.

=¢ %00 £ 0.94 ~94%,

5(450) = 0.04 + 0.861n(450)
= 5.29 feet per second

4.6=0.04+086In p =0 1y o
0.86

p=e*39080 2 200.8 =~ 201 people

A0)=0.26 = Age ¥ = A, =0.26

A(0.5)=0.18 = 0.26¢ ¥ =

18
18 "2
— =MV S =2 2074
26 0.5
0.08 = 0.26¢ 074 — %08 _ 0741 _,
0.26
0.08
{026
t =———%=1.59 hours or 1 hour 36 min
-0.74
m(0) = 6 = =1 gram
450070 115 °
The mass approaches 6 grams
= =5+25 " =6=
1+5¢70"
| In (215)
e 07 = — =——%=4.6 days
25 -0.7

a. 20= 60(1— e_k(l)) - 60— 60 =

2_ ot :>k=—1n(3j:0.41
3 3

b. n(10)= 60(1 - e‘°~41<1°>) ~ 59 units

c. 40= 60(1 - e‘0~‘”’) = 60— 604 =

1
—=e MM o =2 227 =3 days
3 -0.41

103.

104.

105.

P(f)=1200log, .-
Jo

P(f)= 120010g2(1';j° J =12001og; (1.2)
= 1200(1°g1'2J ~315.6~316
log2

The difference, 316 — 300 = 16 cents, is
noticeable.

Let the magnitude and brightness of star A be
my and by, and let the magnitude of star B be

2

bl
(m;—3)—m; =25log| =+ |=

b2
-3=2.5log ﬁ =-1.2=1log ﬁ =

b2 b2

LINRTEE =%:L:> 15.8b, = b,
b, 1012 158

Star B is about 15.8 times brighter than star A.

PH very acid rain = 2:4= —log[H+] =

[H*] —10724 =

[H* =10 x107 = 4.0x107

The average concentration of hydrogen ions in
the very acid rain is 4.0 x 10~ moles per liter.
PH ycid rain =356 = —log[HJrJ =
[H*]=107° =10%x107 ~2.5x10™°
[H+ :|very acidrain 10724

=——=10""=10"?x10’
[H+]acidrain 10

~1.585x10° =1585
The very acid rain is 1585 times more acidic
than acid rain.

106. a. Let /,99; denote the intensity of the 1997

Iran earthquake and let 7,4, denote the

intensity of the 2010 Chile earthquake.
Then,

1
7.5 =log (ﬂJ =
1y

Iigey =107°1,

L997 _ 1075
1y

(continued on next page)
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446 Chapter 4 Exponential and Logarithmic Functions

(continued)

8.8= log(IZOIOJ Taowo _ 88
Iy Iy

Iygio =10%°1

Lo _ 10%%1,

Ligey 1071,

5010 = 20.011997

The intensity of the 2010 Iran earthquake
was about 20.0 times that of the 1997 Chile
earthquake.

=10"% =202 =

b. Let M,y and Ej, represent the

magnitude and energy of the 2010 Chile
earthquake. Let M1g9; and Eq9; represent

the magnitude and energy of the 1977 Iran

earthquake.
E2010 _ 1015010 ~Mssr) _ 191:5(8:8-7.5)
E\997

=10 =89.1

The energy released by the 2010 Chile
earthquake was about 89.1 times that
released by the 1997 Iran earthquake.

107.  I=1I,x10""°
Iy =1, x 10191
Iys =1y x1
Ius g% 10115/10 e
Ios - Ty X 109510~

The 115 dB sound is 100 times as intense as
the 95 dB sound.

108. 12 = 500011

L, =10log I =10log 20007,
1y 1y

=1010g(5000><1—1j
I()

= 10(log 5000 + log (AD
1y

=101og 5000 + IOIOg(;—lj ~37.0+L,
0

093/10

=100

The more intense sound is about 37 dB louder
than the less intense sound.

109. Let m, represent the magnitude of Sirius and

let m, represent the magnitude of Saturn.

my — 2510g(b j
2
1.47 - =25lo (—lj
2
247

! =0.988 =log| —
25 b2

b
b—l =10"%8 =97 = b, = 9.7,
2

Sirius is about 9.7 times brighter than Saturn.

110. log (5 x10°)=4.4+1.5M
log5+15-4.4

1.5
An earthquake of magnitude 7.53 releases as
energy equivalent to that released by a one
megaton nuclear bomb.

=7.53

Chapter 4 Practice Test A
1. 5%=125=5"=5=x=-3
2. log,x=5=x=2"=32
3. Range: (—oo,1); asymptote: y =1

1

4. 10g28=>2x— =23 5 x=-3

1 2—x
5. (Z) =4=4"2=4=x-2=1=x=3

6. 1log0.001=10" =0.001= 10° = x=-3

7. In3+5Inx=In3+Inx> =1n(3x5)

8. 2" =5= (x+1)ln2=In5=
xIn2+In2=In5=xIn2=m5-I2=

xln2:ln(%j:>xzw

In2
9. X4+ —6=0= (" +3)(e*-2)=0=
e’ =-3 (re]ect this)ore®*-2=0=

e"=2=x=In2

2x°

(x+1)°
=In2+3Inx-5In(x+1)

10. In

=In(2x*) - In(x +1)°
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11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

Ine™=-5

y=In(x-1)+3

Domain: (—oo,0)

3lnx+In(x> +2) - %ln(3x2 +2)

=Inx’ +In(x*+2)-InV3x> +2
N L3 +2)

V3x2 +2

10gx=10g6—10g(x—1)=>10gx=logL1=>
X —

=1

x=L=>x2—x=6=>x2—x—6=0=>
x—
(x=3)(x+2)=0= x=-2 (reject this) or x =3

log,9=2=x*=9=x=3

4
A= 15,000(1 +¥) =15,000(1 .0175)4’

1,500,000 = 15,000e%% =100 = "% =

In100=02t =t = % =23.03

The Hispanic population reached 1.5 million
in 1983, 23.03 years after 1960.

Let 1,94, denote the intensity of the 1960
Morocco earthquake and let 1,9;, denote the

intensity of the 1972 Nicaragua earthquake. Then,

L1960 _ 1058 =

I
5.8 =log (%] =
0

0
Iiggo =10°%1,
Lo D972 _ 1062
6.2 = log| 1972 | 11972 _ 162
Iy 1y
Iig7, =10°%1,
Ligpy _10°%1,
Logo  107°1,
The intensity of the 1972 Nicarague earthquake

was about 2.5 times that of the 1960 Morocco
earthquake.

0.4

Chapter 4 Practice Test B

1.

10.

377 =937 =325 x=-2.
The answer is B.

log5x=2:>52 =25=x.The answer is B.

The answer is B.

logy64=4"=64=4"= x=3.
The answer is D.

1 1-x
(Ej =3=3" =3 x-1=1=x=2.
The answer is D.

log0.01=10" =107 = x = -2.
The answer is B.

In7+2Inx= ln(7x2). The answer is B.

27 =35 x*In2=xl3=
*In2-xIn3=0= x(xIn2-In3)=0=
In3

x=0orxIn2-In3=0=>x=——
In2

The answer is C.

e = —6=0= (" -3)(e*+2)=0=
e’ = -2 (reject this) ore™ —3=0=
e*=3=x=In3.

The answer is D.

2
1nL10 =In(3x2) - In(x +1)'°
(x+1)

=In3+2Inx—10In(x +1).
The answer is D.
Ine** =3x. The answer is B.
The answer is D.
The answer is B.

The answer is A.

Inx—2In(x% +1) +%ln(x4 +1)

=lnx-In(x>+1)Z +Invx* +1
x\/x4 +1

n———.
(x“+1

The answer is A.
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2. ¥
16. logx=1logl2—log(x+1) = logx =log lfl = 1ol
X
x=£:>x2+x=12:>x2+x—12=0:>
x+1 sk
(x+4)(x—3)=0= x=—4 (reject this) or
x=3

The answer is D. '

17. log 16=4=x*=16=2*=x=2

The answer is B. 3
121
18. A=12, 000(1 + 0. 1;5) =12,000(1.00875)"* 10
The answer is D. 3. x’+2x+ y2—4y—20=0
19. =12020-2000 = 20 Group the terms and complete the squares.
P(20) =10,000l0g5(20 + 5) =10,00010g 5 25 (x2 +2x+ 1) + (y2 —4y+ 4) —20+1+4
= 20,000. The answer is B. 2 2
(x+1) +(y—2) =25
20. Let I,994 denote the intensity of the 1994 The center of the circle is (-1, 2) and its
Northridge, CA earthquake and let I;ggg radius is 5.

denote the intensity of the 1988 Armenia
earthquake. Then,

6_7:1()5;(1199@:}11994:106.7:>
Iy Iy

6.7
L1994 =107 1

7.0 = log| 11988 |, hoss _yg70
I() 10
7.0
I19g3 =107 1

4. 2x+3y=17:>y=—gx+£=> the slope
I 10701 03 373
1088 - — 0 -10" =20=

Lioos = 1067 I, of the perpendicular line is

I1988 = 2.011994 i~4=§(—2)=b:>7=b~
The intensity of the 1988 Armenia earthquake 2 2

was about twice that of the 1994 Northridge, The equation is y = 3 x+7.
CA earthquake. The answer is B. 2

Cumulative Review Exercises 5. Logarithms are > 0, so the domain is

(Chapters P—4) (=00,=3) U (2,00).
) ) ) 6.a. f(-2)=2(-2)-3=-7
1. x+0-D)"=1=x"=0=>x=0.
02 +(y-Dl=1=y>-2y+l=1= b. f(0)=2(0)-3=-3
y2-2y=0= y(y-2)=0=y=0ory=2.

. f®)=23H+1=19
The x-intercept is 0. c. f3)=203%

T‘;e y 'imerczepts are 0 and i X 7. Shift the graph of f£(x)=~/x one unit left,
¥ +(y-D'=l=(-D"=1-x"= stretch vertically by a factor of 3, then shift
y—1=%y1- 2= y=1£+1- 2= f(x) the graph two units down.

fx0)=151- (0% =12\1-x> = f(x) =
f(x)iseven = f is symmetric about the
y-axis.
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oW A=
T

INC

o=
|

N = o

T
Y-
W =
.
=

1

8. (fog)(x)zf[—;)zS —é: the domain

is (—o0,0).

9. a. The graph of f(x) passes the horizontal

10. a.

11. a.

12. a.

line test, so there is an inverse. y = 233 +1

-1
becomes x:2y3+1:>xT:y3 =

-1 _
y={5 ="

The graph of f(x) does not pass the
horizontal line test, so there is no inverse.

The graph of f(x) passes the horizontal

line test, so there is an inverse. y =Inx
becomes x=Iny=e" = y=f(x).

2x
x? -i—l>2x3 +0x2 +3x+1

2x° +0x> +2x

x+1
The quotient is 2x + x2+1 .
x“+1
=312 7 0 -2 3
-6 -3 9 21

2 1 -3 7-18
2x4 +7x° = 2x+3
x+3

18
x+3

=200 +x2-3x+7-

(x=D(x=2)(x+3)=x>-Tx+6
(x—Dx+D)(x—i)x+i)=x*—1

log, 56 = log,5+3log, x

13.

14.

15.

16.

b. 3lnx-2lny=Inx’-Iny?=ln>

/ 2 2
1
b. loga3xy—:—logaxy—
Z 3 z

1
:E(loga x+210ga y_loga )

3Jx

c¢. W22 =m3Jx-InSy
5y
:1n3+%lnx—(ln5+lny)

=ln3+%lnx—ln5—lny

1 1
a. E(log x+logy)= Elog(xy) =log \/E

3

y2

a. logy17=1817 _ g9

log

log2
b. logs25= 282 _ 5930

log3
e. logy, 03=0803 55

log (1/2)

a. logg(x+3)+logg(x—-2)=1=

logg (x+3)(x—2))=1=
(x+3)(x-2)=6= x> +x-6=6=
K Hx-12=0= (x+4H)(x-3)=0=
x =—4 (reject this) or x =3

b, 5% 45 _05-52 2 _4x45-2=

2 -4x+3=0= (x-3)(x-1)=0=
x=lorx=3

c. 31" '=23=(x-DIn3.1=n23=
23 025y
In3.1 In3.1

The possible rational zeros are {il, 12, i4}.
Using synthetic division, we find that one zero
is I:
1] 1-1-2-=2 4
1 0-2 4

1 0-2-4 0
Using synthetic division again, we find that 2
is a root of the depressed equation

f)=x*-2x-4:

(continued on next page)
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450 Chapter 4 Exponential and Logarithmic Functions

(continued) 18. a. The vertical asymptotes are x = 3 and
=-4.
211 0 -2 4 *
ﬁ b f(x):(x—l)(x+2)_ X2+x_2:>the

=3+ 17 +x-12
There are no rational zeros of the depressed horizontal asymptote is y = 1.

. 2
eq9at10n f(x)=x"+2x+2. 5o the only c. f(x) lies above the horizontal asymptote
rational zeros are {1, 2}. .
Find the upper bound for the zeros by testing on (=eo,=HU(3,e0). f(x) lies below the
each possible rational zero using synthetic horizontal asymptote on (—4, 3).
division. The smallest value that makes all the
terms in the bottom row nonnegative is the
upper bound. The upper bound is 3.
3 1 -1 -2 -2 4
3 6 12 30
1 2 410 34

Find the lower bound for the zeros by testing
each possible rational zero using synthetic
division. The largest value that makes the
terms in the bottom row alternate signs is the
lower bound. The lower bound is —1.
-1 -1 -2 -2 4
-1 2 0 2
1 -2 0-2 6

17. a. The zeros are 1 (multiplicity 3), -2
(multiplicity 2), and 3 (multiplicity 1).

b. Atx =1 and x = 3, the graph crosses the
x-axis. At x = -2, the graph touches, but
does not cross, the x-axis.

c. As x— —oo, f(x) > oo.

As x — oo, f(x) —> oo,

Y
d. 100
80 —
60 —
40 -
2 —
1 1 \L 1 1
=3 =2 -1 L 1\ 4 “x
20+
—40
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