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EXERCIS i =
ES for Section 4.1
In Exercises 1-6, find th —
exists) at the indicated ex‘tarc‘alz::e of the dervatve 5. f@) = 6+ 27 6. fx) =4~ |1
1 f&) = _x
f(x) 2 +4 2. f(x) = —x2 + 4x : y
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In Exercise
given funct|so7 18, locate the absolute extrema of
n on the indicated interval.

Function Interval
nterva
7. fx) = 2(3 — x) 1
8, fo) =2+ o 5’2]
9. f(x) - .2 ’ ]
W0 a [
-y fG) = x3 = 352 [—1, 1]
13c Jx) = x3 - 12x [—1,3]
14. f(X) = 3523 _ ’ [0, 4]
il i [-1,1]
04w



£ [-1,1]
16- g(t) = m
1 [0, 1]
17, b =5 -2
_ [3, 5]

8 )= -2 :

Explain why the function f(x) = 1/x? has a maximum
1. on [1, 21 but not on (0, 2].
Explain why the function y = 1/(x + 1) has a minimum
» on [0, 2], but not on [=2, 0],

Exercises 21-24, determine from the graph whether
}l},ossesses a minimum in the interval (a, b).
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In Exgre

ncitl?es 25 and 26, locate the absolute extrema of
on (if any exist) over the indicated interval.

zs'f(x) =2 — 3

the fu

( 26. fx) =5—«x
oo 2 @ 11,4

© (0, 9) (b) [}, :;

@ (0, 5 © (,

@ (1,4
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FIGURE FOR 26
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In Exercises 27—30, find the maximum value of | f"(x)|
on the indicated interval. (This value is used in the error
estimate for the Trapezoidal Rule, as discussed in Sec-
tion 5.6.)

Function Interval
1
2. f&) = 77 [0, 3]
1 1
B 10 = bR

29. fx)=V1+x3 [0, 2]
30. f(x) = x3(3x% — 10) [0, 1]

In Exercises 31—34, find the maximum value of | f@(x)|
on the indicated interval. (This value is used in the error
estimate for Simpson's Rule, as discussed in Section

5.6.)

Function Interval
3. fx) = 15x* — (—2"—211)6 [0, 11
32. fx) = x° - 5x* + 20x3 + 600 [0, %]
3. () = (x + 13 [0, 2]
3. f6) = g 1,11

35. The formula for the power output P of a battery is given
by

P =VI—RI?

where V is the electromotive force in volts, R is the
resistance, and I is the current. Find the current (mea-
sured in amperes) that corresponds to a maximum value
of P in a battery for which V = 12 volts and R = 0.5
ohms. (Assume that a 15-amp fuse bounds the output
in the interval 0 < I = 15.)
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EXERCISES for Section 4.2

o Interval
Funcwoh __———  ———— i
' oo [-2, 1] |
In Exercises 1 and 2, state why ROI,:eti;ze:;iiT san 13. fo) = % eem Tl
not apply to the function even thoug 14, f&) = x(x o
b such that f(a) = f(b) = 0. 15. fo) =% ,
2 -4 L _{_j-’l [5, 2]
Lfw=1-[x—1] 2. f)="2 16. f(x) = — :
| % 1]

/ I 17. f) = 751 [ 2
By PSS 18. f() = Vx — 2 2 ﬂ
™ . 19. f(x) = x3 [ ’ ’

20. f(x) = x3 -2 [0, 2] '

In Exercises 3—12, determine whether Rolle's Theorem
can be applied to £ on the indicated interval. If Rolle's
Theorem can be applied, find all values of cinthe inter-

val such that f'(c) = 0.

Function

3. f(x) = x2 - 2x
4 f(x) =x2-3x+2
5. f) =(x - D = 2)(x - 3)
6. f) = (x = 3)(x + 1)2
T f(x) = x| = 1
8. f(x) =3 — [x - 3|
9 fix) = x23 — 1
10. f(x) =x — xI3
x2-2x—-3
W oy Sree—

12, f) = X2~ 1

In Exercises 13-20,
fon the indicateq interval, |n each

of ¢ in the interval (a, b) such that

ro=0-rq
- a

g

S

apply the Mea

Interval

[0, 2]
(1, 2]
(1, 3]
[-1, 3]
[-1, 1]
[0, 6]
[-8, 8
[0, 1]

[-1, 3]

(=1, 1]

N Value Thegre
Case, find 3| fo

Values

21. The height of a ball # seconds after it is throwp jg givwi
by ' ‘

f(r) = —161> + 48t + 32.

(b) According to Rolle’s Theorem, what must b
velocity at some time in the interval [1, 21

22. The ordering and transportation cost C of compon

used in a manufacturing process is approximated by

x

.

where C js measured in thousands of dollars and xi
the order size in hundreds,

@ Verify that ¢(3) = (),

(b) According to Rolle’s Theorem, the rate of chitg
of cost must be zero for some order size ¥
Interval [3, 6]. Find that order size.

23. The height of a5
from a height of

Cx) = 10(1 +
X X

object ¢ seconds after it was dropi®
500 feet is given by

(a) Verify that f(1) = f(2). [

0= ~16r 1 500,

@) Fi ]
Ind the average velocity of the object dunng’hfé :

t 3 sec
®) Use the ppor e

tim, ; :
tan: Oil;nng the first three seconds of fall the ‘”’:;

velocity

. €quals the average velocity

that tim,

|
|

- S€ the Mean Value Theorem to verify that atso®

i .

‘E
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any introduces a new product for which the (b) If p has three distinct zeros in the interval [a, b_]’
A compof units sold S is given by prove that p”(c) = 0 for some real number ¢ in
pumber @, b).
__2 29. Prove that if f'(x) = 0 for all x in an interval (a, b),
=200(5
s = 2+1¢ then f is constant on the interval. ‘ |
e s 30. Let p(x) = Ax2 + Bx + C. Prove that for any interva
is the time in months. ]
where ¢ dlihe average rate of change of S(r) during the [a, b], the value ¢ guaranteed by the Mean Value Theo
(@ Fmt car rem is the midpoint of the interval. .
g:frir)l,g what month does §'(r) equal its average 31. Prove that if two functions fand g have the same deriv-
(b) te of change during the first year? atives on an interval, then they must differ only by a
o constant on the interval. [Hint: Let h(x) = f(x) — g(x)
25. Given and use the result of Exercise 29.]
1 32. Prove that if f is differentiable on (=, «) and
f@=7"4 S'(x) < 1 for all real numbers, then S has at most one
int. int of a function fis a real number
show that for the interval (2, 6) there exists no real ii);zc(l:l[:o t;:lattﬁ(gx id f omtota F
mimber ¢ such that & 33. Use a computer or graphics calculator to sketch the
6 - f2) graph of f(x) = V’x over the interval [1, 9].
flle)=—— . (2) Find an equation of the secant line to the graph of
6—2 q
' ' S passing through the points (1, £(1)) and (9, f9).
State whether this contradicts the Mean Value Theorem Sketch the graph of the secant line on the same
and give the reason for your answer. axes as the graph of f.
26. Prove the Corollary to Rolle’s Theores, (b) Find the value of ¢ in the interval (1, 9) such that
21. Ifa>0and n is any integer, prove tha: (e <clynomial

function , fO - f(1)
[ = To-T1 -
PO) =x2m+1 4 gy 4 p 1
cannot have two real roots. Find i i
" ‘ ‘ Ind the equation of the tangent line to the graph
Letpbe a nonconstant polynomial function. of f at the point (c, f(c)) and sketch its agll; En
(2) Prove that between any two consecutive zeros of e

- the same axes
P', there is at most one zero of p. N T o ok e fhe secant

line and tangent line are paralle].
4.3 . 5 ‘ .
Increasmg and Decreasing Functions and the Fir

— st Derivative Test
NCreasing anq decreasing functions

onotonic functions

= The First Derivative Test = Strictly m

X1 < x, implies BEN) < f(x,).

A function fis said to be decreasin i i
; g on an interya]
2 i thesifverial if for any two numberg X, and

\ 1< x, implies f(x,) > s (x2).
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ExERI“SES for Section 4.3
‘ e 16, identify the open ?ntervals on which ~ 1 _x
o E;‘:r:?t,ce,i is increasing or decreasing. 3. fo)=x+ 2. f0) = 5
the - 2-2x+1 x—3x—4
— 2. y=—(x+ 12 _x X _
3~ 6+ 8 ye= =t 1 5. f) =220 26 f0 =T

1 f@=* y

InExercises 718, find the critical numbers of f (if any),
find the open intervals on which f is increasing or
decreasing, and locate all relative extrema.

Li6)=-22+4x+3 8 f(x) =x>+ 8x+ 10
9. fr) = x2 - 6x 10. f(x) = (x — 1’(x + 2)
1L ft) = 263 + 352 — 12x 12. f(x) = (x — 3)?

B. f(x) = x13 4 14. f(x) = x%3(x — 5)

) = +3
B. () = 275 16. f(x) = xxz

h 1
. fix) = "?Sx

18. f(x) = x* — 32x + 4

In Exercises 19_

26, fi m "
), fing the o find the critical numbers of f (if

Unction i | Pen intervals on which the algebraic
tive eths Increasing or decreasing, and locate all rel-
fesults féma. Use a graphing utility to confirm your

19-f(x)=x3 S, 6.x2 + 15

Y, 10 = 1y 20. f(x) = x* — 2x®

22, f() = x — DA

In Exercises 27 and 28, determine whether the given
function is strictly monotonic on the indicated interval.

27, f) = 22

@ =®  ®C=0 ©0w)
28. fx) =x3—x

® Ly ®(-1-3) ©cLD

29. The height (in feet) of a ball at time ¢ (in seconds) is
given by the position function

s(t) = 96t — 16¢2.

Find the open interval on which the ball is moving up
and the open interval on which it is moving down. What
is the maximum height of the ball?

30. Repeat Exercise 29 using the position function

s(t) = —16¢% + 64¢.

31. Coughing forces the trachea (windpipe) to contract,
which affects the velocity v of the air passing through
the trachea. Suppose the velocity of the air during
coughing is

= k@R — r)r?

where k is a constant, R is the normal radius of the
trachea, and r is the radius during coughing. What
radius will produce the maximum air velocity?

32. The concentration C of a certain chemical in the blood-
stream ¢ hours after injection into muscle tissue is given
by
C 3t

ey e L

When is the concentration greatest?

33. After a drug is administered to a patient, the drug con-
centration in the patient’s bloodstream over a two-hour
period is given by

C = 0.29483¢ + 0.04253s% — 0.0003573

where C is measured in milligrams and ¢ is the time in
minutes. Find the open interval on which C is increasing
or decreasing.

34. A fast-food restaurant sells x hamburgers to make a
profit P given by

2

P = 2.44x — 20’,‘000 ~ 5000, 0= x = 35,000.
Find the open interval on which P is increasing or
decreasing.
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6, assume that fis diﬁefem-
Iab,

In Exercises ‘:10? f is as follows. .
35, After birth, an infant normally will lose weig:img Iz w0, —4) )
few days and then startgaining-Am"del rmfeouowmg ') Z 0on (7° =
weight W of infants over the first tWo weeks <oon (-4 6) "
birth is '@ 0on6:® |
@) > 000
W = 0.03372 — 0.39741 + 7.3032- f — uoply th - |
ply the appropriate :
o inoreasing OF ch exercise: ° L Mequy
Find the open intervals on which W is increasing meeian diCated valué f c. %ahty A
decreasing. L . Sign of g'(c)
36. The electric power P in watts ina direc"_‘mrrel,lt C?rcult W '
it two sesstos R, and R; connected 0 518 o g0 =fO 1, g’f-((s); _ 8
= 3f(x) — =
__WRiR, 42. 2% b g=6—0
p=—>2= 9 ®) = —f(X)
R, + Ry)? . g ) = I g0 —0
where v is the voltage. If v and R, aré held constant, 45: g = fe~ 10) g, (g) —
power? 46. &) =f(x = 10) g'® —0 |

what resistance R, produces maximum
The resistance R of a certain typé of resistor is g1VeM

47. Sketch the graph of a function f such that

37.
by
x<4
R = V0.001T* — 4T + 100 >0’t_ 4 x=4
and the temperature T is f'®) = undefined,
<0 x> 4

39.

where R is measured in ohms
measured in degrees Celsius.
duces a minimum resistance for
Consider the functions f(x) = X and g(x) =
interval (0, 1).

(a) Prove that f(x) > g(x). [Hint: Show that A(x) = 0

where h = f — g.]

(b) Sketch the graphs of f and g on the same set of

axes.
Find a, b, c, and d so that the function given by

What temperature pro-
this type of resistor?
%3 on the

fx —ad+bxt+taxtd

able function fhas only one critical N
tify the relative extrema of f at the i,
= —2.5and f'(6) = 3.

48. A differenti
x = 5. Iden

aumber if f'(4)

49 and 50, use a computer or graphi
to sketch the graph of fand f’ on the san
r the specified interval, (b) to firg
the critical numbers of £, and (c) to find the interval
on which £ is positive and the interval(s) on which itis
negative. Note the behavior of £ in relation to the sig

In Exercises
calculator (@)
coordinate axes ove

has a relative minimum at (0, 0) and a relative maxi- of f'.
n.mm a2 2. Function Interval
40. Find a, b, and c so that the function given by
49. f(x) = 2xV9 ~ x2 [-3,3]
[0, 51

fa)y=ax*+bxtc
has a relative maximum at (5, 20) and passes through
the point (2, 10).

50. f(x) = 105 — V% — 3x + 16)

51. Prove the second case of Theorem 4.5.
52. Prove the second and third cases of Theorem 4.6.

4.4 Concavity and the Second Derivative Test
B
Concavity = Points of inflection = The Second Derivative Test
We have already seen that locating the intervals in which a function fincrea”
on we show thah b

or decreases helps to determine its graph. In this secti

locating the intervals in which f' increases or decreases, we can dete
W}'ICI'C the graph of f is curving upward or curving downwaré. e refer
this notion of curving upward or downward as concavity.



F(x) = =335 4 543
FIGURE 4.28

Since the Second Derivative Test fails at (0, 0), we use the Bitsi T

Relative SOLUTION
maximum .
2t 1, 2 We begin by finding the critical numbers of f.
2) —
) = —15x% + 15x2 = 15x%(1 — x*) =0
.l f'ix) = —15x* + 1ox 3
X = —l, O’ 1 Crlthﬂl numberg
| v mry — APl ly the Second Derivatj :j
j\ ©, 0) 1 \i—’ x Usmgf (x) = 30( 2x° + x); we apply ve TeSt as fo]io“s ‘
B Point Sign of f" Conclusion
=1,-2) i (-1, =2) f(-1)=30>0 l:> Relative Minimyp, 1,
Relative a,2) f'(1) = =30 <0 [> Relative maximyp, ;
minimum . 0) F'0) = 0 [ > Test fails |
|
I
}

. Deriyy;.
Test and observe that f increases to the left and right of x = atiy,

_2—1\/ 2 3 4~

Generated by Derive

/{/ I

Generated by Derive

. s s (0,9, ¢
is neither a relative minimum nor a relative maximum (evep though the o 0 |
has a horizontal tangent line at this point). The graph of s showy i, Figg |
4.28. Q |’

EXERCISES for Section 4.4

S

In Exercises 1—6, find the open intervals on which the

graph of the given function is concave upward and those

on which it is concave downward.

L o

Generated by Derive

6. v = —3x5 + 40x3 + 135x
o 270
iy o
- ~34 '—3}- - 6+

& . s : . . - ] - . 4+ s .
Generated by Derive Generated by Derive . 2l .
x%— 1 — /\

3.y=-x3+3x2-2 4. f0) =537 =6 A 6 %

A1+ /\ ¢ : . ’ : JiT / Generated by Derive Us&tre

In Exercises 718, identify all relative extrema:
Second Derivative Test where applicable.

7. f(x) = 6x - x2

-8
8. f(x) =x2+ 3x "
9. f(¥) = (x — 5)2

= 5
10. f(x) = —&



3 3x2+3 12. f(x) =5+ 3x% — 13

zX
i fO7 4 +2

0= g+ 21x — 26
5 1) i f;n —9§ 16. f(x) = Va2 + 1
BI04 18. f() =

. f(X) =1t X

x—1

_34, sketch the graph of the given func-

In Exer:(ijsei(sjentify all relative extrema and points of
tion 4
inflection- ,
H=r" 12% 20. f(x) =x°+1
19'f(x) _ - 6x?t+ 120~ 8
MNP 2. f(x) = 2x* — 8x + 3
e £@) o
f(x) = x(x 4)3 26. f (x) =x (xz— 4)
27f(1)=x2+12 28.f(x)=x2_l
0, f0) = Wx+3 30. fx) =xVx + 1
x —
3l.f(x)=;i—_"4‘ 32-f(x)_x2_x_2
¥=2 _ o xtd
BW=g—grs3 IO TErd
In Exercises 35 and 36, use a symbolic differentiation

uility to analyze the function over the specified interval.
(@) Find the first- and second-order derivatives of the
function, (b) find any relative extrema and points of
inflection, and (c) sketch the graphs of £, f’, and f” on
the same coordinate axes and state the relationship
between the behavior of £ and the signs of /' and f”.

Function Interval
5f0=022-37 [-1,4]
% f0 = xV6 = 2 [-V6, V6]

n Sketch the
aph of i i i
Chafacterisﬁg:s P of a function f having the following
D1 =f@) = 0

FO<0ifr<3 ) £(0) = f2) = 0

ff)>0ifx<1

F'(3) is undefined Q) =0
. j:gg Z g li x¢>3 3 10 <0ifx>1
" Sketch the gl'a,lph i i f'x) K 0 ‘
—— nction f having the following

@ f@) =f@) =
f’(x)>0ifx< 3

® fO0)=f2=0
fly<0ifx<1
ffa=0
fle)>0ifx>1
f'x) >0

Section 4.4 / Concavity and the Se

In Exercises 39 and 40, trace the
the same set of axes sketch the grap

39.

41.

42,

43.

45.

cond Derivative Test 181

given graph of f. O"
h of f and f"-

y 40. y

b G

Find the inflection points (if any) and sketch the graph

of f) = x — " forn =1, 2,3, and 4. What

conclusion can be made about the value of n and the

existence of an inflection point on the graph of f?

(a) Sketch the graph of f(x) = V/x and identify the
inflection point.

(b) Does f"(x) exist at the inflection point?

Show that the point of inflection of

f@) = x(x — 6)?

lies midway between the relative extrema of f.

. Prove that a cubic function with three distinct real zeros

has a point of inflection whose x-coordinate is the aver-

age of the three zeros.

A small aircraft starts its descent from an altitude of 1

mile, 4 miles west of the runway (see figure).

(a) Find the cubic polynomial function f(x) = ax3 +
bx? + cx + d on the interval [—4, 0], which
describes a smooth glide path for the landing.

(b) If the glide path of the plane is described by the
function of part (a), when would the plane be

descending at the greatest rate?
3

1
1
1
l
I
} t
-4 ~3 -2 =

(For more information on this type of modeling, see
the article “How Not to Land at Lake Tahoe!” by
Richard Barshinger in the May, 1992, issue of The
American Mathematical Monthly.)

. The equation

kgx

E= 2 + "

gives the electric field intensity on the axis of a uni-
ffmnly f:harged ring, where q is the total charge on the
ring, k is a constant, and a is the radius of the ring. At
what value of x is £ maximum?
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%RBISES for Section 4.5

In Exercises 18, match the given fun

the graphs (a)—(h), using horizontal asympto

aid.
_ 3!
Li®w=5"0
X
MO o
5 _ —6bx
Ry 5
7.f(x)=m 8. f(x)'-"
(a) y
)

ction to oné of

tes as an

2x
2f0)=7q2
2

X
dfw=2+a11

1
6.f0=5"7¥1
2x2_3):+5

2+1

In Exercises 9—24, find the indicated limit.

2z ~ |

' e dx+ 2 10: im

5x3+1

x—00 1013 = 3x2 + 7

. 2410
12. lim =
A 2. lm ()xn\l3

11, lim 7]
T a2 14. lim X =20
13, lim 3733 e A
] 16. li LB
15, 1m (2 7) RN
=% 3x ) 2
2x s 18. lim ( 2x
17,x1_i.r11w(;’:'f+x+l e Py BN
I 2. lim —X__ Bl
19. 11—1}11“ N2 — X X=m \/m
] 2. lim 3%+
21 lim = = VAT3;
#=3 2. lim —2%
B. lim == Ve

In Exercises 25-28, find the indicated fin,

Treat the expre:
1, and rationalizé

25. lim &t VEZH3)
27, tim (¢ = VEF )

x>

the numerator.]

26. l.i_{l; (2x— ‘\/4x2\+“

8. lim Gx+ Ve
1

In Exercises 29—40, sketch the graph of the giye, o
a sketching aid, examine each equatiy, 1;'

tion. As
intercepts, symmetry, and asymptotes.
_2tx 30, y=123
29- Y = 1—-x Y x=2
x? x?
A 2. y =
SLy=77179 Ry=a5g
33, =4 4. x%y=4
2x 2
By=1=% 36.y—1_x2
1
37_y— —P 38-y=1+;
x? x
Ly = 40. y =
39.y -4 y oy

In Exercises 41—46, use a symbolic differentiation uti-

ity to analyze the graph of the function. Label ay
extrema and/or asymptotes that exist.
2

1
e =5-3 2. fo) = x—z"_—l

X 1
43. f(x) =x2 2 4. f(x) =}'2T}’_§
. x=2 xtl
45. f(x) “T-mi3 f@ =771

it,
pression as a fraction whose denomina’t‘lmr
orjg f

I
|
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:

s an
e pgfgica")/ that f

47 and 48, (a) use a graphing utility to

_ a(en:lses on the same coordinate axes, (b) verify
" 4t fand g represent the same function,
suffiCie”“y far so that the graph appears
out t is this line? (Note that the points of
t readily seen when you zoom out.)

Ige
?c) 1200

liné. .
fi?szontinulty are 10
8- 3x2 +2

X —2x2+2
48. f(x) = B

2 -1 1
x)=-—zx+1~-—
FEEASTRE) W=7 x?

ises 49-52, complete the table and estimate
(x)asx approaches infinity. Then find the

1
it off d compare your results.

102 | 10° | 10* | 105 | 106

f0)

x+1

8./0="% 50. f(x) = x— Vx(x - 1)
ooy = 26— VEE+ 1 52 @) = x* — xVal = 1)

53, A business has a cost of C = 0.5x + 500 for p_roduc'mg
cunits. The average cost per unit is given by C = C/x.
Find the limit of C as x approaches infinity.

&, According to the theory of relativity, the mass m of a
particle depends on its velocity v. That is,

my
V1 - (v¥/c?)

where m, is the mass when the particle is at rest and ¢

46 A Summary of Curve Sketching

S5.

56.

58.
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is the speed of light. Find the limit of the mass as v
approaches c.

The efficiency of an internal combustion engine is
defined to be

1
efficiency (%) = 100[1 - __—-]
s /v

where v, /v, is the ratio of the uncompressed gas to the
compressed gas and c is a constant dependent upon the
engine design. Find the limit of the efficiency as the
compression ratio approaches infinity.

Verify that each of the following functions has two
horizontal asymptotes.
x|

@ f@ =17

2
® 1) = T

. Use a computer or graphics calculator to sketch the

graph of f(x) = 3x/V/4x? + 1, and from the sketch
locate any horizontal or vertical asymptotes.
Prove that if

px)=ax"+ - +tax+a
q(x) = byx™ + - -+ + bix + by

then
0, n<m
PO _ &
,ll—l»lwlaq(x)— b,’ n=m
to, n>m

Summary of curve-sketching techniques

It would be difficult to overstate the importance of curve sketching in math-
ematics. Descartes’ introduction of this concept contributed significantly to
the rapid advances in calculus that began during the mid-seventeenth century.
In the words of Lagrange, “As long as algebra and geometry traveled separate
paths their advance was slow and their applications limited. But when these
two sciences joined company, they drew from each other fresh vitality and
thenceforth marched on at a rapid pace toward perfection.”

Today, government, science, industry, business, education, and the social
and health sciences all make widespread use of graphs to describe and predict
relationships between variables. We have seen, however, that sketching a
graph sometimes can require considerable ingenuity.




t
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ExERcISES for Section 46

_26, sketch the graph of the given func-
e that allows all relative extrema and

ises
In prerct scal
0se 8 SC85, 1 o identified on the sketch.

L'gl':‘ ts of inflection
= XJ - 3x2 +3

1Y

R

' 3

=2’x'x
3’y=x3+3x2+3x+2

G =309t
=+ Dix = 2@~ )
o3+ 2+ 9x -2

raal ol
— ——
==
= =

1
=3

9‘y= 3x4 + 4x3

“.fx) = x4 = 4x3 + 16x
2. f(x) = x4 - 8x3 + 18x2 —16x + 5
{3, f@) = x* — 4x°> + 16x = 16

" o) = ©+1

$5,y=x—5x 16. y=@x—1)°
f.y=|2-3| 18. y = |x2 — 6x + 5|
i X
B.y=7v3 20.y=741
21.y=x\/4—-_x 22. y=xV4 —x?
By=3? -2 24. y = 3x?3 - x?
X 4x
B fi) = 2. f(x) = =
Ve 0= 775

Ip Exercises 27—36, sketch the graph of the given func-
tlop. In eaph case label the intercepts, relative extrema,
paints of inflection, and asymptotes.

27y=#—3 23->’=%
3, f(ﬂ:% 2. f) =x+ E%
2
?‘f(r)‘xax$ R
(- X
y"zxz-s 36‘y=2x2x-—5x2+5

I Exere
the funclt?§:,37 and 38, use a graphing utility to graph

T Bx 1
X+ 1 ;
3uf(x)=5(L_ 1
-4 x+2)

f In Exercises 39 and 40, use a graphing utility to graph

the function. Use the graph to determine whether or not
it is possible for the graph of a function to cross its
horizontal asymptote. Do you think it is possible for the
graph of a function to cross its vertical asymptote? Why
or why not?

3x4-5x+3
x*+1

4(x — 1)

H.f0=F5_7+3 40. g(x) =

In Exercises 41 and 42, use a graphing utility to graph

the function. Explain why there is no vertical asymptote
when a superficial examination of the function may indi-
cate that there should be one.

= 24 5—2
4. he) = 63 _2; a. o) = =7

In Exercises 43 and 44, use a graphing utility to graph

the function and determine the slant asymptote of the
graph. Zoom out repeatedly and describe how the graph
on the display appears to change. Why does this occur?

2x2 - 8x— 15

x2—=3x—-1
x—5

x_2 44' g(x)=

3. fx) = -

In Exercises 45—48, create a function whose graph has
the indicated characteristics. (The answer is not

unique.)

45. Vertical asymptote: x = 5
Horizontal asymptote: y = 0
46. Vertical asymptote: x = —3
Horizontal asymptote: None
47. Vertical asymptote: x = 5
Slant asymptote: y = 3x + 2
48. Vertical asymptote: x = 0
Slant asymptote: y = —x

In Exercises 49—54, use the given graph (of f* or f") to
sketch a graph of the function f. [Hint: The solutions

are not unique.]

49.




what would the answer

the
le 5 aSked for

if f;z':s Pn ceded to enclose the
S 03177

gARE
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The feasible domain is 0 < x < 1. Since dA/dx = [2( + 4)x — 81/, the
only critical number is x = 4/(w + 4) =~ 0.56. Therefore, since

A0) = 1.273,  A(0.56) =~ 0.56, and A(l) =1

we concludé that the maximum area occurs when x = 0. That is, all the wire
is used for the circle. ==

Let’s review the primary equations developed in the first five examples.
As_ applications go, these five examples are fairly simple, and yet the resulting
primary equations are quite complicated.

3
V=27x—f4— W=V + 144 + V2 — 60x + 1684

d=Vx*-3x2+4 A=%[(7r+4)x2—8x+4]

A=30+2x+%

You must expect that real applications often involve equations that are at least
as complicated as these five. Remember that one of the main goals of this
course is to learn to use calculus to analyze equations that initially seem
formidable.

EXERCISES for Section 4.7
1. Find two positive numbers whose sum is 110 and whose 5. The second number is the reciprocal of the first and
product is a maximum. their sum is minimum.
(a) Use paper and pencil to complete six rows of a 6. The sum of the first and twice the second is 100 and
table like the one below. (The first two rows are the product is maximum.

shown.) Use the result to guess the two numbers

In Exercises 7 and 8, find the length and width of a

o rectangle of maximum area for the given perimeter.
First Second s . :
mumber, x  number Product, P 7. Perimeter: 100 feet 8. Perimeter: P units
1o 110 - 10 10(110 — 10) = 1000 In Exercises 9 and 10, find the length and width of a
4 110 —20  20(110 — 20) = 1800 rectangle of minimum perimeter for the given area.
) Write the product P as a function of . 9. Area: 64 square feet 10. Area: A square feet
(©) Use calculus to find the critical number of the func- _ )

tion of part (b). Then find the two numbers. In Exercises 11 and 12, find the point on the graph of
@) Usea computer to generate additional rows of the the function closest to the given point.

table. Use the table to estimate the solution.

(e) Use a grapl.ung utility to gl'aph the fllnction i.ll pal‘t Fum.‘twn Polnt
®) and estimate the solution from the graph. 1. f&) = Vx  (4,0)

In Exerj . = 42 l
211588 26, find two positive numbers that satisfy 2. fr) = x (2’ 2

*8ven requirements.

2 ;
3 Th: Sum is § and the product is maximum.
‘ Product is 192 and the sum is minimum.

13. A dairy farmer plans to fence in a rectangular pasture
adjacent to a river. The pasture must contain 180,000
square meters in order to provide enough grass for the

" t‘; f?ﬁgm is 192 and the sum of the first plus three herd. What dimensions would require the least amount

second is minimum.

of fencing if no fencing is needed along the river?
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Material, 12 inches on
from each corner and
Find the volume of

a side, by cutting equal squares
turning up the sides (see figure).
the largest box that can be made.

FIGURE FOR 14 *

FIGURE FOR 15
16. (a) Solve Exercise 15 given that the square of material
is 5 inches on a side.
(b) If the dimensions of the square piece of material
are doubled, how does the volume change?

17. An open box is to be made from a rectangular piece of
material by cutting equal squares from each corner and
turning up the sides. Find the dimensions of the box
of maximum volume if the material has dimensions of
2 feet by 3 feet.

18. A net enclosure for practicing golf is open at one end
(see figure). Find the dimensions that require the least
amount of netting if the volume of the enclosure is to
be 833 cubic meters.

19. A Norman window is constructed by adjoining a semi-
circle to the top of an ordinary rectangular window (see
figure). Find the dimensions of a Norman window of
maximum area if the total perimeter is 16 feet.

-
P

FIGURE FOR 18

X

FIGURE FOR 19

20. A physical fitness room consists of a rectangular region
with a semicircle on each end. If the perimeter of the
room is a 200-meter track, find the dimensions that
make the rectangular region as large as possible.

21. A right triangle is formed in the first quadrant by the
x- and y-axes and a line through t!le point (2, 3). Find
the vertices of the triangle so that its area is minimum_

22. Find the dimensions of Fhe largest js oscele 1
can be inscribed in a circle of radiug 4 (Seemangl'%

23. A rectangle is bounded by the X-axis ang " ﬁgum).
y = V25 — x? (see figure). Wy lengyy, se"‘iﬁ:tie
should the rectangle have so that jtg area js I::: Wig,

iy

FIGURE FOR 22

24. Find the dimensions of the largest rectan.

inscribed in a semicircle of radius r (see Exercise 3,

: s . . ).

25. Find the dimensions of the trapezoid of greatest o,
that can be inscribed in a semicircle of ragiyg r.

26. A page is to contain 30 square inches of print, Ty,

margins at the top and bottom of the page are 2 incp

The margins on each side are only 1 inch. Find g

dimensions of the page so that the least Paper is useq,

27. A right circular cylinder is to be designed to hold )
cubic inches of soft drink (approximately 12 fig
ounces) and to use a minimum of material in its con
struction (see figure).

(a) Use paper and pencil to complete four rows of :
table like the one below. (The first two rows ax
shown.) Use the result to guess the minimun
amount of material.

FIGURE FOR 23

gle that canp,

Radius  Height Surface area
22 22 ]~ 3
0.2 2l | o 01
P 2#(0.2)[0.2 =
22 2 ]z 1l
0.4 T(OT)Z 211'(0.4)[0.4 + 7047

(b) Write the surface area S as a function of radits ::
(¢) Use calculus to find the critical number of the f"‘sﬂ
tion in part (b) and find the dimensions tha!
yield the minimum surface area. o
(d) Use a computer to generate additional rOW-: i
table in part (a) and estimate the minimum
area from the table. p of ¢
(e) Use a graphing utility to obtain the gr_ﬂPd o
function in part (b) and estimate the require
sions from the graph.
r

27r

Lateral side of cylinder
(unrolled)

FIGURE FOR 27



us to find the dimensions of the cylinder in

77 if its volume is Vo cubic units.

ular package to be sent by a p0§ta.l service

, A rectan® maximum combined length and girth (perim-
canhave a 0SS section) of 108 inches (see figure). Find
eter O,facrsions of the package of maximum volume
the dlme;e sent. (Assume the cross section is square.)

f,:lr: Exercise 29 for a cylindrical package. (The

" cross sections are circular.)
4 the volume of the largest right circular cone that

3. Zﬂbﬁ inscribed in a sphere of radius r (see figure).

Rew

e

A4~

T

FIGURE FOR 25

FIGURE FOR 31

3. Find the volume of the largest right circular cylinder
that can be inscribed in a sphere of radius r.

3. Asolid is formed by adjoining two hemispheres to each
end of a right circular cylinder. The total volume of
the figure is 12 cubic inches. Find the radius of the
cylinder that produces the minimum surface area.

M, An industrial tank of the shape described in Exercise
33 must have a volume of 3000 cubic feet. If the con-
struction cost of the hemispherical ends is twice as much
per square foot of surface area as the sides, find the
dimensions that will minimize cost.

%. The combined perimeter of an equilateral triangle and
asquare is 10. Find the dimensions of the triangle and
f&“ﬁfe tha.t produce a minimum total area.

' Fi:d";mbllﬂed perimeter of a circle and a square is 16.
e ¢ dimensions of the circle and square that pro-

T, Ten f:e:ﬂllflun'um. total area.

Hiangle o c;’Vlre is to be used to form an isosceles right

) ;)nr a CI.rcle.‘How much of the wire should

) minimy the circle if thc? total area enclosed is to be
 Twengy § m and (b) maximum?

eet of wire is to be used to form two figures.

eac .
- h of the following cases, how much should be

Um?

43
 Newton's Method

f
o each figure 5o that the total enclosed area is a-

39.

41.

42.
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(a) equilateral triangle and square
(b) square and regular pentagon
(c) regular pentagon and hexagon
A wooden beam has a rectangular cross section of
height » and width w (see figure). The strength S of
the beam is directly proportional to the width and the
square of the height. What are the dimensions of the
strongest beam that can be cut from a round log of
diameter 24 inches? [Hint: S = kk?*w, where k is the
proportionality constant.]

The illumination from a light source is directly pro-
portional to the strength of the source and inversely
proportional to the square of the distance from the
source. Two light sources of intensities 7, and I, are d
units apart. At what point on the line segment joining
the two sources is the illumination least?

A man is in a boat 2 miles from the nearest point on
the coast. He is to go to a point Q, 3 miles down the
coast and 1 mile inland (see figure). If he can row, at
2 miles per hour and walk at 4 miles per hour; toward
what point on the coast should he row in order to réach
point Q in the least time? vy AV
The conditions are the same as in Exercise 41 exgept
that the man can row at 4 miles per hour (see figgre).
How does this change the solution? X

‘e fa

FIGURE FOR 4142

FIGURE FOR 39

In Exercises 43 and 44, use a computer or graphics
calculator to sketch the graphs of the primary equation
and its first derivative in the given applied extrema prob-
lem. From the graphs, find the required extrema.

43.

4.

Find the dimensions of the rectangle of maximum area
that can be inscribed in a semicircle of radius 10.

Find the length of the longest pipe that can be carried
level around a right-angle corner if the two intersecting
corridors are of width 5 feet and 8 feet, respectively.

S Mthog &

In the first seven secti
zeros of a function.
that elementary algeb

Aigebraic solutions of polynomial equations

ons of this chapter, we frequently needed to find the

Until now our functions have been chosen carefully so

raic techniques suffice for finding the zeros. For instance,
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EXERCISES for Section 4.9

EXAMPLE 6 Approximating function values

V16.5.

Use differentials to approximate

SOLUTION

We use the function f(x) =
obtain

V/x and choose x = 16. Then dx = 05, and,
4

1
fx+ Ax) = f@) + /() dx = Vi + mdx

1 1\ /1
v = 4+ ——(0.5) = 4 + <_) (—)
1
=4 + Tg = 4.0625. =

REMARK The use of differentials to approximate function values diminished wi
the availability of calculators and computers. Using a calculator, we obtain the valye

V16.5 = 4.0620
which indicates the accuracy of the differential method in Example 6.

In Exercises 1—10, find the differential dy of the given 1n.y=x-1 12. y = 2x
function. 1
13. y = x2 l4.y=;—2
1.y=13x2—-4 2.y =2x" =% -
3.y =4x3 4.y=3 15.y=x 16. y = Vx
5, 3= x+ 1 6. y= x 17. The area of a square of side x is givenbyA(x)=11-
: 2x - 1 x +25 (a) Compute dA and AA in terms of x and Ax.
7.y =Vx 8. y=Vx- ‘} (b) Use the accompanying figure to identify the regi®
e 10. y = Vx + — whose area is dA. ,
%y =2Vl =x ¥ Vix (¢) Use the accompanying figure to identify the reg'"

In Exercises 11—16, letx = 2 and use the given function
and value of Ax = dx to complete the table.

whose area is AA — dA.

dx = Ax

dy

Ay

Ay — dy

dy
Ay

1.000

. g1
18. The measurement of the side of a square is f0U°

0.500

v ; Use
be 12 inches, with a possible error of & inch- o
or in @

0.100

differentials to approximate the possible err

0.010

puting the area of the square. is
19. The measurement of the radius of the end of allﬁlgch-

found to be 14 inches, with a possible error of;rror io

0.001

Use differentials to approximate the possibl®

computing the area of the end of the log-




ot of the edge of a cube ?s found to be

e s th a possible error of 0.03 mch._ Use dif-

» pi -W;p <imate the maximum possible error
et © " following.
0¥ me of the cube

(a; x:‘ﬂf’w area of the cube
@

t of a side of a square is found to be
easureren
1 The

55 oenﬁme;i"'r‘:a‘te the percentage error in computing the

® of the square if the possible error in measuring

z:aside is 0.05 centimeters.

- ate the maximum allowable _percentage error

0 measuring the side if the error in computing the
ea cannot exceed 2.5%. _

The measurement of the circumference of a circle is

found to be 56 centimeters. _ ‘

(s) Approximate the percentage error in computing the
area of the circle if the possible error in measuring
the circumference is 1.2 centimeters.

(b) Estimate the maximum allowable percentage error
in measuring the circumference if the error in com-
puting the area cannot exceed 3%.

B, The radius of a sphere is claimed to be 6 inches, with
a possible error of 0.02 inch. Use differentials to
approximate the maximum possible error in calculating
(a) the volume of the sphere and (b) the surface area
of the sphere. (c) What is the relative error in parts (a)
and (b)?

4. The profit P for a company is given by

2

P=(500x - x2) — (%xz - 77x + 3000).

Approximeate the change in profit as production changes
m* = 1S5 to x = 120 units. Approximate the per-

8¢ change in profit when x changes from x = 115
0= 120 unifs,

5, The s
Period of a pendulum is given by

T=21r\/;
8

4

il

0 Bye;
&lnessand Economics Applications
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27.

29.

where L is the length of the pendulum in feet, g is the

acceleration due to gravity, and T is the time in seconds.

Suppose that the pendulum has been subjected to an

increase in temperature so that the length increases by

1 percent.

(a) Find the approximate percentage change in the
period.

(b) Using the result of part (a), find the approximate
error in this pendulum clock in one day.

- Suppose a pendulum of length L is to be used to find

the acceleration of gravity at a given point on the earth’s
surface. Use the formula

T=2'n'\/§
g

to approximate the percentage error in the value of g
if you can identify the period T to within 0.1 percent
of its true value.

A current of ] amps passes through a resistor of R ohms.
Ohms Law states that the voltage E applied to the
resistor is given by

E = IR.

If the voltage is constant, show that the magnitude of
the relative error in R caused by a change in / is equal
in magnitude to the relative error in I.

. The cost in dollars of removing p% of the air pollutants

in the stack emission of a utility company that burns
coal to generate electricity is

_ 80,000p

¢ 100 — p’

0 = p < 100.

Use differentials to approximate the increase in cost if
the government requires the utility company to remove
2% more of the pollutants and p is currently

(a) 40% ) 75%

Show that if y = f(x) is a differentiable function, then

Ay —dy = ¢ Ax

where ¢ — 0 as Ax — 0.

" Demand fynetiqn

In Section 3.7 we discussed one of the most common ways to measure
change—with respect to time. In this section we study some important rates
of change in economics that are not measured with respect to time. For
example, economists refer to marginal profit, marginal revenue, and mar-
ginal cost as the rates of change of the profit, revenue, and cost with respect
to the number of units produced or sold.

We begin with a summary of some basic terms and formulas.
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