Chapter 10 Conic Sections

10.2 The Parabola

10.2 Practice Problems

Vertex: (0, 0)

x?= 12y =4ay = a =3, so the focus is
0, 3).

The directrix is y = =3.

The axis is the y-axis.

Vertex: (0, 0)

3 .
y2 =—6x=4dax=a= —5, so the focus is

9

The directrix is x = %

The axis is the x-axis.

2. a. The vertex is (0, 0) and the focus is (0, 2),

so the graph opens up. The general form is
x%= 4ay .
a=2:>x2=4(2)y:>x2=8y.

Since the vertex is (0, 0), the axis of the
parabola is the x-axis, and the parabola

passes through (1, 2) which is to the right
of the vertex, the parabola opens to the

right and the general form is y2 = 4ax.

Copyright © 2015 Pearson Education Inc.

We need to solve for a:
2’ =4a(l)=4=4a=1=a. The

equation is y2 =4x.

Rewrite the equation as 2()c2 - 4x) =y-17,

then complete the square to put the equation
into standard form:

2x2—8x—y+7=O
2x2—8x=y—7
2(x2—4x)=y—7
2(x? —4x+4)= y-7+2(4)
2(x—2)2 =y+1
(=2 = 3(r+1)
2
1

4a =5 =a :%; vertex = (h,k) =(2,-1)

The parabola opens up, so the focus is at

(h,k+a)=(2,—1+l)= (2,—1) The
8 8

directrix is located at
1 9
=k-a=-1-—=-=.

Y 8

y

0.5

The equation is x%= 4ay = x%= 4(7.3) y=

x% =29.2y. To find the thickness y of the
mirror at the edge, substitute x = 1.5 (half the
diameter) in the equation and solve for y.
1.5 =29.2y = y =~ 0.077055

The mirror is about 0.077055 in. thick at the
edge.
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10.2 Basic Concepts Skills

1.

10.

11.

12.

A parabola is the set of all points P in the
plane that are equidistant from a fixed line
called the directrix and a fixed point not on
the line called the focus.

The line segment through the focus
perpendicular to the directrix with endpoints
on the parabola is called the latus rectum of
the parabola.

The point at which the axis intersects the
parabola is called the vertex of the parabola.

The graph of y+2=3 (x - 4)2 is obtained by

shifting the graph of y = 3x? to the right four
units and shifting down two units.

True

True
2 1
X =2y=4ay:>a=5

Focus: (0,%) ,directrix: y = —%, graph (e)

9x2=4yﬂx2=é(4a)y:>a=é

Focus: (Oéj directrix: y = —é, graph (h)

2

16x2=—9y:>x =—%y=4ay:>a=—i

64
Focus: | 0 —i directrix: y = i raph (d)
. ’ 64 ’ M y 64 > g p

1
x2=—2y=4ay:>a=——

Focus: (0,—%), directrix: y = %, graph (a)

1
y2=2x=4ax:>a=—

Focus: (%0) directrix: x = —%, graph (g)

9y2=16xﬂ y2=§x=4ax:>a=g

Focus: (gOJ directrix: x = —g, graph (c)

13.

14.

15.

16.

17.

18.

19.

9y2

Focus: (— g , Oj , directrix:

2

Focus: (—%, Oj, directrix:

y =—2x=4ax:>a=—l

a
\
\ |

-10

Copyright © 2015 Pearson Education Inc.

—-16x=> y2=—§x=4ax:>a=—g

x= g, graph (f)

x= %, graph (b)



Section 10.2 The Parabola 897

20.

21.

22,

23.

24,

25.

—6

The focus is (0, 2) and the directrix is y = 4, so
the vertex is (0, 3), and the graph opens down.

The general formis (x — h)2 =—4a(y —k).
a=3-2=1= x> =—4(y-3). The length of
the latus rectum = 4(1) = 4.

The focus is (0, 4) and the directrix is y = =2,
so the vertex is (0, 1), and the graph opens up.

The general formis (x — h)2 =4a(y—k).
a=4-1=3= x*=43)(y-)=
x2=12(y-1).

The length of the latus rectum = 4(3) = 12.
The focus is (-2, 0) and the directrix is x = 3,
so the vertex is (1/ 2,0) , and the graph opens

to the left. The general form is

02 = —da(x— R RN
(y=k)"=-4a(x—h). a > (-2) 2:>

gl

The length of the latus rectum = 4(%) =10.

The focus is (-1, 0) and the directrix is x = -2,
so the vertex is (— 3/2, 0) , and the graph opens

to the right. The general form is
(y-k)? =4da(x-h).

S

a=-l-|-=|===>

2) 2

2 1 3 2 3
=4 =l x—|—=||=y =2|x+=|.

’ (2)()( ( 2)) ’ (x 2)

The length of the latus rectum = 4(%) =2

The vertex is (1, 1) and the directrix is x =3,
so the graph opens to the left. The general

formis (y—k)? =—4a(x—h).
a=3-1=2=

(y-D?=—-4Q)(x-D) = (y-1* =-8(x-1).
The length of the latus rectum = 4(2) = 8.

26.

27.

28.

29.

30.

31.

32.

33.

The vertex is (1, 1) and the directrix is y = 2,
so the graph opens down. The general form is

(x—h)?=-da(y-k). a=2-1=1=
(=D =—4D(y-D= (x-1>=-4(y-1).
The length of the latus rectum = 4(1) = 4.

The vertex is (1, 1) and the directrix is y = -3,
so the graph opens up. The general form is

(x—h)?=4a(y-k). a=1-(-3)=4=
(x-D2 =4 (y-D= (x-D>=16(y—1).
The length of the latus rectum = 4(4) = 16.

The vertex is (1, 1) and the directrix is x = -2,
so the graph opens to the right. The general

formis (y—k)> =4a(x—h).
a=1-(2)=3= (y-1)? =43)(x-1) =
(y— 1)2 =12(x—1) . The length of the latus
rectum =4(3) = 12.

The vertex is (1, 0) and the focus is (3, 0), so
the graph opens to the right. The general form
is (y-k)?=4a(x—h). a=3-1=2=
(y=0)? =42)(x~1)= y> =8(x~1). The
length of the latus rectum = 4(2) = 8.

The vertex is (0, 1) and the focus is (0, 2), so
the graph opens up. The general form is
(x—h)?=4da(y-k). a=2-1=1=
(x—0)2 =4()(y-1)=> x> =4(y—1). The
length of the latus rectum = 4(1) = 4.

The vertex is (0, 1) and the focus is (0, -2), so
the graph opens down. The general form is

(x—h)?=-da(y—k). a=1-(-2)=3=
(x=0)2 ==4Q3)(y-D = x2 =-12(y-1).
The length of the latus rectum = 4(3) = 12.

The vertex is (—1, 0) and the focus is (=3, 0),
so the graph opens to the left. The general
formis (y—k)> =—4a(x—h).
a=-1-(-3)=2=

(y=0)% =—-42)(x = (-1)) = y* =-8(x+1).
The length of the latus rectum = 4(2) = 8.

The vertex is (2, 3) and the directrix is x =4, so
the graph opens to the left. The general form

is(y—k)?=-4a(x—h). a=4-2=2=
(y-3)7=—4Q)(x-2)= (y-3)> =-8(x-2).
The length of the latus rectum = 4(2) = 8.

Copyright © 2015 Pearson Education Inc.
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34. The vertex is (2, 3) and the directrix is y = 4 so 41. 4a=2= a=1/2. The graph opens to the
the graph opens down. The general form is right, so the focus is (i + a, k), and the
(x— h)2 =—4da(y—-k). a=4-3=1= directrix is x = h — a. Vertex: (-1, 1),
(x_2)2:_4(1)(y_3):>(x_2)2:_4(y_3) fOCuS (—1/2,1),directl‘ix: x:_3/2
The length of the latus rectum = 4(1) = 4. ’:‘ Y
1 41—
35. The vertex is (2, 3) and the directrix is y = 1 ! /
so the graph opens up. The general form is Lo |
' L F(=3.1
(x—-h?=4a(y-k).a=3-1=2= v 2
A&l
(x=2)2=42)(y-3)= (x—2)2 =8(y-3). Ll SRR
The length of the latus rectum = 4(2) = 8. = :_l _iF L2 e
36. The vertex is (2, 3) and the directrix isx =1, i -2
so the graph opens to the right. The general c=Y3
2
formis(y—k)? =4a(x—h). a=2-1=1=
) 5 42. 4a=8= a=2.The graph opens to the right,
(y=3)"=4D(x-2)=(y-3)" =4(x-2). so the focus is (4 + a, k), and the directrix is
The length of the latus rectum = 4(1) = 4. x=h—a. Vertex: (3, =2), focus (5, -2),
37, 3 directrix: x=1.
A A
f_ﬁ_’ 2r :
. I
I I 4 T N N B
—4 == 12 of | 2 3/4 5 6 7 8x
- —1F
l -2t i ®F(5, —2)
Y
= L V3, —2)
38. 3 O =
—_— —6 J
g . 43. 4a=3= a=3/4. The graph opens up, so the
- focus is (h, k + a), and the directrix is
y=k—a. Vertex: (-2, 2), focus (-2,11/4),
- directrix: y =5/4.
3 y
39. 4 0
9
8
-6 8 7
6
f;___,_,.;-'—_"‘-\-._xx&x ;
5 , :
-8 <——---———=———-
[ I I L1
40. 8 7 -5 -3 -10] 1 3x

44.

4a =4 = a=1. The graph opens up, so the
focus is (h, k + a), and the directrix is
y=k—a. Vertex: (3, —1), focus (3, 0),
directrix: y =-2.

(continued on next page)

Copyright © 2015 Pearson Education Inc.
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(continued) y
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48. 4a=8= a=2.The graph opens down, so
the focus is (h, k — a), and the directrix is
y =k + a. Vertex: (-2, =3), focus (-2, -5),
directrix: y =-1.

45. 4a=6= a=3/2. The graph opens to the

left, so the focus is (& — a, k), and the directrix
is x=h+a. Vertex: (2, -1), focus (1/2,-1),
directrix: x=7/2.

-6 i 49. Rewrite the equationas y—2 = x% +2x, then

complete the square to put the equation into
46. 4a=12= a=3.The graph opens to the left,

so the focus is (7 — a, k), and the directrix is
x=h+ a. Vertex: (-3, 2), focus (-6, 2), y—l=(x+1)> = 4a=1=>a=1/4. The
directrix: x =0 (y-axis).

standard form: y—2+1:x2+2x+1:>

graph opens up, so the focus is (4, k + a), and
the directrix is y = k — a. Vertex: (-1, 1), focus

B (—1,5/4), directrix: y =3/4.

[ A R
W = —m W e LofaE
I

47. 4a=10= a=5/2. The graph opens down, I R B L1
-4 -3 -2 -1 0 1 2 X

so the focus is (&, k — a), and the directrix is
y =k + a. Vertex: (1, 3), focus (1,1/2),

directrix: y =11/2.

Copyright © 2015 Pearson Education Inc.
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50. Rewrite the equationas y—2 = S(x2 +2x),

51.

then complete the square to put the equation
into standard form:

y—2+3=3(x*>+2x+) =
y+1=3(x+1)2:>%(y+l)=(x+1)2 =

4a = % =a= é The graph opens up, so the

focus is (h, k + a), and the directrix is

y=k—a. Vertex: (-1, —1), focus (—1,—%} s
directrix: y = —2.
12
y

3

0 1 x
____________ 7_]_:_____13?
Y=

V(-1,-1)

Rewrite the equation as 2( y2 +2y)=2x-1,

then complete the square to put the equation
into standard form:

22 +2y+)=2x—-1+2=

2(y+1)? =2(x+%):> (y+1)? =x+%:>

1
da=1=a= 1 The graph opens to the right,

so the focus is (7 + a, k), and the directrix is
x=h—a. Vertex: (-1/2,-1), focus
(—1/4,-1), directrix: x =—3/4.

ALY
1

52. Rewrite the equation as 3(y2 —-2y)=—-x+1,

53.

then complete the square to put the equation
into standard form:

3(y?-2y+D)=—x+143=
=1 === (=D = - =

4a = % =a= é . The graph opens to the left,

so the focus is (& — a, k), and the directrix is

x=h+ a. Vertex: (4, 1), focus (T—Z,IJ,

. . 49
directrix: x =—.
12

>

. . 5
Rewrite the equation as W tx=— y— Z , then
complete the square to put the equation into

standard form: x2+x+1:—y—§+l:>
4 4 4

2
(x-i—%) =—(y+1)=>4a=1=>a=i.The

graph opens down, so the focus is (h, k — a),
and the directrix is y = k + a. Vertex:

(-1/2,-1), focus (-1/2,—5/4), directrix:
y=-3/4.

Copyright © 2015 Pearson Education Inc.
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54.

5S.

Rewrite the equation as x = §( y2 +y), then
complete the square to put the equation into

standard form: x+2=8(y2+y+%j:>
1y 1 1)
+2=8| y+=-| =2-@+2)=|y+=-| =
X (y 2) 8(x ) (y 2)
1

1
4a = — = a =— . The graph opens to the
ATy T T gy e EEPROP

right, so the focus is (4 + a, k), and the
directrix is

x=h - a. Vertex: (—2,—%) , focus

63 1) . . 65
——,—— |, directrix: x=——.
32° 2 32

_65

X = 3

Complete the square to put the equation into
standard form:

x+2—48:—3(y2—8y+16):>

x—46=-3(y—4) =>—%(x—46)=(y—4)2 =

1 1
4a = 3 =a= o The graph opens to the left,

so the focus is (h — a, k), and the directrix is
x=h+ a. Vertex: (46, 4), focus (%,4),

. . 55
directrix: x = —.
12

<
N

o x= 35

53
I

|
I
V(46,4) !
I

I

|

=
T TTTTT
~
—_~~
N
‘u-
=

56.

57.

58.

Complete the square to put the equation into
standard form:

y—-3-32=-2(x>-8x+16) =
1
y—35=-2(x—4)° :>—E(y—35)=(x—4)2 =

4a = % =a= é The graph opens to the left,

so the focus is (h — a, k), and the directrix is

y=h+ a. Vertex: (4, 35), focus (4, %) s

. . 281
directrix: y=——-.
8
y
40

<--35]
30
25

If the axis of symmetry is the y-axis, point P is
above the vertex, and the parabola opens up.
Substitute the coordinates of the vertex and P
into the standard equation to find a:

(x—h)? =4a(y—k)= (1-0)> =4a(2-0) =
1 a1

=— = the equation is =—vy.

a 3 quation 1S x 2y

If the axis of symmetry is the x-axis, point P is
to the right of the vertex, and the parabola
opens to the right. Substitute the coordinates of
the vertex and P into the standard equation to

find a: (y—k)? =4da(x—h) =

(2-0) =4a(1-0)= a=1= y*> =4x.

If the axis of symmetry is the y-axis, point P is
above the vertex, and the parabola opens up.

Substitute the coordinates of the vertex and P
into the standard equation to find a:

(x—h)?=da(y-k)= (-3-0)% =4a(2-0) =
a :§:> the equation is x? :%y .

(continued on next page)

Copyright © 2015 Pearson Education Inc.



902 Chapter 10 Conic Sections
(continued) standard equation to find a:
. . . . . 2
If the axis of symmetry is the x-axis, point P is (x=h)"=-4a(y-k)=
to the left of the vertex, and the parabola 5 1
opens to the left. Substitute the coordinates of (-3-(2)" =-4a(0-D) = a= N = the
the vertex and P into the standard equation to o 52 .
equation is (x + =—(y-1).
find a: (y—k)% = —da(x—h) = quation is (x+2)" =~(y~1)
e axis of symmetry is parallel to the x-
If th f sy try is parallel to th
2- 0)2 =—4a(-3-0)= a= 1 N axis, point P is to the left of the vertex, and
3 the parabola opens to the left. Substitute the
.2 4 coordinates of the vertex and P into the
the equation is y~ = 3% standard equation to find a:
—_— 2 —_— — —_—
59. If the axis of symmetry is parallel to the y- Y=k =-4alx-h=
axis, point P is above the vertex, and the 12 = —4g(—3— (=2 _ 1 th
parabola opens up. Substitute the coordinates ©-D aB-(2)=a 4 = e
of the vertex and P into the standard equation equation is (y — D2 =—(x+2).
to find a: (x—h)* =4da(y —k)=
’ 62. If the axis of symmetry is parallel to the
(2-0)"=4aB-1)= a=1/2= the y-axis, point P is above the vertex, and the
equation is X2 = 2(y-1). parabola opens up. Substitute the coordinates
. . of the vertex and P into the standard equation
If the axis of symmetry is parallel to the x- ' 5
axis, point P is to the right of the vertex, and tofinda: (x—h)" =4a(y—-k)=
the parabola opens to the right. Substitute the 5 1
coordinates of the vertex and P into the O-D"=4a(0-(-1))= a= 1= the
standard equation to find a: o ) )
5 equation is (x—1)" = y +1. If the axis of
(y=k)* =4a(x—h)= . o
symmetry is parallel to the x-axis, point P is to
3- 1)2 =4a2-0)= a= 1/ 2= the the left of the vertex, and the parabola opens
.. 2 to the left. Substitute the coordinates of the
equation is (y =1)" =2x. vertex and P into the standard equation to find
60. If the axis of symmetry is parallel to the y- a: (y- k)? =-da(x—h) =
axis, point P is below the vertex, and the 1
parabola opens down. Substitute the 0- (—1))2 =—4a(0-1)= a=—= the
coordinates of the vertex and P into the 4
standard equation to find a: equationis (y+ 1)2 =—(x-1).
2 —_— —_
(x=h)* =-4a(y-k)= 63. If the axis of symmetry is parallel to the y-
(2- 1)2 =—4a(1-2)= a=1/4= the axis, point P is above the vertex, and the
o ) parabola opens up. Substitute the coordinates
equationis (x—1)" =—(y=2). of the vertex and P into the standard equation
If Fhe ax'is of 'symmetr}'/ is parallel to the x- to find a: (x — h)2 =da(y—k)=
axis, point P is to the right of the vertex, and
the parabola opens to the right. Substitute the 0- (—l))2 =4a(2-1)= a=1/4= the
coordinates of the vertex and P into the equation is (x+1)2 = y—1
standard equation to find a: quatt . =y-L
0 =4 I If the axis of symmetry is parallel to the x-
(y—k)* =dalx-h)= axis, point P is to the right of the vertex, and
1 . the parabola opens to the right. Substitute the
—722 = _ - — p % g
(1-2)"=4a2-D=a 4 = the equation coordinates of the vertex and P into the
is (y - 22 =x-1. standarc21 equation to find a:
(y=k) " =da(x—h)=
61. If the axis of symmetry is parallel to the y-

axis, point P is below the vertex, and the
parabola opens down. Substitute the
coordinates of the vertex and P into the

2-1)2>=4a(0-(-1)= a =%:> the

equation is (y—l)2 =x+1.

Copyright © 2015 Pearson Education Inc.
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64.

If the axis of symmetry is parallel to the y-
axis, point P is below the vertex, and the
parabola opens down. Substitute the
coordinates of the vertex and P into the
standard equation to find a:

(x—h)? =—da(y—k)=
(3-2)% = -4a(-1-3)= a=1/16= the

equation is (x—2)2 = —%(y—3) .

If the axis of symmetry is parallel to the x-
axis, point P is to the right of the vertex, and
the parabola opens to the right. Substitute the
coordinates of the vertex and P into the
standard equation to find a:

(y-k)? =4a(x-h) =
(-1-3)2=4a(3-2) = a=4=> the
equation is (y — 3)2 =16(x—-2).

10.2 Applying the Concepts

65.

66.

If we sketch the parabola so that the focus is
on the y-axis, and the vertex is at (0, 0), then
the points (20, 20) and (20, 20) must lie on
the parabola.

(-20, 20) & ————-—

20 -10

x% =4day = 20% =4a(20) = a = 5= the
receptor should be placed at the focus 5 inches
from the vertex.

If we sketch the parabola so that the focus is
on the y-axis, and the vertex is at (0, 0), then
the points (4, 3) and (-4, 3) must lie on the
parabola.

y

x2=4ay=>42=4a(3)=>a=%=> the

4
receptor should be placed at the focus 3 feet

from the vertex.

67.

68.

69.

70.

71.

If we sketch the parabola so that the focus is
on the y-axis, and the vertex is at (0, 0), then
the points (9, 6) and (-9, 6) must lie on the
parabola.

81 27
==
24 8
the heating element should be placed at the

X2 =4ay=>92 =4a(6) > a

focus 3% feet from the vertex.

If we sketch the parabola so that the focus is
on the y-axis, and the vertex is at (0, 0), then
the points (2, 2) and (-2, 2) must lie on the
parabola.

xt=day=2>=4aQ)=>a= % = the light

bulb should be placed at the focus 1/2 inch
from the vertex.

1 1
x=4y2=>£=y2=>4a=—=>a=—=>
4 4 16

the bulb should be placed at the focus,
&)
16

1 1
x=5y2:>2x=y2:>4a=2:>a252>

the bulb should be placed at the focus,
1
3:0)
2
1

1 1

y=4x2 :>—y=x2 S>4da=—>a=—=
4 4 16

the microphone should be placed at the focus,

[o5)

Copyright © 2015 Pearson Education Inc.
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5 1 ) 75. The vertex of the parabola occurs at (35, 30).
72. y=x"=4a=l=a= 1 the microphone The parabola also passes through the origin.
y
should be placed at the focus, (O, l) w0k
4 (35,30)
30
73. If we sketch the parabola so that the focus is 20k
on the y-axis, the roadbed is the x-axis, and 10k (65, £(65))
the vertex is at (0, 0), then the points [ R R R
(400, 120) and (=400, 120) must lie on the 102030 40 50 60 70 X
parabola. The standard form of the equation is
(x—35)% = —4a(y - 30). Substitute (0, 0) for
(x, y) and solve for a:
(=400, 120) (400, 120) ) 245
Aiso.guso) (0-35)"=-4a(0-30)=a= ETR The
—400 —200 200 400 X equation of the parabola is
2 245
x2=4ay:>4002=4a(120):>a=@:> (x=35)"=-——0=-30)=
the equation of the parabola is y= —L(x _ 35)2 +30.
» 4000 2 . 245
XT=——y=>y= x”. The point on
3 4000 Now find £ (65) = ~22 ~ 7.96 yards
the cable 250 feet from the tower has T 49 yards.
coordinates (150’ f (150))' The length of the 76. The vertex of the parabola occurs at (30, 24).
cable is £(150) = % —16.875 feet. The parabola also passes through the origin.
. 30,24 (35, £35))
74. If we sketch the parabola so that the focus is K

on the y-axis, the roadbed is the x-axis, and

the vertex is at (0, 8), then the points (400,

120) and (—400, 120) must lie on the parabola.
y

150 -

(=400, 120) (400, 120)

(150, £(150))
) R
-400 -200 200 400 x

0,8)

x% =4a(y-8) = 400 = 4a(120 - 8) =

2
a= g = the equation of the parabola is

210,000 )

y=-8)=y +8

7
=—x
10,000
The point on the cable 250 feet from the tower

has coordinates (150, f (150)). The height of

the cable is f(150) = % =23.75 feet.

I
1
1
|
1 : 1 1 »
10 20 30 40 50 60 «x

The standard form of the equation is
(x—30)? = —4a(y - 24). Substitute (0, 0) for
(x, y) and solve for a:

(0-30)* =—4a(0-24) = a = 78—5 The
equation of the parabola is

(x-30)% = —4(78—5j(y—24) =

y= —%(x —30)? +24 . The height at 5 feet

from the center is f(35) = ? = 23.3 feet, the

height at 10 feet from the center is
f(40) = % = 21.3 feet, and the height at 20

feet from the center is f(50) = ? =13.3 feet.
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77.

78.

Rewrite the equation as

10y —-500 = x? —30x , then complete the
square to put the equation in standard form:
10y —500 + 225 = x> —30x+225=
10(y—27.5)=(x— 15)2 So, the vertex is

(15, 27.5). The output is 15 tons at a cost of
$27.50.

Rewrite the equation as 8y —480 = x2—16x s

then complete the square to put the equation in
standard form:

8y —480+64 = x> —16x+64 =

8(y—52) = (x—8)2. So the vertex is (8, 52).
The output is 8 tons at a cost of $52.

10.2 Beyond the Basics

79.

80.

81.

2x-3y=-16

usin
y2 =16x g

Solve the system {

substitution: 2x—3y:—16:>x:%y—8:>
y2 =16(%y—8j=> y2 =24y-128=

y2—24y+128=0= (y-8)(y—16)=0=
y=8ory=16.

2x-308)+16=0=x=4
2x-3(16)+16 =0=> x=16. The line and the

parabola intersect at (16, 16) and (4, 8). Verify
using a graphing calculator.

y=2x+3

usin
y2 =24x &

Solve the system {

substitution: (2x+3)% = 24x =

45> -12x+9=0= (2x—3)2=0:>x=%

y= 2(%) +3 = 6. There is only one point of
intersection, (3/2,6).

The vertex is the midpoint of the
perpendicular segment connecting the
directrix with the focus. The slope of the line
connecting the vertex and the focus is
_6=2 = 4 = —1. The equation of that
-6-(-2) -4

lineis y—=2=-1(x+2)= y=-x.

The distance between the focus and the vertex

is J(=6— (=2)% +(6-2)2 =32 =442, s0
the distance from the vertex to the directrix is
also 4+/2. Let (x, y) be the point on the

directrix on the line y =—x—4 . Then

Jo- 22 +(-2 =42

(x+2)% +(y—2)? =32. Substituting
y=-—x, we have

(x+2)2 +(=x-2)2 =2x> +8x+8=32=
2(x*+4x-12)=0= x=—6 orx = 2. The
point we are looking for is (2, —2). The slope

of the directrix is 1. The equation of the
directrixis y+2=x-2= y=x—-4.

y
7_
F(=6,6) ¢l
57
y=—x 4
3_
V-2, 2\ 2 y=x-47
= ’
Lt INC b
~7-6-5-4-3-2-1, [\_2 }/4 5%
7/
2F & (2.-2)
_3 —'/
y4
A—"g_

82. a. The axis of the parabola is perpendicular to

the directrix and passes through the focus.

The slope of the directrix is %, so the

slope of the axis is —%. The equation of
the axis is

4 4 1
y M= y=—Tx-2

To find the point of intersection of axis and
the directrix, solve the system

__ 41 4 1
YET3NTR :>3x—4(——x——j:18:>
3x—4y=18 33

x=2,y= —%(2)—%:—3 . The point of

intersection is (2, —3).

The vertex is the midpoint of the segment
joining the point found in part (b) and the

focus. V = [ﬂ, 3 5) =1 1D.
2 2
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83. The latus rectum passes through the focus and 85. The parabola opens up or down, so the
p g p P P
is perpendicular to the axis of the parabola. equation is of the form (x— h)? = +4a (y—k)
The focus is the midpoint of the latus rectum, . . N o
s0 the focus is (3, 1). The parabola opens to Substitute the coordlélates of the given points
the right or to the left. Then (h, 1) = the into the equation ax” +bx+c =y, and solve
coordinates of the vertex, and a =3 — h. the system
Substituting the coordinates of the point (3, 5) 2 _
into the general form of the equation of a a(02 )+bO)+c=5
parabola, we have ad?)+b()+c=4 =>a=2,b=-3,c=5.
2
5-12=43-nB-h)= h=1orh=5.1f a2®)+b(2)+c=17
h =1, the vertex of the parabola is (1, 1), Now rewrite the equation 2x%-3x+5= y as
a =2, and the parabola opens to the right. Its 3
equation is (y— 1)2 =8(x-1). 2()(2 - Exj = y—35 and complete the square:
If h =5, the vertex of the parabola is (5, 1),
a = -2, and the parabola opens to the left. Its z(xz - ix + 2) =y-5+ 2 —
equationis (y— 1)2 =-8(x-95). 2 16 8
A . 3y 1 31
6L -1)"=8x-1) X—Z —E y—g .
51+ (3,5)
‘3‘ B \ 86. The parabola opens right or left, so the
N (v 1)2 = _
Vi, n2p WO = ) equation is of the form (y— k)2 =tda(x—h).
T Substitute the coordinates of the given points
2L into the equation ay2 +by+c=x, and solve
j i the system
-4t a(-D%+b(-)+c=-1
1) +b(1) +c=3
84. The latus rectum passes through the focus and a( 2) ) +e =
is perpendicular to the axis of the parabola. a(0%) +b(0) +c=4
The focus is the midpoint of the latus rectum, a=-3b=2,c=4
so the focus is (-1, 1). The parabola opens up . L a2 _
or down. Then (-1, k) = the coordinates of the Rewrite the equation =3y~ +2y+4 = x as
vertex, and a = 1 — k. Substituting the 2 2
’ -3 ——y|=x—4 and lete th
coordinates of the point (3, 1) into the general (y 3 yj * and comprete the
form of the equation of a parabola, we have , 2 1 1
Go(=1)2 =4(0-k)1-k)=k=—lork =3 Smmm:*{y ‘EY+§JZX‘4‘§:>
. If k = —1, the vertex of the parabola is | 2 | 13
(-1, -1), a =2, and the parabola opens up. Its (y __) = __(x__j
equation is (erl)2 =8(y+1). If k=3, the 3 3 3
vertex of the parabola is (-1, 3), @ = -2, and 87. Rewrite the equation as x2—8x=-2 y—4,

the parabola opens down. Its equation is
(x+1)>=-8(y-3).

y
6 —
5 (+1)?=-8(y-3)
V1,24 T /
P oS
e SN
»”° 2 - \s\
-5.1) W F-1,1) @1 |- 3.1
4
Pl [ | X
6 -5 -4 3Q - _/l/\z 3 4\ic
‘ Vi-1,-1) | )
x+12=8(+1)
_3 —
—4

and then complete the square to put the
equation in standard form:

xz _8x+16=_2y—4+16=>
(x—4)% = —2(y —6) . The vertex is (4, 6).

da=-2=a= —% , so the focus is (4,%).

The directrix is y = g The axis of the

parabola is x = 4.
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88.

89.

90.

Rewrite the equation as Ax> +Dx= -Ey-F,

and then complete the square to put the
equation in standard form:

A[x2 +%x+(DT/A)2}
:—Ey—F+A(%)2 =

2 2
A x2+2x+D— =—Ey—F+D—=>
AT 44 4A
2 2
A x+£ =-E| y+ F_D_ =
24 E 4FEA
( Djz E p* F
x+—| =—=|y-|—-—=
24 A 4EA E

2
The vertex is —2, b F )
2A |\ 4EA E

4a:—§:>a:—£,s0thef0cusis
2
—2, D——E—E , and the directrix
2A\4EA E 4A
. D* F .
is y=———+—_The axisis x=——.
4EA E 4A 2A

Rewrite the equation as y2 -6y=-3x-15,

and then complete the square to put the
equation in standard form:

y2 -6y+9=-3x-154+9=
(y —3)2 =—-3(x+2). The vertex is (-2, 3).

da=-3>a= —i, so the focus is (—2,3),
4 4

and the directrix is x = —%. The axis is y = 3.

Rewrite the equation as
E
C(y2 + ol yj =-Dx—F, and then complete

the square to put the equation in standard
form:

el

2
=—Dx—F+C(E/TCJ =

91.

92,

C(%jD[(g;_Dj]ﬁ
(o) -8 i&5)

2
The vertex is E——E ,—£ .
4CD D 2C

4a=—2:>a=—£,sothef0cusis
C 4C
2
£ F D ,—£ , and the directrix
4CD D 4C 2C
E* F D
is x=————+—"_.The axis is y:—i.
4CD D 4C 2C

Step 1: Let m = the slope of the tangent line.
Then the equation of the tangent line is

y—3=m(x—1)=>y=mx—m+3.
Step 2: y=3x2 = mx—m+3=3x".
Step 3:

mx—-m+3=3x>=3x>—mx+m-3=0=
a=3,b=-m,c=m-3

b* —4ac = (-m)’ —4(3)(m-3), so

b% —4ac = 0= (-m)* —4(3)(m-3)=0=
m?-12m+36=0= (m-6)° =0=m=6
Step 4: The equation of the tangent line is
y—-3=6(x-1)= y=6x-3.

Step 1: Let m = the slope of the tangent line.
Then the equation of the tangent line is

Y-y :m(x—xl):> Yy =mx—mx; + Y.
Step 2: y= 4ax? = mx—mx;+y = 4ax’.
Step 3:

mx—mx1+y1=4ax2=>4ax2—mx+mxl—y1
a=4a,b=-m, c=mx; -y,

b —dac = (_m)2 _4(4")(’”x1 - yl)’ so
b* —dac=0= (—m)2 —4(4a)(mx1 - yl) =0=
m? - 16amx; +16ay; =0

Y= 4ax12, so m? —16amx, +16ay, =0=
m?* — 16amx; +16a (4ax12) =0=

m? —16amx, + 64612)c12 =0=

(m—8ax1)2 =0= m=8ax,

(continued on next page)
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(continued)

93.

Step 4: The equation of the tangent line is

y—y; =8ax; (x—xl):>

y—y =8ax;x— 8ax12 =

y=y=8ax;x—2y, = y=8axx—y,

Step 1: Let m = the slope of the tangent line.

Then the equation of the tangent line is

Y—n
m

y=yi=m(x-x)= +x =X

Step 2: x=4ay2 = + X =4ay2.

Y= N
m

~— N

x1=4ay12:> Y +x1=4ay2:>

YN +4ay12 = 4ay2
m
Step 3:
YN +4ay12 = 4cly2 =
m
4ay2—l+(ﬁ—4ay12)=0:>
m \m
_ 2
4ay2—l+(y1 4may, Jzo
m m
cl=4a,b=—i,c=ﬁ—4ayl2
m m
12
b2—4ac=(——) —4(4a)(&—4ay2} $0
1 16
b2 —dac=0= —5——2L 4 6day> = 0=
m m

8ay,
Step 4: The equation of the tangent line is

1
y_y1_8ay1(x_xl):>
1
y_yl_Sayl _8ay1x1=>
1 1
YT g ¥ Sayn (4ay12)=>
1 1
y—n 8ay1x_§y1 )’—@x"'ayl

94. a. From exercise 92, we know that the

equation of the tangent line is
y=8ax;x—y;. Atpoint A, x; =0, so
vy = ;. The distance from F to Vis a, and
the distance from Vto A, is y, so
d(F,A)=a+ y;. Alies on the directrix y =
abecause d (F,V)=a and d(V,A)=a.
By the definition of a parabola,
d(F,A)=a+y, =d(P,F). Because
APFA isisosceles, m£ff =mAy.

y

> </ w w

Since the line x = x; is parallel to the y-
axis, the tangent line, PA is a transversal
and therefore, m&£ VAP = m£APB, since
the angles are alternate interior angles.

y

IP(xl,yl)

o

10.2 Critical Thinking/Discussion/Writing

95. a. No. A parabola that opens to the right or

left is not the graph of a function because it
does not pass the vertical line test.

A parabola is always a function if the
directrix is parallel to the x-axis, so the
slope of the directrix is 0.

Copyright © 2015 Pearson Education Inc.
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96.

97.
98.

99.

k= -2 k=2

k=-1

NEEEEEREN
10 5

I I
5 10 x

The parabola widens as |k| increases.
False. Its axis is parallel to the x-axis.

For a point P(x;,y;) on a parabola, the

distance from P to the focus is the same as the
distance from P to the directrix. Using the
given formula, the distance from P to the

By +4y, -7 P +4y -7
3% 442 ) 5 .

The distance from P to the focus is

Jor -9+ (-5

Find the equation of the parabola by setting

|3xl+;‘—y1_7|= Ji -7 +(y,-5)% and

simplifying:

16x2 +9y% —24xy —158x—194y +976 = 0
The axis is perpendicular to the directrix and
passes through the focus. The slope of the

directrix is

directrix is —% , so the slope of the axis is %

The equation of the line through (4, 5) with
1

4 4 4
1 —isy-5=—(x-4)=>y=—x——.
sope31sy 3(x )=y 3x 3

Using the formula given in group project 1, the
distance from the vertex to the directrix is

13(6)— 5(=3) +1| _ %

BPr5? 34

from the focus (x, y) to the vertex is

= \/3—4 . The distance

1) (x=6)%+(y+3)? =+/34 . The distance
from the focus (x, y) to the directrix is twice

the distance from the focus to the vertex:
|3x —-5y+ 1|

2) ———
V32 +(-5)2

=234 = [3x -5y +1| = 68.

Solve the system consisting of equations (1)
and (2) to find the coordinates of the focus:

{(x—6)2+(y+3)2 =34 _

3x—-5y =067
2 +y2—12x+6y+11=0
5 67 =
xX=—y+—
373

Y2 +16y+64=0= y=-8
3x—-5(-8)=67T=x=9

The focus is at (9, =8).

10.2 Maintaining Skills

100.

101.

102.

103.
104.

105.

a=(6- (1) +(2-3 =72+ (1)
=50 =52

d= (1= (1) + (=5-2)> =0+ (-7)?
J49 =7

(x—5)° =x* -10x+25

(2x+3)" =4x? +12x+9

To find the x-intercepts, let y = 0 and solve for
X.

P +x-2(0)=2= x> +x-2=0=
(x+2)(x—1)=0=> x=-2,x=1

To find the y-intercept, let x = 0 and solve for
y.

02 +0-2y=2=y=-1

The x-intercepts are —2 and 1. The y-intercept
is —1.

To find the x-intercepts, let y = 0 and solve for
X.

2 +8x+02-6(0)+16=0=

2 4+8x+16=0= (x+4)° =0= x=4

(continued on next page)
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(continued) 110. The vertex of y =4x? is (0, 0). The vertex of
To find the y-intercept, let x = 0 and solve for the new parabola is (1, —2), so the new
y. parabola is shifted one unit right and two units
0%+ 8(0) + y2 —6y+16=0= down. Thus, the equation of the new parabola
. 2
y2—6y+16=0 is y=4(x-1)"-2.
Use the quadratic formula to solve for y. )
pe m 111. The vertex of y=(x+2)" +3 is (-2, 3). The

> vertex of the new parabola is (1, =2), so the
a4 5 new parabola is shifted one unit to the left and
—(-6)£/(-6)" —4(1)(16) one unit down. The equation of the new

2(1) parabola is y:(x+1)2 +2.
_61/36-64 6++/-28 hich i .
= ==, » Whichisnot 10.3 The Ellipse

2

a real number.
The x-intercept is 4. There are no y-intercepts.

10.3 Practice Problems

In exercises 106 and 107, be sure to check your 1. Since the foci are (0, —8) and (0, 8), the major
solution(s) in the original equation. axis is on the y-axis, and ¢ = 8. One vertex is
s (0, 10), so the other vertex is (0, —10), and
106. x/6x+7=x+2=>6x+7=(x+2) = a=10.
6x+7=x>+4x+4=0=x"-2x-3= b’=a’-c?=b>=10>-8*=b=6.
O=(x+1)(x—3)=>x=—1 x=3 2 2
’ N S A
Both solutions are valid in the original Thus, the equation is 36 * 100 L
equation, so the solution set is {—1, 3}. ) )
2, .2 Xy
107. 2+3x-5=x-1=3x-5=x-3= 2. &T+yi=lostio=1=
3x—5=(x—3)2 =3x-5=x>-6x+9= a’=16=a=4;, b*=4=b=2
0=x>-9x+14=0=(x-2)(x-7)=
x=2,x=7
When we check x = 2 in the original equation,
we have

2+ 3(2)-5=2-1=2+/1=2-1=

3 =1, which is false. Thus the solution set is

(7).
108. x2—6x+7:(x2—6x)+7
(x> - 6x+9)+(7-9)

The length of the major axis = 2a = 8.

= (x- 3)2 ) The length of the minor axis = 2b = 4.
5 5 3. Since the foci (2, —3) and (2, 5) lie on the
109. 4x“-8x+14=4 (x - 2x) +14 vertical line x = 2, the ellipse is a vertical

ellipse. The center of the ellipse is at

_ 2 _ _
—4(x 2x+1)+(14 4) s | |
Z,T =(2,1)=(h,k). Since the major

=4(x=1)*+10
axis has length 10, the vertices are 5 units

from the center, so a = 5. The foci are 4 units
from the center, so ¢ = 4.

bP=a’-c*=bp>=5"-4>=p>=09.

(-2 (-1,
25

Thus, the equation is
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4. Rewrite the equation as
(x2 - 6x) + 4(y2 + 2y) =29, then complete

both squares and write the equation in
standard form:

(x2 = 6x)+4(y? +2y) =29
(x2 = 6x+9)+4(y2 +2y+1)=29+9+4
(x=3) +4(y+1)° =42
(x—3)2+2(y+1)2

=1
42 21
(=3, (41 _
42 21/2

The center is (3, —1).
- =a= \/E, so the vertices are

(3—\/5, —1) and
(344, -1).

b2=a2—c2:>2:42—02:>c2:§:>

[63 V126 3414 .
= —=—=—, the foci are
2 2
[3_3_4 _1} d[3 RN _1]

5. Since the length of the major axis of the
ellipse is 8 feet, a = 4. Since the length of the
minor axis is 4 feet, b = 2.
22=4-r =t =12 c =243 If we
position the center of the ellipse at (0, 0) and
the major axis along the x-axis, the foci of the

ellipse are (—2\/5, O) and (2@,0). The
distance between the two foci is

44/3 = 6.9282 feet. Thus the stone should be
positioned 6.9282 feet from the source.

10.3 Basic Concepts Skills

1. Anellipse is the set of all points in the plane,
the sum of whose distances from two fixed
points is a constant.

2. The points of intersection of the ellipse with

the line through the foci are called the vertices

of the ellipse.

3. The standard equation of an ellipse with
center (O, 0) , vertices (ia,O), foci (ic,O) is
2

X
—2+y—2:1, where b> =a” —c>.

Q
S

2

In the equation —2 + y_2 =1,
m

@) if m? > n?, the graph is a horizontal
ellipse;

(i) if m? < n?, the graph is a vertical ellipse;

(iii) if m?* =n?, the graph is a circle.
True

True (assuming a circle is a special kind of
ellipse.)

2 =16 = the vertices are (4, 0) and (-4, 0).
P=a’-c?=4=16-c>=c=23=

the foci are (2\/5, O) and (—2\/5,0).

y
F\(=243,00 3 F,(2+3, 0)

2 =16 = the vertices are (0, 4) and (0, —4).
b2=a’-?=4=16-c*=c=23>

the foci are (O, 2\/5) and (O, —2\/5 )

=9 = the vertices are (3, 0) and (-3, 0).
b2 =a’-c*=1=9->=c=22=

the foci are (2\/5,0) and (—2\/5,0).

y
2_
Vi(=3,0) V53,0
| (- 1
—4-3}2-10 1 2 4 x
Fi(=242,0) 7217 F,(242,0)
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10. a?> =4= the vertices are (0, 2) and (0, =2).

b2=a2—02=>1=4—02=>c=x/§=>

the foci are (Ox/g) and (O, —\/g)

11. a? =25= the vertices are (5, 0) and (-5, 0).

b =a’-c>=16=25-c*=>c=3=
the foci are (3, 0) and (—3,0).

y
6

12. a?=25= the vertices are (5, 0) and (-5, 0).

b =a’-c>=9=25-’>=c=4=
the foci are (4, 0) and (—4,0).

13. a?=36= the vertices are (0, 6) and (0, —6).
b2=a’-c?=16=36-c*=c=2/5=
the foci are (0, 2x/§ ) and (O, —2«/5 )

14.

Fi0. =243 71,0, —6)

a’ =16= the vertices are (0, 4) and (0, —4).
b2=a2—c2:>9=16—62:>c=\/7:>

the foci are (O,\ﬁ ) and (O, —\/7 )
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17.

18.

19.

2
x2+4y2=4=>x7+y2=1.a2=4:> the

vertices are (2, 0) and (-2, 0).
b =a*-c? :>1=4—62:>C=\/§:>
the foci are (x/g,O) and (—\/5, O).

Vi(=2,0) V,(2,0)
-3 7§§71 0 1 é% 3 x
F(—3,0) o | F,(3,0)

-3

2
9x2+y2=9:>x2+%=1. a®>=9=> the
vertices are (0, 3) and (0, =3).
b2=a2—c2=>1=9—02=>c=2x/§=>
the foci are (0,2v2) and (0,-2+2).

y

4 —
V50, 3)

Fy0,22)7 2~

—4 -3 -2 -
F\(0, —242)
V40, —3)
74_
2 2
9x2+4y2=36=>x7+%=1.a2=9:>

the vertices are (0, 3) and (0, -3).
br=a’-c? :>4=9—02:>c=i\/§:>

the foci are (O, \/g ) and (O, —\/g )

20.

21.

22,

2 2
4x? 42592 =100 > -+ 2 =1.
25 4

a’® =25=> the vertices are (5, 0) and (-5, 0).

br=a’-c?=4=25-"=c=21=

the foci are (\/ﬁ,O) and (—\/i,()).

y
o
Fi(=21,0) ~ Fy(\21,0)
2 4 6 X
Vi(=5,0) V,(5,0)
_4_
2 2
X
3x2 4+ 4y2 =12=>T+y?=1. > =4=

the vertices are (2, 0) and (-2, 0).
b’=a’>-c?=3=4-’=c=1=
the foci are (1,0) and (—1,0).

w <
I

2 2
4x2+5y2=20:>x?+y721.a2=5:>
the vertices are (x/g,O) and (—\/5,0).

b’=a’-c*=4=5-’=c=1>
the foci are (1,0) and (—1,0).

y

V,(¥5,0)
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914 Chapter 10 Conic Sections

23. 5x2-10=-2y>=5x>+2y2=10=

2.2
X i
7.|.y?=1, a* =5= the vertices are

(0./5) and (0.5).
b2=a2—c2=>2=5—02=>c=«/§=>
the foci are (O,\/g) and (O,—\/g).

y

3
V,(0,45)

F,(0,3)

24. 3y?=21-7x"=7x* +3y* =21
2 2
x—+y—:1. a®> =7 = the vertices are

37
(0.4/7) and (0,-7).

b’=a’-c*=3=7-c*=c=2>
the foci are (0, 2) and (0,—2).

—3V4(0, =7)

2 2

M 2

25. 2:243y2 =722 +) -1 4 =%:>

7/2°7)3

the vertices are E,O and —E,O .
2 2
4

26.

27.

2 2

34yl =1l 12 =1

113 11/4

a’= % = the vertices are (@,0] and

(—@,O]. b? =a’ - c? SEZE—CZ

3 4

c= ? = the foci are [@,0] and

(.o

The major axis is on the x-axis.
b*=a*-c? = b* =317 =8. The
2 42

equation is —+-—=1.
9 8

Copyright © 2015 Pearson Education Inc.
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28. The major axis is on the x-axis.
b? =a’-c* = b?=5"-3"=16. The

2

equation is —+-=—=1
25

Fi(=3,0)

16

Fy(3,0)

29. The major axis is on the y-axis.
b?=a*—c* =b?=4*-22=12 . The

2
Y

equation is —+-=—=1
12

16

30. The major axis is on the y-axis.
b =a®-c* = b*=6>-3>=27.The

2
equation is S
27 36
2y
2*7‘#%71

31. The major axis is on the x-axis.
P=a>-c?=3"=a>-4>=4>=25.

V,(0, —6)

2 .2
Y 1.

The equation is —+~—=
25

9

32,

33.

34.

Vi(=5,0) (0, 3)

The major axis is on the x-axis.

P =a’-c? =47 =a>-3" =4’ =25.

2 2
The equation is — + R
25 16

R Fy(3,0)

The major axis is on the y-axis.

bP=a’-c*=4>=4>-2>=4>=20.

2 2
The equation is S A
16 20

51-V,(0, 245)

The major axis is on the y-axis.

b’=a’-c*=5>=a>-3%>=4a%>=34.The

2 yz
equation is —+-—=1
25 34
V,(0,+34)
(=5,0) F,(0,3)
(5,0)
[ S I '
-6 14 -2 O_ 2 4]6x
7,00, =3)
2 32
== =1
2375 50—

Copyright © 2015 Pearson Education Inc.



916 Chapter 10 Conic Sections

35. The major axis is on the y-axis.
Major axis length = 10 = a =5 and minor
axis length =6 = b =3 . The equation is

x2 y2

+—=
9 25

1.

39. The major axis is on the y-axis. ¢ = 2.

b’=a*-c*=3*=a>-2>=4*>=13.

2 2
The equation is — + RS
9 13

36. The major axis is on the y-axis. Major axis V20.N13)
length =8 = a =4 and minor axis length =4

2 2
= b =72.The equation is RS AR
4 16

40. The major axis is on the x-axis. ¢ = 3.
br=a’-c>=22=4’-3"=4"=13.

2 2
The equation is — + RARSY
13 4

37. The major axis is on the x-axis. a = 6.
b =a*-c?=b*=6>-3"=27.
2 2

The equation is —+ R
36 27
y
6
V(=6,0) Vy(6, 0)

41. Center: (1, 1); a =3 = vertices: (1, 4) and
(1,-2). b*=a’-?’=4=9-’=
c:\/g.The foci are (1,1+\/§) and

2y

S+ (1,1—J§).

38. The major axis is on the y-axis. a = 5. y
2_ 22 32_<2_22 >
b*=a"—-c"=b"=5"-3"=16. 4

2 2
The equation is S A
16 25

—3—2—1&2 1 2 4 5%
AN F(1.1-15)

| V(. -2
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42. Center: (1, 1); a =4 = vertices: (1, 5) and
(1,-3). b>=a’-c*=>4=16-c*=

¢ =2+/3 . The foci

(L1-243).

61—

are (1,1 + 2\/5) and

Fi(1,1=243)
LV, —3)

43. Center: (0, -3); a =4 = vertices: (4, —3) and
(—4,-3). b’ =a*~* = 4=16-c*=
c= 2\/5 . The foci are (2\/5, —3) and

(-243.-3).

o e
[

Fi(=243, =3)
1\

Fy2\3, —3)

44. Center: (-2, 0); a = 3 = vertices: (-2, 3),
(2,-3). b’ =a’-c*=4=9-"=
c= \/g . The foci are (—2,\/5) and

(-2.-5).

ae

45. 3(x-D2+4(y+2)
@-D® (y+2)’
4 3

212>

=1= center: (1,-2).

46.

47.

a =2 = vertices: (3, -2) and (-1, -2).

b?=a’>-c*=3=4-c>= c=1. The foci
are (2, -2), (0, =2).

y
-
[ [ R
-2 -1 Q
1
V-1, -2f
3
F\(0, —2)
—4

c(1, -2)

—5

9x+12+4(y-2)2=36=

@+)? (-2
4 9

a =3 = vertices: (-1, 5) and (-1, —1).

b2=a2—c2:>4=9—02:>c=\/§.
The foci are (—1,2+\/§) and (—1,2—\/3).

=1= center: (-1,2).

y
Fy(—1,2 ++5) 6 vy(-1,5)

L1 1 [
-5 —4 -3 o/ 1 2 3%
I~

Fi(-1,2=+5) 2

4(x+3)2 +5(y-1?=20=

x+3)*  (y-D?
5 4

a= \/g = vertices: (—3+\/§,1) and

=1= center: (-3,1).

(—3—J§,1). P=a*-ct=4=5-"=
¢ =+/5 . The foci are (-2,1) and (-4,1).

y

4

F(—=4,1)  Vo(=3+45, 1)3

C(=3,1) ok

Al
| L1 1

—6/-5\g4 -3 —2\/1 O X

Vi(=3-151)

I

-1
Fy(=2,1)
-2
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48. 25(x—2)> +4(y+5°>=100=

49.

50.

(-2 (y+5)’
4 25
a =5 = vertices: (2,0) and (2,—10) .

=1= center: (2,-5).

b2=a?>-c?=25=4-¢c*= czx/ﬁ.
The foci are (2,—5+\/ﬁ) and (2,—5—«/5).

y
1 V,(2,0)
T Y S O O
-4 -2 0 AN 6 8 x
-2 F2(2 _5+m)
2l
—4
-5
-6
77
g
—1(9) F\(2, -5 —21)
11k Vi -10

Rewrite the equation as

5(x2 +2x)+ 9(y2 —4y)=4, then complete
both squares:

5x2 +2x+1)+9(y> —4y+4)=4+5+36=
5x+D)2+9(y-2)2 =45

@+D? (-2

9 5
a =3 = vertices: (2,2) and (-4, 2).

=1= center: (—1,2).

b?=a’>-c?=5=9-c>=c=2.
The foci are (1, 2) and (-3, 2).

oL
sk A1)

Rewrite the equation as

9(x? +8x)+4(y> —6y)=—144 , then

complete both squares:

9(x% +8x+16)+4(y%> —6y+9)
=-144+144+36=

9x+4)? +4(y-3)*=36=

(+4)? (-3

4 9
a =3 = vertices: (—4,6) and (—4,0).

=1= center: (—4,3).

51.

52.

b*=a’>-c>=4=9-c>=c=+/5.The
foci are (—4,3+\/§) and (—4,3—«/5).

Fy(—=4,3 ++5)
Vy(—4, 6)

Rewrite the equation as

9(x? +4x)+5(y* —8y) = =71, then complete
both squares: 9(x> +4x+4)+5(y> -8y +16)
=-714+36+80=
9x+2)+5(y-4)*=45=

(x+2)? (-4’

5 9
a =3 = vertices: (—2,7) and (-2,1).

=1= center: (-2,4).

b>=a*-c*=5=9-¢? = c=2.The foci
are (-2, 2) and (-2, 6).

y

Vy(—2.7) 8-

Fy(=2,6)

Rewrite the equation as
3(x% +4x)+4(y? —4y) =32, then complete
both squares: 3(x> +4x+4)+4(y> —4y +4)
=32+12+16=
3x+2)%+4(y-2)2=60=
x+2)? (-2’
20 15
a= 2\/5 = vertices: (-2 + 2\/5, 2) and
(—2-24/5,2).
b’=a’-c?=15=20-¢c*= c=\/§.
The foci are (—2++/5,2) and (-2—+/5,2) .

=1= center: (-2,2).

(continued on next page)
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(continued)

53.

54.

Fy(—2++5,2) Y
V(=2 =245,2) 7

[ Vo(—2 + 245, 2)

[ J
/C(—Z.Z)l_
I I |
_7w/ 3 X

Fi(=2—-+5,2)

-3

Rewrite the equation as

(x> =2x)+2(y% +2y) = -1, then complete
both squares:

(2 =2x+D+2(y2 +2y+ ) =—1+14+2=
x=-D?+2(y+D?*=2=

_1\2
M+ (y+ 1)2 =1= center: (1,-1).

a= \/5 = vertices: (1+\/§,—1) and (1—\/5,—1).

b?=a’>-c?=1=2-c>= c=1. The foci
are (2, -1) and (0, -1).
y
e

F\ (0, —1)

Vol + 42, 1)

Rewrite the equation as

2(x? —6x)+2(y? —4y) = =3, then complete
both squares:

2x—6x+9)+2(y2 —4y+4)=-3+18+8=

20x-3)2+2(y-2)2=23=
(x=3)2+(y-2)* =§=> the curve is a

circle centered at (3, 2) with radius \/E / 2.

5S.

56.

57.

58.

59.

Rewrite the equation as
2(x? =2x)+9(y? +2y) = —12, then complete
both squares:
2% = 2x+D)+9(y* +2y+ ) =-12+2+9=
2x-12+9(y+1)?> =—1=> there is no
graph.
Rewrite the equation as
3(x2 +4x)+ 2(y2 —2y)=-15, then complete
both squares:
32 +4x+4)+2(y2 -2y + D) =-15+12+2=
3(x+2)% +2(y—1)? =—1=> there is no
graph.

3

AR
N

-3
3

N
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920 Chapter 10 Conic Sections
60. a) s A o5
i 40 C
m Vy(=75, 0) 120r V,(75.0)
-6 6 —80v-60-40 20 [ 20 40 60 ,80%
\\s -20 : ’,'
W ™ ;AQ E ———— ’
—45 Then a =75 and b = 45. The equation of the
2 2
ellipse is x_2+ y_2 =1.
10.3 Applying the Concepts 757 45
Let x = 25, then solve for y:
61. Sketch the ellipse so that its center is at the 252 y2
origin and the major axis lies on the x-axis. ? + 45—2 =l=y= 30v2 =424 m.
y
2 a0y 64. a=3andb=250 b2 =a?—c? =
l 4=9—-c% = ¢=+/5. The foci are
i approximately 2.2 feet from the center, along
oL 1 | I W the major axis.
=20 10 T 5101520 35
‘\\ ok ',' 65. The bet should not be accepted. The pool
\\ “15 L’ shark can hit the ball from any point straight
S mpt--- into the pocket, or he can shoot it through the
-5 other focus and it will fall into the pocket
Then a = 25 and b = 20. The equation of the because of the reflecting property.
2 2 _ _ 2_.2_ 2
ellipse is x—2+y—2=1. Let x = 10, then 66. a=48andb=23,s0 b"=a"-c" =
257 20 23% =482 — % = ¢ =571 = 42.13 feet
501‘2/6 for 3’ : from the center or 48 —42.13=5.9 feet from
10_2+ Yy S=l=y= 421 =~ 183 ft. the wall on the opposite side.
257 2 2_ 2 2
' ' o 67. a=125andb=80,50 b"=a" —c" =
62. From exercise 61, the equation of the ellipse is 802 = 1252 — 2 = ¢ = 1541 = 96.05 feet
~=1. Lety = 10, then solve for x: from the center or 125-96.05 = 29 feet from
the wall on the opposite side.
x= & =217 ft. 68. Using the hints given, we have
2
0= 128.49 +154.83 —141.66 =
a* =20,067.5556 and
c=141.66-128.49=13.17.
b* =141.66% —13.17% =19,894.1067 . The
Lo x* y2
equation is + =1.
N 20,067.5556 19,894.1067
oo IS
E';fs)' 69. Using the hints given in exercise 58, we have
=l _ 91.38+94.54 )
The distance between the two points is a= 2 =92.96= a” =8641.5616
21.65x2=43.3 feet. and ¢ =92.96-91.38=1.58.
63. Sketch the ellipse so that its center is at the b* =92.96% —1.58% = 8639.0652 . The

origin and the major axis lies on the x-axis.

x2 y2

+ =1.
8641.5616 8639.0652

equation is
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70.

71.

72.

73.

74.

Using the hints given in exercise 58, we have
_ 28.56+43.88

T

and ¢ =36.22-28.56="7.66.

bh=36.22%-7.66> =1253.2128 . The

2 2
Y

+ =1
1311.8884 1253.2128

=36.22=a>=1311.8884

equation is

Using the hints given in exercise 58, we have

0= 837.05+936.37 _ 386.71 =

a’ =786,254.6241 and
c=886.71—837.05 = 49.66 .

b% =886.71> — 49.66° = 783,788.5085 .

The equation is
2 2
X Yy

+ =1
786,254.6241  783,788.5085

768,806
a=

=384,403 and

767,746

b =383,873.S0 b2 =a’ -’ =

383,873 =384,403% —¢* = ¢ = 20,179 .
The perihelion = a — ¢ = 364,224 km. The
aphelion = a + ¢ = 404,582 km.

9
a=2322X107 5 695%10° and
9
p=136X107 _ oo 108, So
2
pr=d’-c=

(6.8x10%)% = (2.695x10%)% -2 =

¢ =2.6078x10°. The perihelion =a - ¢
~8.72%107 km. The aphelion =
a+c=53028x10° km.

The perihelion of the satellite is 4070 miles
and the aphelion is 4124 miles.

Not drawn to scale

a= 4070+ 4124

2
and ¢ =4097—-4070 =27 . Then

b* =16,784,680 . The equation is

2 2
X Yy

+ =1.
16,785,409 16,784,680

= 4097 = a° =16,785,409

10.3 Beyond the Basics

75.

76.

77.

The center is (0, 0) and a = 5, so the equation
52 2 52 2

is either 5—2+2}—2= 1 or b—2+§—2=

Substitute the coordinates of the point for x

and y, then solve for b:

3)2 (16/5)°
37 UO5) ) g2 125622507

52 b2
b2 =16=b=4.
2 2
- 16/5
<b32> L 5/2) TN
5625 +256b% = 625b% = b’ = %.
2 2

The equations are either —+-=—=1 or
25 16

x2 y2
+—=1
625/41 25

The center is (0, 0) and a = 3, so the equation

2 2 2 2

is either ;C—2+Z—2=1 or z—2+§—2=1'

Substitute the coordinates of the point for x
and y, then solve for b:

W A s

AN
_ 1125

96
Because the exercise states that the length of
the major axis is 6 there is no solution.

S S [N
25 4p?

b? —b=34.

Substitute the coordinates of the points into
the equation of the ellipse and then solve the

2_2+£—1
2 27

system: {0 @ . Let u:L and
12 (_3)2_1 42
e

1

V—b—z.

(continued on next page)
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922 Chapter 10 Conic Sections
(continued) 83. a=50b"=d*-c*=29=25-c*=c=4
Then 4
e=—
22 2 5
% a_2_2 {4v+ u=1 N 84. Rewrite the equation as
LN GO v+u=1 (x2 = 2x)+2(y% +2y) = -1, then complete
b? a? both squares:
3 8 1 3 V105 (x> =2x+D+2(y> +2y+ ) =—1+1+2=
M—E,VZEZ—ZESaz 3 and )
a
L /70 (x+1)2+2(y+1)2=2:%+(y+1)2=1
—=—=b=—"-.
b* 35 4 a=x/§,b2=a2—02=>1=2—02=>c=1
The length of the major axis is 2105 . The e:%:ﬁ
2 2
J70
length of the mi is is —.
ength of the minor axis 18 > 8s. 2c:4:>c:2;e:£:>%:2:>a:4
a a
78. The general form of the equation is pr=a?-crt=pr=16-4=12
x-2° (-1’ : 2 2
- + = = 1. Substitute the The equation is )lc_6+i’_2:1_
coordinates of the points into the equation of
the ellipse and then solve the system: 86. a=3e=S :l= S o=
10-2)%  (1-1) 2 a 3
( 2) +( 2) =1 8_+£=1 b2=a2—C2=>b2=9—1=>b2=8
a b - a’? b? 2 2
6-2° (-1 6 1 _ The equation is ~—+2—=1.
T b2 =1 2+b2 I 9 8
a a
a® = 64,b% = 4/3 . Then the equation is 87. The distance from P to the point (4, 0) is
f 2,2 .
(x—2)> (y_1)2—1 (x—4)" + y~ , and the distance from P to
64 + 4/3 - :>. the line is |x—16|.So, the equation of the path
(x=2)? +48(y-1)* =64 of Pis \J(x— 4%+ y? = ~x—16|=
79. When e = 0, the ellipse becomes a circle. 1 2
(x-H*+y?=—(x-16)* =
80. a=4b>=a*-c>=9=16-c>=c=+7 , Y 4 , ,
i LR T SERE S AR FN
4 4 64 48
, a=8,48=64—c2=>c=4=>e=%.
81. 20x2+36y2=720= > +2 =1
36 20 88. The distance from P to the point (0, 2) is
a=6b>=a>-c*=20=36-c*=c=4 5 >
4 2 Vx“+(y—2), and the distance from P to
eZEZE the line is |y—10|.The equation of the path of
1
2 . [2 2
P +(y-2)" ==|y-10|=
82. x2+4y2=1:>x2+1y/—4=1 is xT+ (=27 =5]v=10)
2 2 _ 1 2
X+ (-2 ==(-10)">
a=1,b2=a2—c2=>l=1—02=>c=£ ) y : 9"
4 2 Ix“+8(y —-2y)=64=
3
€= o (continued on next page)
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(continued)

89.

90.

91.

9x2 +8(y2 -2y +1)=64+8=
12
LO=D"
9

a=3,8=9—62:>c=1:>e=%.

2
9x2+8(y—l)2=72:>% -

Assume that the center of the ellipse is at the
origin, the major axis is on the x-axis, and the
minor axis is on the y-axis. So the equation is
x? y2 .
a_2 + b_2 =1. The length of the latus rectum is
the difference in the y-coordinates of the two
points so the ellipse with x-coordinate c.

Letting x = c,
2 2 2 .2 2
£ o154 b +i =1
2 2 2 2
a b a b

2
y= ib—. So the length of the latus rectum is
a

?
a3

Because the center is (0, 0) and the major axis is

on the x-axis, the general form of the equation is
2 2
1
s Y €=£=E=>Q=CV2=>

a

+—=
a’ b?

a’=2c% c?=a*-b*=cr =22 -b" =

b? =c2. Using the result of exercise 79, we

2 2 2
know that 3:£:>a:£:£.
a 3 3

22 3
2=a="mc=—2 or ¢ = 0 (reject this).
3 2 !

c 1 3\/5
=a=3
a

a 2
2
3 ) , 9
— | =9-b"=b"=—
(ﬁj 2
2 2
X Yy

The equationis — +=——=1
d 9 92

Using substitution, we have

x +3y =2 x==-3y-2
{4x2 +3y2=7 {4x2 +3y2=7"
4(-3y-2)2+3y2=7=
39y2+48y+9=0=>y=—10ry=—%

x+3-D=-2=x=1

x+3 3 =—2:>x=—£
13 13

. . . 17 3
The points of intersection are [——, ——J
and (1, —1).
y
3
2

4x2 4+ 3y2 =17
S~~~ i A
-3 —2\% 1] 2 3 X
17 3\ _
1513\

-2+

—3F

92. Using substitution, we have

2
X =2y 2
= +4y=12=
{2x2+y2 -2 0

y=2ory=-6 (reject this — x?=2(-6)=
x= 2i\/§ , which is not possible). ¥ =4=

x =12. The points of intersection are (-2, 2)
and (2, 2).

93. Using elimination, we have
{ X2+ y2 =20
9x2 +y2 =36
2+ y2=20= y = +32 . The points of
intersection are (—\/5 , —3\/5 ) , (—JE s 3\/5 ) s
(v2.-3v2).and (v2.342).

9x2 4+ y2 = 36

—8x2=16= x=+/2
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924 Chapter 10 Conic Sections
2 2 _
94. Using elimination, we have 9x2 +16y2 =36 = 27y2 =27= y=+4], 9x> +16=36= x = +i
18x“ + Sy~ =45
The points of intersection are —ﬁ,—l s —i ,1 i ,—1 ﬁ,l .
3 3 3 3
Y 18x2 + 5y2 = 45
245
(55 1)
1 l
1 3 X
\/7
(3%
9x2 + 16y% = 36

e yz 52 yz 4x2 yz
95. S+ 5=l=—F+o=l5——+_=I= 4x% + y =25= y =25-4x? The tangent line equation

@ b (52 5 2525

is y=m(x—2)+3.Solve 25—4x =[m(x—2)+3)* to find m. 25— 4x> =m*(x-2)> + 6m(x—2)+9 =

4+ mz)x2 + (6m— 4m2)x + (4m2 —12m—16) = 0. For a unique solution, the discriminant must be zero.

(6m—4m?)? = 44+ m>)(dm?* =12m—16) = 0= 36m> +192m + 256 = 0 =

Im? +48m+64=0= Bm+8)*=0=>m=—->

8 25

The tangent line as equation y = ——(x 2)+3= —gx + 3

96. Let p=x; and g=y,. We need to find the equation of the tangent line to the ellipse with equation

2 2 2.2
X . . .
— +=5 =1 at the point (p, ¢). First notice that y2 =p* -

, and the tangent line equation is

®|\<
(3]

2
a

Q

2.2
y=m(x— p)+q . Now solve b* - b )ZC = [m(x -p)+ q]2 . First multiply both sides by a’, then expand
a

the right side:
a’b? -p*x* =a® [m(x -p)+ q]2 =a’m*x* - 2a2m2xp + 2a2qu + azmzp2 — 2a2mpq + a2q2 Now
combine like terms, factoring where possible, and set the equation equal to 0:
(—b2 - azmz)x2 + (2a2m2p - 2a2mq) x— 6121712p2 + 2a2mpq - a2q2 +a’b? =0
Since the roots of the equation must be equal for the line to be tangent to the ellipse, set the discriminant
equal to O, then solve for m.

(2a2m2p - 2a2mq) —4( -b% —a*m?\(-a’m? p +2a° mpq—a q 2+ a®n?
4a*m 4 2

4

)= )=

—8a*m? pq+4a4 2 2_ ( bz—azmz)( a’*m? p 24242 mpq—a q 2+ a®n? )

a*m* p 2 _24%m pq+a4m2q2 (—bz—azmz)( a’*m? )4 24242 mpq—a q 2+a®? )
2

2 4 2

0
0
0
a‘m’p -2a’m pq+a2m2q2+(b +a’ 2)(—m p +2mpq—q +b ):0

(continued on next page)
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(continued)

azm4p2 - 2a2m3pq+ azmzq b2m2p2 + 21)2mpq—172q2 +b?
2 4 2 2.2 2 2,2 _
amp+2ampq amq+amb 0

—b2m2p2 + 2b2mpq —b2q2 +b* +a’m?? =0

—m2p2 +2mpq—q2 +b2+a’m?* =0
b2 2
—m2p2 +2mpq—b2 +—12’ +b2+a’m* =0
2.2
—m2p2+2mpq+ +a’m*=0
a
2m -i—2azmpq+bzp2 a*m*=0

2(a p2 m 2 42a mpq+b2p2=O

2 2
az[az—{a —abczl Dm +2a mpq+b2p2=O

2
a [ 2 Jm +2a mpq+b2p2=0

4 2 2 2b2

a'q"m”+2a mpq+b4p2=O

(azqm +l)2p)2 =0

bzp . .. bzp bzp 172172
Thus, m = —— and the equation for the tangent line is y = -— (x— p)+qor y= - xt——+gq.
agq aq ayq aq
10.3 Critical Thinking/Discussion/Writing (x+3)? s (y+2)? i (x+2)? . (y+3)2 i
9 4 T4 9
97. There azre four cir;les, one in ezach quadrazmt: (x=3)2 (y+2)? ~ (x=2)% (y+3)2 |
x=3)"+(y-3)"=9,(x+3) +(y-3)" =9, 9 4 4 9

(x=3)2+(y+3)? =9, and
(x+3)2+(y+3)? =9.

3’4+ 0-32=9 M @-37+(-3=9

(x+93)2+(y+42)2:] - =3 o+t
—6F 9 4
@+’ (-3 @=2% (=37 _
L 7} R A M S
-6 -- o~y
@32+ 0+37%=9 | =3+ +37%=9 SN
1
98. There are eight ellipses, two in each quadrant: | o 3
1
2 2 2 2 v
x=3 -2 x=2 -3 !
( ) +(y ) =1,( ) +(y ) =1, LN L1
9 4 4 9 —6 AR 6 X
2 2 2 2 \
x+3)” =27 _  x+2)" (-3 _ '
+ =1, + =1, o |
9 4 4 9 '

@+2°  +3? _
T tog =1
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10.3 Maintaining Skills

99.

100.

101.

102.

103.
104.

x2+6x+y>-2y-5=0
(x2 +6x)+(y2 —Zy) 5
(x2+6x+9)+(y2—2y+1)=5+9+1
(x+3)°+(y-1)> =15
Center: (=3, 1)
Radius: /15

x> +4x+y>+6y+5=0
(x2 +4x)+(y2 +6y)=—5
(x2+4x+4)+(y2+6y+9)=—5+4+9
(x+2)*+(y+3)* =8
Center: (-2, -3)

Radius: \/g = 2\/5

To find the x-intercepts, let y = 0 and solve for
X.

x2+0%2=25= x> =25= x =15

To find the y-intercept, let x = 0 and solve for
y.

02+y2=25=y2=25= y=1425

The x-intercepts are —5 and 5. The y-intercepts
are -5 and 5.

To find the x-intercepts, let y = 0 and solve for
X.

(x=2)°+(0+3)° =8= (x-2)° +9=8=

(x- 2)2 =—1 which does not have a real

solution.
To find the y-intercept, let x = 0 and solve for

y.
(0-2)" +(y+3)> =8=4+(y+3)°=8=
(y+3)° =4= y+3=—2ory+3=2=
y=-5ory=-1

There are no x-intercepts. The y-intercepts are
-5 and —1.

y=-4x+11

y=7

105. m:i:__lz:_6
C1-(3) 2
y—7:—6(x—(—3)):> y=7=-6(x+3)=>
y=—6x—-18+7=-6x-11
106. Since the line we are seeking is parallel to the
given line, the slopes are the same.

6x+2y=7=2y=—6x+7= y:_3x+%

m=-3.
y—(—4)=—3(x—2):> y=-3x+6-4=
y=-3x+2

Review Section 3.6 for the procedures to find the
asymptotes of a rational function.

2x% —3x+1

x=2
x—2=0= x=2= the vertical asymptote is
x = 2. Since the largest exponent in the
numerator is greater than the largest exponent
in the denominator, there is no horizontal
asymptote.

2x+1

x—252x2—3x+1

107.

The oblique asymptote

is y=2x+1.
2x% —4x Y

x+1
x—2
-3

x*—4x-5

x=3
x—3=0= x=3= the vertical asymptote is
x = 3. Since the largest exponent in the
numerator is greater than the largest exponent
in the denominator, there is no horizontal
asymptote.

108.

x-=1

x—3)x>—4x-5 The oblique asymptote
is y=x-1.

x> —3x =4

-x-5

-x-3
-2
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10.4 The Hyperbola

10.4 Practice Problems

1. The transverse axis is on the y-axis.

2. Rewrite the equation in standard form to

determine a and b. x> — 4y2 =8=

2 2
%—y?:l:aZ:S:a:Z\/z and
b2 =2=b=42.

The transverse axis of the hyperbola is along
the x-axis, so the vertices are (—2\/5 , 0) and

(242.0)

To find the foci, we need c:

c2=a?+b? = c?=8+2= ¢=4/10. The

foci are (—\/ﬁ, 0) and (\/ﬁ, 0).

Since the foci of the hyperbola, (0, —6) and

(0, 6) lie on the y-axis, the transverse axis also
lies on the y-axis, and ¢ = 6. The center of the
hyperbola is (0, 0), so the standard form of

2 2
Y

this hyperbola is ~—-— ol
a

2 b2

The vertices are (0, —4) and (0, 4), so a = 4.

c?=a’>+b*=62=4>+b>= b> =20.

2 x2

The equation is ~———=
16

5. a.

2

A
2

a

20

2 2

The hyperbola yT - % =1 is of the form

2

=1, sob=3anda=2. The

®N|><

asymptotes are of the form y = %x and

a 2 2
=——x Theyare y=—x and y=——x.
y b y y 3 Yy 3

2 2
Yy

25x2—4y2 =100 -2 1= a=2,
4 25

b=5.

?=a’+b* = c?=4+25= c=/29.

The vertices are (2, 0) and (-2, 0). The

endpoints of the conjugate axis are (0, 5)

and (0, -5), and the foci are (—@, 0) and

(v29,0).

b
The asymptotes are y =—x = %x and

M
F(=V29.0) ;7| \)\ F,(\29,0)
Sx ’76-‘ \ y= _5x

9y?—x’ =l - =1=g’=—=
yoor 9 1 “79

a=l and b =1.

2

t=a’+b* = ¢?

1
=—+1l=>c=
9

The vertices are (0, %) and (0,—5).

The endpoints of the conjugate axis are
(1, 0) and (-1, 0), and the foci are

[O,EJ and (O, —@]
3 3

1 1
The asymptotes are y =—x = ?x =—x
1 1
and y:—gx:—ﬁx——
b 1
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2
D) =) L sn po4 and
4 16

center (—1, 1). The vertices are

(—1—2, 1) = (—3, 1) and (—1+2, 1) = (1, 1).
The endpoints of the conjugate axes are
(-1,1-4)=(-1, -3) and

(-1, 1+4) = (-1, 5). The asymptotes are

y—k=i2(x—h)=> y—1=i2(x+1).
a

622612+b2:>C2=4+16:>C=i\/%
The foci are (—\/%—l, 1) and

(v20-1,1).

(=17 (x+1)’
4 9

center (—1, 1). The vertices are

(-1,1-2)=(-1,-1) and

(-1, 1+2) = (-1, 3). The endpoints of the

conjugate axes are (—1-3,1)=(-4, 1) and

(—1 +3, 1) = (2, 1) The asymptotes are

=l=a=2b=3, and

y—kzi%(x—h)z y—l=i§(x+l).

cz=a2+b2=>c2=4+9=>c=i\/ﬁ

The foci are (—1, 1+ \/E) and

(—1,1—«/5).

_6_

7. Complete the square to put the equation in
standard form:

(x —Zx) (y —4y) 20
(2= 2x+1)- (y ~4y+4)=20+1-16
(x—l) —4(y—2) =5
(x-1)° 4(y-2)° _
5 5

(x-1) _ (v-2)°

5 5/4

=1

\/g .

The center is (1, 2), a = \/g and b :7

The vertices are (l + \/g, 2) and (1 - \/g, 2).

The endpoints of the conjugate axis are

(l, 2+£) and (1, 2—£J.
2 2

b
The asymptotes are y—k =+ —
a

J5/2
=+ \/g

(x—h)=>

(x—l):>y—2:i%(x—l).

cz=a2+b2:>c2=5+%=?=>c=§.

The foci are (1+%, 2) = (%, 2) and

(1-+5,2) 72

Copyright © 2015 Pearson Education Inc.
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8. The hyperbola has foci (~150, 0) and (150, 0), 16. a’>=1= the vertices are (0, 1) and (0, -1).
so ¢ = 150. The difference of the distances 2 2 0 2
from the boat to A and B is 260 miles, so F=a’4b? sl =1vd=mce=5=
a =130. the foci are (O,\/g) and (O, —\/g)
2=a’+b* = Transverse axis: y-axis. Hyperbola opens up
1502 =130% + b2 = b2 = 5600. and down. Vertices of the fundamental

The equation of the hyperbola is rectangle: (2, 1), (=2, ), (=2, -1), (2, =1).

1
x? y2 x? y2 Asymptotes: y = iax.

- =1= - =1.
1302 5600 16,900 5600

10.4 Basic Concepts and Skills ~

1. A hyperbola is a set of all points in the plane,
the absolute value of the difference of whose
distances form two fixed points is constant.

2. The line segment joining the two vertices of a

hyperbola is called the transverse axis. -
_5 —

3. The standard equation of the hyperbola with
center (O, O), vertices (ia, O), and foci
2 2

17. xz—y2=—1:> y2—x2=1:>a2=1:> the

(J_rc’ O) is x_z_y_zz 1, where b2 =c2_ 42 vertices are (0, 1) and (0, —1).
a b cz=a2+b2=>cz=1+1=>c=\/§=>
y2 2 the foci are (0\/5) and (0, —\/5)
4. For the hyperbola —5 ——5 =1, the vertices . .
a’ b Transverse axis: y-axis. Hyperbola opens up

and down. Vertices of the fundamental

ae (0, a) and (0, — ), and the foci are
rectangle: (1, 1), (-1, 1), (-1, =1), (1, =1).

(0, £¢), where ¢ =a? +b*. Asymptotes: y=*x.
5. True 6. True
7. ¢ 8. ¢ 9. h 10. e
11. d 12. a 13. b 14. f

15. a’>=1= the vertices are (1, 0) and (-1, 0).
=a’+b? = =1+4=>c=5=
the foci are (\/g ) O) and (—\/g , 0).
Transverse axis: x-axis. Hyperbola opens left
and right. Vertices of the fundamental 18
rectangle: (1, 2), (-1, 2), (-1, =2), (1, =2). :
Asymptotes: y=12x.

2

yz—x =—1=>)c2—y2 =1=a’=1= the
vertices are (1, 0) and (-1, 0).
A=d*+br = =1+l c=2>

the foci are (\/5, O) and (—x/i , 0).
Transverse axis: x-axis. Hyperbola opens left
and right. Vertices of the fundamental

rectangle: (1, 1), (-1, 1), (-1, -1), (1, =1).
Asymptotes: y=z1x.

(continued on next page)
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(continued) y
(-2,6) 7 2,6)
Y 5 y =3x
(=2+10,0) (N0, 0)
2 2
. 21. 4x2—9y2—36=0=>x——y7=1=>
2_,2= Yy X _ 2_

1. 9y7-xm=36= 4 36 1= a"=4= a’* =9 = the vertices are (3, 0) and (-3, 0).
the vertices are (0, 2) and (0, =2). 2=a?+br =2 =9+4=c=-13>
2=+ =t =4+436>c=2J10= the foci are (JE,O) and (—JE,O).
the foci are (O’ 2@) and (0’ —2@). Transverse axis: x-axis. Hyperbola opens left
Transverse axis: y-axis. Hyperbola opens up and right. Vertices of the fundamental
and down. Vertices of the fundamental rectangle: (3, 2), (-3, 2), (-3, -2), (3, -2).

tangle: 2), (=6, 2), (-6, -2 =2). b 2
rec ang € (67 )7 ( 69 )’ ( 6’ )’ (6a ) Asymptotes: y _ i—_x _ i—x
a 1 a 3
Asymptotes: y=t—x=*+—x
b 3 y= _%x y
5
gy [ (=13,0)
(0, 2+10) & y=1%
(=6,2) ST 3 ©2 N ™
w_ ©0.2)
| ::::\ T /‘;‘, |
I Y B
-7 5 —3-=t0r~3_s'7x S
- — 73 N 7___ ~
-6.-2 :(O’ 2 (6, —2) sl
0. -2T0) ¢ y="1
y2 x2
2 2 22. 4X2—9y2+36=02>7—?=1:>
X
20. 9x2-y?=36="-2 c15 42=4= X
4 36 a” =4 = the vertices are (0, 2) and (0, -2).

the vertices are (2, 0) and (-2, 0).
=a’+b? =t =4+36=c=2110=

the foci are (2\/5,0) and (—2@, 0).

Transverse axis: x-axis. Hyperbola opens left
and right. Vertices of the fundamental
rectangle: (2, 6), (-2, 6), (=2, —6), (2, —6).

b
Asymptotes: y=t—x==13x.
a

cz=a2+b2=>cz=4+9=>c=\/ﬁz>
the foci are (O,x/ﬁ) and (0, —\/E)

Transverse axis: y-axis. Hyperbola opens up
and down. Vertices of the fundamental
rectangle: (3, 2), (-3, 2), (-3, -2), (3, -2).

2

a
Asymptotes: y=*—x=x—x
ymp y b 3

(continued on next page)
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(continued)

23.

24.

y
5

NN (0,V13) 4
ANy 3
(-3, 0%
Ll
SRR
-3, -2)! .~
(3207

ok
0D

=5

2

y=i\/4x2+1=>y2—1);—4=1=>a2=1=>

the vertices are (0, 1) and (0, —1).

> V5

c =a2+b2:>czzl+%:>c=7:> the

J5

foci are (O,gj and (O,—Tj. Transverse

axis: y-axis. Hyperbola opens up and down.
Vertices of the fundamental rectangle:

L an

Asymptotes: y = i%x =12x

y=i2\/x2+1:> y2—4x2 =4=
2

y——x2 =1= a’> =4 = the vertices are

4
(0, 2) and (0, —2).

=a’+b? = =4+1=c=/5= the
foci are (0,\/§ ) and (0, —\/§ ) Transverse
axis: y-axis. Hyperbola opens up and down.

Vertices of the fundamental rectangle: (1, 2),
(-1, 2), (-1, =2), (1, =2). Asymptotes:

y=i%x=i2x.

25.

26.

¢"=—+1= c¢=—= the foci are
[@,0] and [—@,OJ.

Transverse axis: x-axis. Hyperbola opens
left and right. Vertices of the fundamental

rectangle: (%,1),(—%,1}, (—%,—1), and

1 b
(5,—1). Asymptotes: y=t—x= y=13x
a

/"
y=3x |l y=-3x
y=i3\/x2—4:> y2—9x2 =-36=
)C2 y2

Z —2 _—1= a’>=4= the vertices are
4 36

(2,0)and (-2,0). ¢ =a’+b> =

2 _ _ .
c —4+36=>c—2@=> the foci are
(2\/5, 0) and (—2\/5,0) . Transverse axis:

x-axis. Hyperbola opens left and right.
Vertices of the fundamental rectangle: (2, 6),
(_27 6)’ (_2’ _6)’ (2’ _6)

(continued on next page)

Copyright © 2015 Pearson Education Inc.
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(continued) 29. The transverse axis is the y-axis and the
b center is (0, 0), so the equation is of the form
Asymptotes: y=t—x=> y=13x. y2ox?
¢ Fa=l
, a b
\\ Yy - ) )
4 a=4,c=6 =>36=16+b>= b* =20.The
(—2,6) :\\ 5 C /I: (2,6) . . y2 2
20 N s 20 equation is 6 20"
\
(=2410,00 \} [ (2V10,0)
y
Ik F,(0, 6)
(A
I 43—\ !
=2,-0 i/ F\\ @ -6 V50, 4)
-5\l
y=—3x TR Ly =3¢ Ll
! 1 3 5 7x
27. The transverse axis is the x-axis and the center V,(0, —4)
is (0, 0), so the equation is of the form
x2 y2 F,(0, —6)
———=1
a’ b2 . )
30. The transverse axis is the y-axis and the
a=2,c=3 =9=4 +b02 = b2 =5 The celzlter 1s2 (0, 0), so the equation is of the form
2 2 y X
U S RAN. |
equation is ——-—=1. 2 p2
4 5
y a=5c=8 =64=25+b>= b>=39.
5 2 2
Vite20) = Va2, 0) The equation is =——-——=1
3 25 39
Y2
- 55739 = 1
73 f—
L [ I
a2 2 6 10 x
rz-5=1
28. The transverse axis is the x-axis and the center
is (0, 0), so the equation is of the form
2 2
X
_2_y_2 =l.a=3,c=5=25=9+b>= 31. The transverse axis is the y-axis and the
a b ) ) center is (0, 0), so the equation is of the form
. .X 2 2
b* =16 . The equation is =Yg Y X o 4=2c=25=225-4+b% =
9 16 az 2 -4 — 4 - -
M 2 2
7 .. X
- b2=21.Theequat10n s -2 =1,
s 4 21
3C );0—
F\(=5,0) b Fy(5,0) 2 e F09
7 217!

=7 =5 —10L_1 S 7x
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32. The transverse axis is the y-axis and the center
is (0, 0), so the equation is of the form

2 2
X
YT slia=lc=4>16=14b>=
a b
42
h>=15. The equation is yz—Ezl_
y
s
Fy(0,4) &
S R S
L1
=5 -3 —10NI 3 5x
M= R0
[ coo
Fi(0, —4) -
75_

33. The transverse axis is the x-axis and the center
is (0, 0), so the equation is of the form

2 2
-tslia=le=5225=1+0" =
a b

y2
b* =24 . The equation is x? —azl.

w =

34. The transverse axis is the x-axis and the center
is (0, 0), so the equation is of the form

2 2
x—z—Z—2=1.a=3,c=6ﬁ36=9+b2=>
a

2 2
b* =27 . The equation is AR AT
9 27

2
X A
9 gt

FTTTTT

35.

36.

The transverse axis is the y-axis and the
center is (0, 0), so the equation is of the form
yz 2

a’ b? -

Length of the transverse axis =6 = a = 3.

c=5=25=9+b>= b’ =16.

2 2
L X
The equation is XX o,
9 16
y
s
Fy0,5) e~
Y- 4_V<03>
22"

I R AN AN B A
=6 -4 —2 0 2 4 6x

[V,0, -3)
74 —
F\(0, —5)4
-6

The transverse axis is the x-axis and the
center is (0, 0), so the equation is of the form

x2 y2 ~

a® b’

4

Length of the transverse axis =2 = a = 1.

c=2=4=1+b>= b*=3.
2
The equation is x? —y?:l.
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37.

38.

39.

The transverse axis is the x-axis and the center

is (0, 0), so the equation is of the form
2 2
b
x—z—y—zzl. y=2x=—x=b=2a.
a b a

=a’+b*=5=a*+Qa)> =>a=1b=2.

The transverse axis is the y-axis and the center
is (0, 0), so the equation is of the form

c2=a’>+b>=100= b +b> =
bzx/m,aZSx/E.

The equation is ;— -E o

V,(0, 3810~ T
A+
N T A O O A
-20 —12 —40p 4 12 20%
i
V,(0,—310)

The transverse axis is the y-axis and the center
is (0, 0), so the equation is of the form

a
—-—=1 y=x=;x=>a=b.

22
a =4 = b =4.The equation is XX -
16 16

N
N
N

N
Y=

N
Fy0,4V2) "~ 2
AN

N . ’

N Y 5
—6 —4 2 O 2 4 6%
N v -4

40. The transverse

center is (0, 0), so the equation is of the form

axis is the x-axis and the

x2 y2 b
_2__2=1. y=2x=—x=b=2a.
a b a
2 2
.. X
a =3 = b =06. The equation is R
9 36
Y= ogA yE2X
Voo o\
\ [ /
\ B /
\\ B /’
N 3_// V,(3,0)
F(=3E0| N\ [y o
/
7 —5 —1011 5 /7 x
/
ASERON R Ch | FiGYE0)
/// B \\ x—z—LZZI
S =50 N\ 6
/// 77: \\
41. 6
-8 > < 8
-6
42. 6
—6
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)

49. Center: (1, —1); vertices: (4, —1), (=2, -1);
transverse axis: y = —1; asymptotes:

y—k=ié(x—h)=>y+l=i%(x—l)
a

N/
AN

-8 8
yH1=%a+
\\\ I \/
—6 \\\2_(,‘(1, 71)/,
10 AR |// Ly 1o
NP 6 x
\\./ = \\\
-12 12 CA
/\\ Va4~
yH1=-%a+1)
—-10
10 50. Center: (-1, 1); vertices: (-1, 5), (-1, =3);
transverse axis: x = —1; asymptotes:
a
\ / y—k:iz(x—h):y—1:i2(x+l)
14/ \ 12 y=2x+1+1
—10
12
L1
\ / 5x
—14 12
/ \ y=-2x+1)+1
-8 51. Center: (-2, 0); vertices: (3, 0), (-7, 0);
3 transverse axis: x-axis (y = 0); asymptotes:
b 7
y—k=t—(x-h)=y=t=(x+2)
a 5
- _7
12 14 Y=gt Y T5ETD)
\ / 8
\ 6
£\ C(=2,0)
N 4
—-10 \\\ 2
L1
2 6 —4 7220
S 2
// —4
/ -6
—14 / {\ 12 -8
8
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52. Center: (-1, =2); vertices: (2, =2), (-4, =2); 2 n?
. 2 2 _ x (y+D~ _
transverse axis: y = —2; asymptotes: 55. 4" -(y+D"=25= 25/4 Y
b
y—k=t—(x-h) = y+2=22(x+1). . 5 5
a center: (0, —1); vertices: | —,—1|,| ——,—1;
S y=2a+ -2 2 2
\ )7_ / transverse axis: y = —1; asymptotes:
\ — /
\ [ b
\ 5S¢ / y—k=t—(x-h)= y+1=12x.
\\ 3_// a
\ ' [ —
EEEEL BN IR \y_i‘xl /
-9 -7 -5F3 X191 [3 5 7% \ p{
Vi(=4,-2) //1'3_ Va2, =2) Nl /
c-.-»7 /K N2k S
/=5 BN \\ 1 /’
A EN [ AN N A
P -5 3] <181 3 5%
PR S, i 5
y=524+ 1) -2 PN

53. Center: (-4, =3); vertices: (1, =3), (-9, -3);
transverse axis: y = —3; asymptotes:

y—kzié(x—h): y+3=i%(x+4).
a

y=-farH-3y 56. 91—y m1a4m D07
e ; . Y 144/9 144
N V(59 -3) 12 2
0 /3/ (x=-D"  y" _ 1 = center: (1, 0);
EERYEDSNEERY 16 144
—13 ] -5 /0

N\ /
N/

vertices: (5, 0), (=3, 0) ; transverse axis:
x-axis (y = 0); asymptotes:

SNk b
(-4, —312; )’—kZJ—FZ(?C—h):> y=313(x-1).
/l\ —11:\\ y=3x-1
y=%(x+4)73 /

54. Center: (3, —1); vertices: (6, —1), (0, —1);
transverse axis: y = —1; asymptotes:

y—k=ié(x—h)=> y+l=2(x-3)=
a .

y=x—-4ory=—x+2

y
6
4

(%4
TATTTT
AN

(+D?-9(x-2)?=25=

A/ 57.

+D> (x-2)°

=1= center: (2, -1);

I
N
’

AR 25 25/9
/_,6 - vertices: (2, 4), (2, —6);
/,’/ N e 2N transverse axis: x = 2; asymptotes:

y_k=i%(x—h)=> y+1=43(x—-2).

(continued on next page)
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(continued)

=-3x—-2)—1

[ 3
1
gy, .-
/ \

y=3x—-2)—1

58. 6(x—4)> -3(y+3)* =

x-4> (y+3)°
2/3 4/3

vertices: (4 + @,—3} , (4 - @5_3) :

transverse axis: y = —3; asymptotes:

=1= center: (4, -3);

yk=tl o= y+3= 2 (- 4).
a

y=\2(x-4) -3
2 \/
1_
N Y T 4 I

5

-2 0 8 10 x
B 6
oL Jvya - 3
—4 _6
i @+ 3

76_

=7
-8

= —vaala-3

59. Complete the square to put the equation in
standard form: x* — y2 +6x=36=

2 +6x+9-y?=36+9=
2 2
G+ Y 1o center: (=3, 0); vertices:
45 45

(—3 + 3\/5, 0) , (—3 - 3«/5, 0) ; transverse axis:
x-axis (y = 0); asymptotes:

y—k=i2(x—h)=>y=i(x+3).
a

60.

61.

-
|
=
+
w

= ;@3 y '
N/ 10 N
Soo=3,008

N 6

7/
S
N
TN T T 1

7 10— \

Vi(=3 = 335,00 V(=3 + 3+5,0)

Complete the square to put the equation in

standard form: x> +4x — 4y2 =12=

XX +dx+4-4yr =12+4=>

@+2® y?

16
vertices: (2,0),(—6,0) ; transverse axis:
x-axis (y = 0); asymptotes:

=1= center: (-2, 0);

y—kzié(x—h): yzil(x+2)
a 2

/
/
Q
~
|
U
=)
N
w
NTTTT
\
\
\

=X V2, 07 F S

Complete the square to put the equation in
standard form: x2 — 4y2 —4x=0=>
xP—4x+4-4y’ =0+4=

(x-2)?
4
(4,0),(0,0) ; transverse axis: x-axis (y = 0);

- y2 =1= center: (2, 0); vertices:

b
asymptotes: y—k=t—(x—-h)=
a

1
=+—(x-2
y 2@ )

w =

\ I V,(4,0
< -—C(2 O)\/
L1 1 \J.,
-3 -1
A=
227 = V00,0 /
2

y:2
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62. Complete the square to put the equation in

63.

64.

standard form: x> —2y2 -8y=12=
x2=200% +4y+4)=12-8=
2+

4 2
(2,-2),(-2,-2) ; transverse axis: y = —2;

=1= center: (0, —2); vertices:

asymptotes: y—k = ié(x -h)=
a

Complete the square to put the equation in
standard form: 2x? — y2 +12x-8y+3=0=>
2x2+6x+9)— (¥ +8y+16)=-3+18—16=

12

vertices: (—3,-3),(—3,-5) ; transverse axis:

(y+ 4)2 - =1= center: (-3, —4);
x =-3; asymptotes: y—k = i%(x— h) =

y+d=1/2(x+3)

y=—2x+3) -4
y

-9
y=V2(x+3) -4 5\5‘

Complete the square to put the equation in
standard form: y2 —9x? - 4y-30x=33=

y2—4y+4—9(x2+?x+%}=33+4—25:>

65.

5

( 2

e (3

-2 _ 3 =1= center: (—§,2j;
12 4/3 3

vertices: (—%,2+ 2@),(—%,2— 2 3);

. 5
transverse axis: x = —5 , asymptotes:

y—k=i%(x—h)=> y—2=i—2\/5 (x+§)=>

243 3

3
5
y—2=4%3 x+§ =y=3x+T7o0ory=-3x-3

Complete the square to put the equation in
standard form:

3x2—18x—2y? -8y+1=0=

3(x2 —6x+9)—2(y*+4y+4)=—1+27-8=

(x=3° (y+2)°
6 9

vertices: (3+\/€, —2),(3—«/3, —2);

transverse axis: y = —2; asymptotes:

NG

y—k=ié(x—h)=> y+2=i76(x—3)
a

=1= center: (3, -2);

y:%g(x—3)—2

ANy ,
SRV,3 46, -2)/
—\ 7

\
\

R e
-2 0 4 8 x
-1 AN K
\
7N
-3 K N
/ N
S Yea -2y
/

s \
\
V1B =6, =28

7 6 /\\

y=-Fa-3-2
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66.

67.

Complete the square to put the equation in
standard form: 4y2 -9x2 - 8y—-36x=68=

437 =2y +1D)-9(x% +4x+4)=68+4-36=

-D* (x+2)?
9 4

vertices: (=2, 4), (=2, =2);

transverse axis: x = —2; asymptotes:

=1=center: (-2, 1);

y—k=i%(x—h)=> y—1=i%(x+2)

-9 ~7 -5 -3
)r:%(x+2)+l///
/

Complete the square to put the equation in
standard form: y2 +22-x?+22x =1

yz—(x2—2x/§x+2)=1—2\/§—2:>
x=2)>  »?
1+2\/§ 1+2J§
vertices: (\/5+ 1+2\/§,0),

=1= center: (x/z, 0) ;

(\/7 —+/1+ 2\/5 ,0) ; transverse axis: x-axis

(y =0); asymptotes: y—k = ié(x— h)=
a

y=i(x—ﬁ)

V,(42 —NTF 277, 0) V,(2 +NT+247,0)

Complete the square to put the equation in
2
-1

standard form: x> + x = =

4[x2+x+%j—y2=—1+1:>

1 N,
dx+—| =y =0=24|x+=| =y "=
(x 2) g (x 2) g

1
y=i2(x+§j:> y=2x+lory=-2x-1.

This is not a hyperbola, but a pair of lines.

x2—6x+12y+33=0=
x2-6x+9=-12y-33+9=

(x—3)? =—12(y+2) = the conicisa
parabola.

y
2

Ll

g .

|
~
|
S}
(=]
o
o
oo |—

| | |
AN
IT'TTTTINTT

10 x

9y2 =x2—4x=>9y2+4=x2—4x+4=>

2 2
M—y—=1=> the conic is a
4 4/9
hyperbola.
y
sk
3
1._
[ [ L 11
-3 - 1 3 7 x
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940 Chapter 10 Conic Sections
)C2 Y
71. y?-9x>=—1=="——y% =1= the conic is Un
1/9 2:
a hyperbola. \_
2_
Lo A
-8 =6 —4 -2 0% 4%
72_
_3_
L | L1 1 —4r-
-5 3 05X -5
75. 2x*-4x+3y+8=0=
2(x* -2x+1)=-3y-8+2=
2(x-1)2> =-3(y+2)= the conicisa
72, 4x? +9y? —8x+36y+4=0= parabola.
402 =2x+ D) +9(y2 +4y+4)=—4+4436=
]2 2
-1 +(y+2) =1= the conic is an —- L
9 4
ellipse.
y
L
1_
I 1
— =2 o 6 X
=2
-3
B 76. y? —9x* +18x—4y=14=
6} Y —dy+4-9(x* —2x+1)=14+4-9=
(y-22-9x-1)2=9=
73. X2 +y’-4x+8y=16= (y-2)2 5
x> —4x+4+y2+8y+16=16+4+16= “5 =D =1= theconicisa
(x—2)2+(y+4)2=36=> the conic is a hyperbola.
circle.
y
3
m |
L1 3 5 9 x
: L1 1 [
L —4 -2 6 X
74, 2y? +3x-4y-7=0=

2y2—2y+D)=-3x+7+2=

2(y-1)? =-3(x—3) = the conicis a
parabola.
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77. 4x>+9y% +8x—54y+49=0=

A +2x 4D +9(y% 6y +9) = -49+4+81=

(+D? (=3
9 4
ellipse.

=1= the conic is an

IS
T

80.

78. Complete the square to put the equation in

10.4 Applying the Concepts 81.
79.

standard form:
x2—4y? +6x+12y=0=

(x2+6x+9)—4(y2—3y+§)=9—9=>
3 2
(x+3)2—4(y—5) =0=

(x+3)° :4[y—%)2 :@:(y—%)z =

1 301 3 3

+—(x+3)=y-2=—x+>=y—-=or
JEHd)=y-g=oxto=y-3

—lx—é— —§:> —lx+30r ——lx
2 TR TV TRTYT, YT

This is not a hyperbola, but a pair of lines.

_1
B sl y72x+3
y=—7x

A hyperbola is the set of all points in the plane
whose distances from two fixed points have a
constant difference. The difference in the
distances of the location of the explosion from
point A to point B is 600 meters, so A and B
are the foci of the hyperbola. Let the
coordinates of A be (=500, 0) and those of B
be (500, 0), so ¢ = 500. The distance between

V, and V, is 600, so a = 300.
c?=a’+b* = 500> =300% +b> =

b% =160,000 .

2 2
Y

r =1
90,000 160,000

The equation is

1000 X

TTTTTTTTTT L TTIVNTTTTTTT

A hyperbola is the set of all points in the
plane whose distances from two fixed points
have a constant difference. The difference in
the distances of the location of the explosion
from point A to point B is

3 sec x1100 ft/sec = 3300 ft, so A and B are
the foci of the hyperbola. Let the coordinates
of A be (5280, 0) and those of B be (5280,
0), so ¢ =5280. The distance between V|

and V, is 3300, so a = 1650.
c?=a’+b* = 5280% =1650% +b> =
b% =25,155,900.

The equation is

2 2
ad Yy

- =1.
2,722,500 25,155,900

—10,000 —4000

10,000 x

—6(00 -
~1¢,000 |-
Using the same reasoning as in exercises 79
and 80, Nicole and Juan are located at the

foci of the hyperbola, (—4000, 0) and (4000,
0). The distance between the vertices is 3300,

soa=1650. ¢’ =a’+b> =
4000% =16502 +b* = b> =13,277,500 .

(continued on next page)
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942 Chapter 10 Conic Sections
(continued) ot
2 2 L
The equation is a - Y =1. d
2,722,500 13,277,500 ¢ VL
Because Nicole hears the thunder first, the 200 ‘:'6/(') =T
graph consists only of the part of the -
hyperbola closest to Nicole: ~600r
G 1200
L sP
;/’:' ;I 86. Let the coordinates of A be (—125, 0) and
Vi(=1650, 0\, / v,(1650, 0) those of B be (125, 0). The difference in the
T 'Juan T distances of the location from the plane to
' m ' point A and to point B is 500 microseconds x
L ‘\ 980 feet per microsecond = 490,000 feet =
FoN 92.8 miles. So, a = 245,000 feet = 46.4 miles
Fo00r and ¢ = 125 miles.
82. This is impossible. Because Valerie is midway 2 =a2+br = 125224642 +p% =
between Nicole and Juan, she is located at the 2 ..
origin. Therefore, she must hear the thunder b =21 3,472.04 .2The equation is
before Juan does. X Y — 1. The plane is flying
83. Let the coordinates of A and B be (—150, 0) 2152.96  13,472.04
and (150, 0), respectively. At 300,000 km per along the line y = 50, so
sec, the difference in the distances the signals %2 502
. 2 2, .2 - =1= x=150.52
travel is 150 km, soa=75. ¢c“=a“+b" = 215296 13,472.04
1502 =752 +b*> = b%> =16,875. The miles. Since the signal from point B arrives
> ) sooner than the signal from point A, the plane
equation is -y _ 1. is located closer to B. It is at approximately
5625 16,875 (50.52, 50).
84. Because the ship receives the signal from ok
point A first, it must be located closer to A. So, 100 i
when it reaches the coastline, the ship is at © [ plane
72,0 L4 1) ’?9 ’_’I‘ |\T\|\\f I
85. The bullet reaches the target in 100 o0 1007150

d 1600 ft 4
=—=————=— second. The person
r 2000ft/sec 5

hears the crack of the gun and the thud of the
bullet at the same time. So,

d; 4 d, d; d,y 4
=—+ = - =—
1100 5 1100 1100 1100 5

di—d, = i(1 100) = 880, a constant. So P
5

lies on a hyperbola with a = 440. The foci are
at (=800, 0) and (800, 0), so

br=c’-a’=

b? =800° — 440> = 446, 400

The equation of the hyperbola is

x2 y2

- =1.
193,600 446,400

87.

=50

—-100

—-150

A and B are the foci of hyperbola 1, and the
difference of the distances is 120, so ¢ = 100

anda=60. c>=a’+b> =

100% = 602 + 5% = b* =802 The equation

2 2
_J

3600 6400
are the foci of hyperbola 2, and the
difference of the distances is 80, so ¢ = 150
and a = 40.
2=a’>+b> =150 =40 +b*> =
b? = 20,900.

of hyperbola 1 is =1.Cand D

(continued on next page)
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(continued)

The equation of hyperbola 2 is

y2 x2

1600 20,900 b

The ship is located at the intersection of the
two hyperbolas, in the second quadrant.
Solve the system

2 2
XY
3600 6400

2 2

y _ X — 1
1600 20,900
or use a graphing calculator to find the
intersection. Since the ship is in the second
quadrant, graph only those portions of the
curve in that quadrant:
Flokl Flok Floks
= Bl e AR O 235
BE-127

WNeBIC1eEAC 1+ s
ZETEEA

wMar=

why= Intersection

wMe= H=-gB.5747B .¥=44.2718B7

The ship is at approximately
(—68.5748, 44.2719).

88. The fishing boat is located at the intersection
of two hyperbolas, one with foci at A and B,
and the other with foci at A and C. For the first
hyperbola, ¢ = 200 and a = 150.

2 =a?+b? = 200° =150 + b =
p? = 17,500. The equation of the first

2 2
Y

X
22,500 17,500
second hyperbola, ¢ = 500 and a = 200.
5007 = 2002 + b* = b* = 210,000 . The
center of the second hyperbola is (200, 500),
so the equation of the second hyperbola is
(y=500)*  (x=200)* _ .
40,000 210,000

Solve the system

x2 y2

_ =1
22,500 17,500
(y=500* (x-200)° _,
40,000 210,000

or use a graphing calculator to find the
intersections (the possible locations of the
boat).

=1. For the

hyperbola is

e B~

Inkerseckion Inkersgckion
W=1i0E9./uyyd Iy=0zE.19686 | |H=3E0.509%9 IY=z@@.z1@899 °

e B

Interseckion Interseckion
W=-1x97.427 Iy=1zeE.204% ~| |H=-2B1.Z657 IY=z09.9%08z8 °

10.4 Beyond the Basics

89. For all three parts, ¢ = 5 and the transverse
axis is the x-axis.

a. a=1,so0 b?>=25-1=24.The equation is

2
22 o
24
b. a=2,s0 b> =25-4=21.The equation
2 .2
is -2 =1,
4 21
c. a=4,s0 b?>=25-16=9.The equation is
2.2
Xy
16 9
90.
b
(o
L1
6 10x

91. For all three parts, a = 1 and the transverse
axis is the y-axis.

a. ¢=6,s0 b>=36-1=35. The equation is
2
2 X
—-—=1.
T

b. ¢c=4,s0 b>=16-1=15. The equation is
2
2 X
-—=1.
T

c. ¢=3,s0 b2=9—1=8.Theequationis
2
2 X
—-—=1.
Y78
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92,

93.

fme
T 1
2\

=10
—2

—4+
—6

\/(x+c)2+y2—\/(x—c)2+y2=i2a:>\/m=i2a+m:>

(x+c)2+y2=4a2i4a\l(x—c)2+y2+(x—c)2+y2=>

x2+2xc+cz+y2=4a2+4a\[(x—c)2+y2+x2—2xc+c2+y2=>

xc=a +a\l(x c) +y = xc—a’ iawl(x c) +y =a*-2a%xc+x’c*=a (x —2xc+c? +y )=>
2

at+x2? =a*x*+a’c* +a? y 2o x2?-a%?-a y =—-a*+a c2:>(c —-a )x azyz—a (c —a)

94. a. Using the distance formula, the equation of the hyperbola with foci (p,—p) and (-p,—p) with distance

9s.

difference 2p is \/()c+p)2 +(y+p)? —\/(x—p)2 +(y-pl=2p=

P2+ +p)2 =2t p)? + (P> = p) + (= p)? + = )P+ (- p) = 4p =
222 42y +4p% ~ 2t P2+ (3 P2 - )+ (v - p)? =4p* =

X ty? =\/(x+p)2+(y+p)2\/(x—p)2+(y—p)2 =

2
X +2x2y2 + y4 = 4p4 +x* —8pzxy+2x2y2 + y4 = 8p2xy = 4p4 = Xy z%
b. y x 96. Assume that the transverse axis is the x-axis
6 and the conjugate axis is the y-axis. Then the
4 x2 y2
B equation of the hyperbola is — ——-=1.
2 a2 B2
é l 6 x c? :a2+b2,so one of the foci is

( a’ +b? s 0) . The coordinates of the

T T T T

endpoints of the latus rectum are

(\/a2 +b2,y and (\/a2 +b2,—y). Substitute

=p=%4 the expression for the x-coordinate into the
The foci are (4, 4) and (—4, —4). equation to SZOIV" for y:
Assume that the transverse axis is the x-axis. (\/ a* +b* ) 2 a1 p? y2
Then the equation of the hyperbola is s 5 =1l= s =1=
2 2 a b a b
x°y . .
~— —=—=1. The hyperbola is equilateral, so 24p2 b4 b2
5 yp q bz(a LY R A S
a = b, and the equations of the asymptotes are a a a
y = tx. These lines are perpendicular to each 2
other. Similarly, it can be shown that the So, the length of the latus rectum is a
asymptotes are perpendicular to each other if the .
transverse axis is the y-axis. (continued on next page)
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(continued)

97.

98.

99.

100.

101.

102.

Pl(\m2 + bz, y)
I
F, iFl(\/a2+b2, 0)
X

—latus rectum

Pz( \la2 + bz, —y)

Since b > 0 and ¢> :a2+b2,it follows that 103.
c?>a’andc>a. So,e>1. When e =1, the
hyperbola becomes the union of two rays.
a=4b=3=c"=16+9=25=c=5
2 104.
e:—zé.Length of latus rectum = gzg
4 a 2
2 2
36x2—25y2 =900 = -2 =
25 36
a=5b=6=c*=25+36=c=+/61
_c_Aet
a3 W 7 105.
Length of latus rectum = ——=—.
a 5
2 2
xz—y2=49=>——y—=1
49 49
a=7b=T7=c?=49+49=c=72
PN
a
b2
Length of latus rectum = —=14.
a
8(x-D*-(y+2)?%=2=
@-D* (+2)?_
1/4 2
1 2 1 3
a—z,b—ﬁ:(f —Z+2:>C—E:> 106.
e=<=3
a
2
Length of latus rectum = — =8

a
Rearrange the equation
5x2—4y? —10x—8y—19=0as

5(x? —2x)—4(y? +2y) =19, complete the
square and write the equation in standard form:

52 —2x+D)—4(y% +2y+1)=19+5-4=
5x-1D)—4(y+1)?=20=
(x=D> (y+D?

" 5 =1.S0, a=2,b=+/5 and

2 =4+5=c=3= e=£=§.
a 2

2b?
Length of latus rectum = —=5.
a
c ) c? 2 a’ +b? b?
e=—=e =—F=e = 5 =1+—2=>
a a a a
b2
ez—l=—2:>clz(ez—1)=b2
a
2
2 0= =5a. c=6>
a

36=a’>+b>=a’+504=
a*+5a-36=0= (a+9)(a-4)=0=
a=-9 (reject this) ora=4.a=4=b =25

2 2

The equation is — — 2.
16

20
The equation of the path is

J(x=3)* + y* =2|x+1|. Square both sides,

simplify, complete the square, and write the
equation in standard form:

(x=-3)2+y2=4(x+1)’ =
)62—6)c+9+y2 =4x’ +8x+4=
3l +14x-y?=5=

3(x2+£x+£)—y2 =5+£=>
3 9 3

2
2 x+1 2
3(x+z) —y2=ﬁ=>( 3) - =
3 3 64/9 64/3

f64 64 16
c=,—+—=—7:a
9 3 3

The equation of the path is

Va2 +(y+3)* = 3|y —1|. Square both sides,

simplify, complete the square, and write the
equation in standard form:

O+ =90-1)> =
x> +y2+6y+9=9y>—18y+9=

3 a

(continued on next page)
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(continued)

107.

108.

8y? —24y-x>=0=
8(y2+3y+%)—x2:18:>

(3
2 ~ 2
8(y+%j oy 2 X

9/4 18

c= 2+18=2;a=§;e=£=3
4 2 2 a

Solve using substitution:
y=2x-20=0 y=2x+20

2 2 =1 2 2 N
y°—4x° =36 y°—4x° =36
(2x+20)% - 4x% =36 = 80x + 400 = 36 =
x=—2;y=2(—2)+20=@

20 20 10
The only point of intersection is —2,@) .
20 10
y
E
!
=20
Solve using substitution:
x—2y2 =0 x= 2y2
2 02, e 02 2.
x“=8y"+5 x“=8y"+5
2yH?r=8y?+5=4y* -8y? -5=0=>
2y -52y* +1)=0= y? =§=>y=i@
2
ory2 = 1 (reject this); x = 2 i@ =5
2 2
The points of intersection are (5, @] and
5, o
b 2 .

109.

110.

111.

Solve using elimination:

2, .2 _
{x2+y2_15:>2x2=16=>x=i2\/§
x =y =1

(i2\/§)2+y2 =152y =T= y=+7
The points of intersection are (242,47,
(2V3,7). (243, 7). and
(-247.47).

y

x2+yZ= 15 6

(=242,47)

2 | @

Solve using substitution:
x2+ 9yr=9 —4x% -36y% =-36
2 2 = 2 2 =
4x°-25y° =36 4x°—-25y° =36
—61y2 =0= y:0;x2 =9=x=43

The points of intersection are (-3, 0) and
(3, 0).

{1—4“‘2 —25y2 =36
2+9y2=9 *[
2_

L 11 11 (I L1
-6 — 0 4 6 X
(-3,00 72 3.0
74_

Solve using substitution:
9x+4y*=72 9x%+4y> =72
2 02 ) 202
x°=9y"=-77 x“=9y" =77
99y -7 +4y* =72 =
85y2-693=72= y=13
x2=99)-7T=x=1+2

(continued on next page)
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(continued)

112.

113.

The points of intersection are (-2, —3),
(-2, 3), (2, -3), and (2, 3).

y
i :9x2 +4y2 =172
6

-8 —6 -4 %2 O 2] 4 6 8%
-2.-3\"2 Jo, -3

Solve using elimination:

{3)}2 ~Ta% =5 {—14x2 +6y2=10
9x2 -2y =1 27x*—6y> =3

Thus, the points of intersection are (-1, -2), (-1, 2), (1, 2), and (1, =2).

TTTT

=13x2 =13 x=#1;3y> - 7=5= y=42

Step 1: Let m = the slope of the tangent line. Then the equation of the tangent line is
y—l=m(x—2):> y=m(x—2)+1

Step 2: 7y2 =7[m(x—2)+1]2 =7[m2(x—2)2+2m(x—2)+1}=7m2(x—2)2+14m(x—2)+7

Step 3: 3x” =5=Tm” (x=2)" +14m(x=2)+7= 3x* =5=Tm® (x> — 4x+4)+ 14mx—28m+7 =
3x2 = 5=Tm?x? = 28m>x + 28m> + 14mx — 28m +7 =
3x2 = Tm%x? +28m%x — 14mx — 28m> + 28m—12=0 =
(3—7m2)x2 +(28m2 —14m)x—(28m2 —28m+12) =0

Now set the discriminant equal to 0 and solve for x:

( 2 2 2 2

28m —14m) —4(3—7m )[—(28m —28m+12)} —0=
784m* —784m> +196m> — 784m™ +784m> —336m +144=0=
196m> —336m +144 = 0 = 49m> —84m+36 = 0= (Tm—6)° = 0 = m=g

Step 4: The equation of the tangent line is y—1= g(x - 2) =y= gx - %
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114. Let p=1x; and g =y;. We need to find the equation of the tangent line to the hyperbola with equation

2 2 2.2

x_2 y_2 =1 at the point (p, ¢). First notice that y2 =

5~ b?, and the tangent line equation is
a

Q
S

2.2

y =m(x— p)+gq . Now solve —b? =[m(x- p)+ q] First multiply both sides by a2, then expand

the right side:

2 2 2

b*x? —a’b* =a® [m(x— p)+q]2 =a'm°x —2azm2xp+2azqu+azm2p2 —2azmpq+azq2 Now

combine like terms, factoring where possible, and set the equation equal to 0:
(b2 - azmz)x2 + (202m2p - 2a2mq) x— azmzp2 + 2a2mpq - azq2 +a’h?=0

Since the roots of the equation must be equal for the line to be tangent to the ellipse, set the discriminant
equal to O, then solve for m.

(2a2m2p - 2azmq)2 —4(b2 —azmz)(—azmzp2 + 2a2mpq - a2q2 + azbz) =0=

4a* - 8a*m? pq +4a*m 2 2 4(1)2 - azmz) —azmzp2 + 2azmpq—azq2 +a2b2) =0=
a4m4p2 —-2a*m pq+ a4m2q2 (b2 —azmz)(—azmzp2 + 2a2mpq - a2q2 +a2b2) =0=
azm4p2 -2a’m pq+a m q +(b2 +azm2)(—m2p2 +2mpq—q2 +b2) =0=

azm4p2 - 2a2m3pq+ azmzq2 —b2m 24 2b2mpq—b2q2 +b*

4 2 2b2 0=

=O=>—m2p2+2mpq—q +b2+a’*m* =0
2 2

—a2m p +2a2m3pq—a m2q2+a m

—l)2n12p2 + 2b2mpq —b2q2 +b* +a*m?p?

b2p2
a2

+612m2 =0=

—m2p2+2mpq—b2+ +b2+a’m?=0=> m2p2+2mpq+

—a2m2p2+2a2mpq+b2p +a*m?>=0=d’ a -p )m2+2a mpq+b2 2=0>

2.2
az(az—{az—abg sz+2azmpq+b2 2=0=4? ( Jm +2a mpq+b2p2=0=>
a4q2m2 + 2a2b2mpq +b4p2 =0= (a qgm+ b2
2 2 2 2.2
Thus, m = —pr , and the equation for the tangent line is y = —pr(x— p)+qor y= —prx+ pr+ q.
aq agq aq agq
10.4 Critical Thinking/Writing/Discussion b. All the variable terms on the left side of the
equation are always nonnegative, so there
115.a. 4x* -9y’ =0= (2x+3y)(2x-3y)=0. are 1o x or y values that would satisfy the

equation. There is no graph.

2
The graph consists of two lines, y =+ —x. ) ) ) )
3 c. Since both x” and y~ are nonnegative, the

]

w
T T T

only solution of the equation is (0, 0).
y
5

3

0,0

I I |
-5 -3 -10

w
[Ty -
=

|
w
T T T

|
w =
T T T
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d. Complete the square: _ p? 2
x2+y2—4x+8y=—20:> i) IfA>0and C>0,andif EJrE—F:O,
(x2 —-4x+4)+ (y2 +8y+16)=-20+4+16= the graph consists of one point,
"2 2 _ _ __ 2 2
x=2)"+(y+4) " =0=x=2andy=-4. —2,—£.If D—+E——F>O the
y 2A° 2C 4A 4C
T p? B2
raph is an ellipse. If —+—— F <0, then
3T S Y Te
s there is no graph.
L 11 [
5 -3 —10[ 1 3 s5%x

B (i)

- o2, -4

=2 = y= +x:/2 .
The graph consists of two lines.

e. y2—2x2:O:> y2

L (iii)

116. Ax>+Cy>+Dx+Ey+F =0, AC#0

Rewriting the equation, we have

2 2
Al 2+ 2oy P el i By B
AT 4A? C” 4c?
2 2
A x+£ +C y+£ =
2A 2C

If the term on the right side is not zero, then the
equation can be rewritten as

2 2
A x+£ C y+£
2A 2C
+ =1
-F F

(iv)

D* E2 D?> E? -
7+7
4A T ac 4A  4C

(o) [eae)
xX+— y+—
2A 2C
+ =1

p* E* F D’ E' F
44% 4AC A

+
4AC 4C? C

117.

D* E?

IfA>0and C<0,andif —+——-F =0,
4A

4C
the graph consists of two lines,

V(x4 2 | =4=C [y | 1

D?> E?
—+——F >0, the graph is a hyperbola
4A " 4C grap yp
with a horizontal transverse axis. If
D?> E?
—+——F <0, then the graphisa
4A 4C

hyperbola with a vertical transverse axis.

2 2

IfA<Oand C>0, and if D—+E——F 0,
4A 4C

the graph consists of two lines,

VA 2= le 4 )

D* E?
+——F >0, the graph is a hyperbola
4 A Tac grap yp
with a vertical transverse axis. If
2 2
D— E ——F <0, then the graphis a
4A 4C
hyperbola with a horizontal transverse axis.
2 2
IfA<0Oand C<0, and if D—+E——F 0,
4A 4C

the graph consists of one point,
2 2
—2,—£ CIf D—+E—— F >0, there is
2A° 2C 4A 4C

2 2

no graph. If 24 +E— F <0, then the

graph is an ellipse.

The hyperbolas x?- y2 =-1 and

x? - y2 =1 have the same asymptotes

because a = b = 1 for both graphs. The
asymptotes are y =x and y = —x

(continued on next page)
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(continued) Chapter 10 Review Exercises
Note that the graphs are the reflections of each
other across 1. y2=—6x=>—6=4a=>a=—§
y = x and across y = —x. Also note that the 2

graph of one can be obtained by rotating the

3 . .
graph of the other about the origin 90°. Vertex: (0, 0), focus: (_E’OJ’ ax1s: x-axis,

. . 3
directrix: x =—.
2
4 A
ST s
— Ix—z
3
— I
V(0, 0) !
I T O R P [
-8 6 —4 2 O 12X
I
— |
1
— 1
1
L
I
v

118. f(3)=%=% 2. Y =12x=>12=4a=a=3.
Vertex: (0, 0), focus: (3, 0), axis: x-axis,
119. ¢(10)=2(10)+1=21 directrix: x = 3.
A Y
120. £(5)=(-1)*3""=-3* =81 o
: 6
x= -3,
121. f(6)= 126(6) 2, o
6°+12 48 L2 0,0
122, ()7 =1 ST Y S
L2 FGL0)
123. (—1)8(L):l L
8+1) 9 |
[
124. (-1)°2° =32 -
_ 7
125. (1) (2(7)+1)+(=1)" ==1(15)+(~1) 3.7 =Ty=T=da= =a.
=-16

27111 Vertex: (0, 0), focus: (O,%), axis: y-axis,
126. 27 L 24 _q.01=77
a-3-r-e”-19

. . 7
directrix: y =—Z.
a-2-3-4-5-6-7-8-9-10

127. =2.4.6=48 y
3.5-7-8:9:10-a o
128. 6(1—5a+3b)=c—5ac+3bc I
v(0.0) _[F
True 2 3
L1l L1
129. 3a—-2b+6¢c—5d =3a+6¢—-2b—5d -6 —4 —2 O 2 4 6x
=(3a+6c)—(2b+5d) STy TTETTTTTTTS >
y= 4 —
True -4
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4.

2

Vertex: (0, 0), focus: (0,—%), axis: y-axis,

directrix: y =

X =—3y:>—3=4a:>—%=a

y
6_
vo0,0) L
3
y=2 oF Fo-3)
b NI
T6 -4 2 Ne 4
72_
_4_
_6_

(x—2)2=—(y+3):>—1:4a:>—%:a,

Vertex: (2, =3), focus: (2,—%} axis: x =2,

directrix: y =

y
1=
[

11

1

—2-10
-1
-2
<--—o
—4
-5
-6

|

(y+1)2=5(x+2)=>5=4a=>%=a,

Vertex: (-2, —1), focus: (—%, —IJ,

axis: y = —1, directrix: x = 7

A

x=-

| 1

._.
-Mw#%
T
~
—
(95)
|
=

-6

Y

&

10.

Rearrange the equation and complete the
square to put the equation in standard form:

yi=—Ay+2x+1= Y2 +4y+4=2x+1+4=

(y+2)2=2[x+§j:>2=4a:>a=%.

Vertex: (—%,—ZJ, focus: (-2, =2),

axis: y = -2, directrix: x = 3.
)7

Rearrange the equation and complete the
square to put the equation in standard form:

P42+ y=0=-(x*-2x+D)=-y-1=

(x—1)2=(y+1):>1=4a:>a=i.
3 .
Vertex: (1, —1), focus: 1,—Z , axis: x =1,

5
directrix: y =——.
YTy

y
7

The vertex is (0, 0) and the focus is (-3, 0), so
the graph opens to the left. The general form

is (y—k)? =—da(x—h).

a=-3= y2=—12x.

The vertex is (0, 0) and the focus is (0, 4), so the
graph opens up. The general form is

(x—h)?=4a(y-k).

a=4=>x2=16y.
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952 Chapter 10 The Conic Sections
11. Thehfocus is (Q, 4(1)) :Zl)nd thg cilirectrixhis y=-4, Pr=d? P =sl=4-P=c=+3>
t Tt , 0), t . .
so the vertex is (0, 0), an 2e graph opens up the foci are (0\/5) and (O, _\/g)
The general formis (x—h)" =4a(y—-k). ) g )
Endpoints of the minor axis: (1, 0) and
a=4=x>=16y. (-1, 0).
12. The focus is (-3, 0) and the directrix is x = 3, Y
so the vertex is (0, 0), and .the graph opens to 3 _\/2(0, 2
the left. The general form is Fy(0.3)
(y-k)? = —4a(x—-h). Lo 1) 0.0
L1 [
a:3:>y2:—12x. -3 -2 &;J 2 3 x
Fi0, —3)\-1~
13. a? =25= the vertices are (5, 0) and (-5, 0). V0, -2)
br=a’-c*=4=25-"=c=t21 > 3
the foci are (\/ﬁ,O) and (—\/ﬁ,O). ) )
. . . 2, .2 _ X Y _
Endpoints of the minor axis: (0, —2) and 16. 16x"+y " =64=>—+-"—=1.
0.2) 4 64
’ a’® =64 =5 the vertices are (0, 8) and (0, -8).
P =a’-c?=4=64-?c=42/15=
the foci are (O, ZJB ) and (0, —2\/E )
Fy(—21,0)
Endpoints of the minor axis: (2, 0) and
(=2, 0).
y
10
[V,(0, 8)
L\ 0, 2415)
14. a’ =36= the vertices are (0, 6) and o - o0
0,-6). b> =a* ~c? 5 9=36-c> = Rl TH D A
c= i3\/§ = the foci are (O, 3\/5) and B
(0, —3\/5 ) Endpoints of the minor axis: [ | Fi(0, —2415)
(3, 0) and (-3, 0). ¥ 0. -5
17. 16(x+1D>+9(y+4)* =144 =
2 2
(x+1) + (y+4) -1
9 16
The center is (-1, —=4) and a®> =16 = the
vertices are (-1, —8) and (-1, 0).
br=a’-c>=9=16-c>= c=i\/7.
The foci are (~1,~4—+/7) and (~1,~4+/7).
2
15. 4x*+y?=4=x? +2 Endpoints of the minor axis: (-4, —4) and
4

a’ =4=> the vertices are (0, 2) and (0, —-2).

(2, -4).

(continued on next page)
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(continued)

18.

19.

4x-D2+3(y+2)=12=
2 2
(=D (r+2)° _
3 4

The center is (1, =2) and a’>=4= the
vertices are (1, 0) and (1, —4).
bP=a’-c?=3=4-c>=c=+1

The foci are (1, —1) and (1, —3). Endpoints of
the minor axis: (1+\/§, —2) and (1—\/5, —2).

1.

1 +43,-2)
Fi(1, =3)

Rearrange the equation and complete the square
to put the equation in standard form:

x2+9y2 +2x—18y+1=0=
x2+2x+149(y* =2y + D) =-1+149=

(x+1)?

x+D?+9(y-12=9= +(y-D>=1

The center is (-1, 1) and a’> =9 = the vertices
are (-4, 1) and (2, 1).
bP=a’-c?=1=9-¢> :>c=i2\/§

The foci are (—1 - 2\/5,1) and (—1 + 2\/5,1) .
Endpoints of the minor axis: (-1, 2) and (-1, 0).

20.

21.

22,

23.

24.

Vy2, 1)

V(=41
I . L1

1/ 2 37X
10 THEC T+ 293 1)
F(—-1-2v2,1)

Rearrange the equation and complete the square
to put the equation in standard form:

4x° +y? +8x-10y+13=0=

4x%+2x+ D)+ (y2 =10y +25)=—13+4+25=

4x+D*+(y-5% =16

@+D? (=97
4 16

The center is (-1, 5) and a’>=16= the
vertices are (-1, 1) and (-1, 9).

br=a’-c>=4=16-c>= c=+23.
The foci are (—1,5+2\/§) and (—1,5—2\/5).

Endpoints of the minor axis: (-3, 5) and
(1, 5).

1.

Fi(—1,5 = 2+3)
L1
-6 -4 X
. . . x? y2
a =4, b =2, major axis: x-axis. —+-—=1
16 4
. . Cox? y2
a =6, b =2, major axis: y-axis: —+=—=1
4 36

a = 10, center (0, 0), major axis: x-axis, ¢ =35,

2 2
s0 b2=100-25=75. ~—+2 =1
100 75
b =8, center (0, 0), major axis: y-axis, ¢ = 6,
2 2
082=a2-62=4a%=100. —+2_=1
64 100
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25. a’=16=> the vertices are (0, 4) and (0, —4).
=d’+b? =2 =16+4=c=125=
the foci are (O, 2«/5 ) and (O, —2\/5 )

Asymptotes: y = i%x =12x.

Ly

/
N
K.

\
AN

A
Fy(0, 245) 2 2 1
0. 4) 28. 4yl-dxl=l=s2 -t cisdl=-o
/4 1/4 4
L11 | |
3 3 the vertices are O,—) and O,——).
2 2
V10, —4) 1 )
R0, ~2¥5) cz=a2+b2=>c2=—+—=>c=7=> the

\ 4 4

N foci are (0,%} and (0,—%].

26. a’>=16=> the vertices are (4, 0) and (-4, 0).

c?=a’+b*=c*=16+9=c=15=

the foci are (5,0) and (—5,0).

Asymptotes: y = i%x =xtx.

b 3
Asymptotes: y=t—x=F—x.
a 4
y
7
3 3
YT y=z47

29. The centeris (-2, 3). a’> =9 = the vertices

FTTTTTT,

i =5 N
-7 are (1, 3) and (-5, 3).
62202+b2:>C2=9+4:> C:i\/ﬁz
2
27. 8x? —y2 =8= x° _y_=1=> a? =1= the the foci are (—2+\/E,3) and (—2—\/5,3),

8

vertices are (-1, 0) and (1, 0). Asymptote;sz ,

2=+’ = ?=1+8=>c=143= the y—k=i—(x—h)=>y—3=i§(x+2).

. ‘ P
foci are (3, 0) and (-3, 0). Asymptotes: Fer e
N TS y=—3@+9+3y
a VA 8

UFi(—2 —13,3)

%7 -5 -3 -1
N -2

y=%(x+2)+3
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30.

31.

The center is (2, —1). a’ =6= the vertices
are (2,—1+\/6) and (2,—1—\/8).
=a’+p’ = c?=6+8= c=ix/ﬁ=>
the foci are (2,~1++/14) and (2,-1-/14).
Asymptotes:

a V3
y—k=ft—(x-h)=y+l=t——(x-2).
b 2
y=—Bu-2-1
y
AN 4 2 —1+1)
AR Vo2, 1 +6)
N T N 15
-3 —10 1N 3 5 71X
7/_’/ ;/1(2,717%)
N\ 6F e -1
y=Ba-2-1

Rearrange the equation and complete the
square to put the equation in standard form:

4y? - x> +40y-4x+60=0=
4(y* +10y+25)— (x% +4x+4)
=-60+100—4
4y+5)-(x+2)?=36=
V+5° (x+2)° _
9 36

The center is (-2, =5). a’ =9 = the vertices
are (-2, -5 -3) = (-2, -8) and
(-2,-5+3)=(=2,-2).

2=a’+b? = ?=9+36=>c=13/5=
the foci are (—2, -5+ 3\/§ ) and

1.

(—2, -5-3J5 ) . Asymptotes:

y-k:i%()(—h):} y+5=i%(x+2).

32,

33.

y=4@+2-5

S-S

Fy(=2, =5 + 35)
S iz
—12\W//{Y’ 8 x
\\\;,4—24/2(—2, -2)
T -2 -9

4 -10- N
=
Fi(=2, =5 =3V5)_,,|

y=-fa+2-5

Rearrange the equation and complete the
square to put the equation in standard form:

4x% -9y +16x-54y-29=0=

4(x% +4x+4)-9(y* +6y+9)=29+16-81

4(x+2)>-9(y+3)2 =-36=

(y+3)* (x+2)?
4 9

The center is (-2, —3). a’ =4=> the vertices
are (-2, —1) and (-2, -5).

t=a’+bh*=c?=4+9> czix/E:
the foci are (—2,—3+\/E) and

1.

(—2, -3-413 ) . Asymptotes:

y—k:i%(x—h): y+3=i§(x+2).

/—%(ﬁz)—a
1
8

z

-7 4

=

Fy(=2,-3 )~ 12|

The vertices are (£1,0) and the foci are

(£2,0), so the center is (0, 0),a=1,c =2,

and the transverse axis is the x-axis.

=a’+b>=4=1+b>=b>=3.The
2

equation is 2oL
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34.

35.

36.

37.

38.

The vertices are (0,12) and the foci are
(0,24), so the center is (0, 0), a=2,c =4,
and the transverse axis is the y-axis.

A =a’+b*=16=4+b>=b>=12.

2 x2

The equation is ~——-—=1.
4 12

The vertices are (£2,0) so the center is (0, 0),
a = 2, and the transverse axis is the x-axis.

b
The asymptotes are y=13x=t+t—=13=

a

2 2
2=3=>b=6.Theequationis RN AT
2 4 36

The vertices are (0,£3), so the center is (0, 0),

a =3, and the transverse axis is the y-axis.
The asymptotes are

y=ix=>i%=i1=>%=1=> b=3.The

2 2
equation is RN T
9 9

Hyperbola. In standard form, the equation is

XY

Z 2

4 5

~
T T T T

Ny .
oy =
=

Parabola. In standard form, the equation is

(-3 =-(-3)

e

Ny .
o
=

T T 1T IICE)I T

39. Ellipse. In standard form, the equation is
x-2° (+D? _

23 112

40. Parabola. In standard form, the equation is

x2=2y.

o=

41. Circle. In standard form, the equation is
(x+D2+y2=4.

| | | | | |
-5 —4 -3 -2 -1 1 x

Copyright © 2015 Pearson Education Inc.
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43. Hyperbola. In standard form, the equation is

y2—x2=3.

45. Circle. In standard form, the equation is

(x—1)2+(y+2)2=?

y

46. Hyperbola. In standard form, the equation is

R
7/8 M6

Ny .
-
foy
=

|
1 3

47. Ellipse. In standard form, the equation is

x2 y2

+=—==1.
4 9/2

48. Hyperbola. In standard form, the equation is

G+D? (-1?

1.
8/3

2 2

49. 4x%+9y2 =36=>%+y7=1=> the

vertices of the ellipse are (3, 0) and (-3, 0).
br=a’-c?=4=9-c?=c=%/5= the
foci are (\E,O) and (—\/g, O) . For the
hyperbola, the transverse axis is the x-axis,
a:x/g,andc=3,s0 Z=a’+b* =

9=5+5% = b? = 4. The equation of the

2 2

.X y
hyperbolais ———-=1.
YPEIROIIs Ty
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958

Chapter 10 The Conic Sections

2 2

50. 9x2-16y? =144 =" -2 1= the
16 9

51.

52,

vertices of the hyperbola are (4, 0) and (—4,
0). c?=a’+b>= > =16+9=>c=15=
the foci are (-5, 0) and (5, 0). For the ellipse,
a=5and c =4, so
b?*=a’—c*=b*>=25-16= b*> =9.The

2 2

equation of the ellipse is R

9

Solve using substitution:
x?—4y? =36 x?—4y? =36
= =
x—2y-20=0 x=2y+20
(2y+20)> —4y% =36 = 80y + 400 =36 =

yz—ﬂ;x=2 A +ZO=@
20 20 10

The only point of intersection is (%,

15
10 X* —4y*=36

109 _ 91

| (56" 20

xX—2y—20=0
Solve using elimination:

2 2 2 2

-8x" =5 -8x" =5
y , -V ,
y— 2x"=0 4y-8x"=0
y2—4y=5:>y2—4y—5=O:>
(y=-5)(y+D)=0=y=50ry=-1

J10

5—2x2=0=>x2=§=>x=i—
2 2

9 _2)
20)°

-1-2x* =0= -1=2x> = there is no
solution if y = —1. The points of intersection

are (@,5] and (—@,5)
2 2

53.

54.

Solve using elimination:
2 _ 2 _ 2 _ 2 _
{3x Ty 5:{ 6x” =14y =10 _

9y% —2x? =1
13y =13= y=+1
3P-T7=5=xt=4>x=12

The points of intersection are (-2, —1),
(-2, 1), (2,-1),and (2, 1).

—6x2+27y% =3

y
5

9y? —2x* =1
3

(=2, 1)

— 3x2—7y2:5

@D

Solve using elimination:

xz—y2=l
x2+y2=7

44y?=7=

=2x2=8=x=12

y= +/3 . The points of

intersection are (—2, —\/5) s (—2,«/5) s (2, —\/5),

and (2,\/5).
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5S.

56.

57.

Let the end of the pipe, and therefore the
vertex of the parabola, be at (0, 0). Then the
ground is at y = —20. The water goes through
the point (8, —6).

6 810121416x

!
=)
L

The equation is of the form y = —4ax?.
Substitute (8, —6) into the equation and solve

fora: -6=—-4a(64) = a = i and the
128

equation of the parabolais y = —%x2 .Lety

= -20 and solve for x:

20=-3 325,280 a6
32 3

We are looking for the positive solution. The
water hits the ground 14.6 feet from the end of
the pipe.

Let the vertex of the parabola be at (0, 20).
Then the ends of the arch are at (—18, 0) and
(18, 0). The equation is of the form

y—20=—4ax?. Substitute (18, 0) into the

equation and solve for a:

0-20=—-4a(18)> = a= 2 and the
324

equation of the parabolais y —20= —ix2 .

81

9.19)

LV iN
20 -10 f 10 20%

Let x =9 and solve for y:

y—ZOZ—%(Sl):y:U m.

2 2

The equation of the ellipse is S
36 49/4
Atx=4, y= % = 2.61. (Reject the

negative solution.)

§ [, W 58.

This is the radius of the cross section. The
circumference = 27(2.61) =16.4 inches.

7 in.

“NB(500, 0)
A(—500, 0)

A and B are 1000 miles apart, so let the
coordinates of A be (=500, 0) and let the
coordinates of B be (500, 0). Let ¢ = the cost
of production at location B. Then ¢ — 20 = the
cost of production at location A. The delivery
cost at any point P from location B is

1 . .
Zd (P, B), while the delivery cost at any
1
point P from location A is Zd(P, A) . So, the

. . 1
total cost at location A is (¢ —20) + Zd (P,A),
while the total cost at location B is
1
c+ Zd(P, B) . P is located on a hyperbola

because the two total costs are equal;
therefore,

(c—20)+id(P, A) = c+id(P,B) =

d(P,A)-d(P,B)=80=2a=a=40.

We have ¢ = 500, so

b? = c* —a® =500> —40% =248,400 . The
equation of the hyperbola is

2 2
ad Y

2
L ) | FRr A
407 248,400 40 248,400

Note that this gives only the portion of the
hyperbola for y > 0, which is the portion that

is defined for this problem.
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Chapter 10 Practice Test A

1.

The focus is at (0, 12) and the directrix is
x =—12, so the vertex is at (—6, 12) and the
parabola opens to the right. The general form is

(y-k)?>=da(x—h). a=0—-(-6)=6=
(y—12)% = 4(6)(x +6) = 24(x +6) .

y2—2y+8x+25=0=
y2-2y+1=-8x-25+1=
(y=D%=-8(x+3)

x2=—9y=4ay:>a=—%

Focus: (O,—g) , directrix: y = 2 .
4 4

(x+2)?2==8(y-D=4da(y-1)=a=-2.
Vertex: (-2, 1), focus: (-2, —1), directrix: y = 3.
Let the vertex be at (0, 0). Then the parabola
goes through the point (3, 2). The general form
of the equation is (x —h)? = 4a(y —k) .
Substitute the values for x, y, &, and k, then solve

for a: 3% = 4a(2Q)y=>a= % . The equation of the

2_2

parabolais x~ = 5 y . Now find the value of y

forx=1: 12%y:>yz§z0.22 feet.

Vertex (3, —1) and directrix x = -3 = a = 6. The
parabola opens to the right, so the general form
of the equation is (y - k)2 =4a(x—h) . The

equation is (y+1)% =24(x-3).

10.

11.

12.

13.

14.

Foci (0, -2) and (0, 2) = ¢ =2.
Vertices (0, —=4) and (0, 4) = a = 4.
br=a’-ct=b2=42-22=12.

2 2

The equation is — + RANSY
12 16

Foci (-2, 0) and (2,0) = ¢ =2.
y-intercepts =5 and 5 = b =5.

bP=a’-c*=25=a">-2>=a*>=29.

2 2
The equation is R .
29 25
R yz
a=29,b=2.The equationis —+-—=1.
81 4
y
A
2_
1_
[ 1|
—4-3-2- 2 3 4%x

2
49y2 — 2 =492 15
Y T

a’= l,b2 =49 . The vertices are at (0, 1) and
O, -1).

2 =a>+b* =2 =1+49= c = +52.
The foci are at (0,5\/5) and (O, —5\/5).

The center is (0, 0) and the transverse axis is
the y-axis, so the equation is of the form
2 2

yooox
——-—=1.
a’ b
a=6,c=+45= 45=36+b>=b>=9.
2 x2
The equation is =~——-—=1.
36 9

Copyright © 2015 Pearson Education Inc.



Chapter 10 Practice Test B

961

15.

16.

17.

18.

19.

y2—x2+2x=2:>
Yo -2x+)=2-1=y2—(x-1)% =1

x?-2x—4y*-16y=19=
(2 =2x+1)-4(y* +4y+4)=19+1-16=
(x-D?-4(y+2)° =4=

2
M_(y+2)2=1
Hyperbola

y
sk
3_
——
L1 11 L1 11
-5 =3 -10 1 3 5%
/‘L\
_3_
_5_
Parabola
| |
-5 5 x
Circle

e SISV NN

20. Ellipse

Chapter 10 Practice Test B

1. The focus is at (—10, 0) and the directrix is

x = 10, so the vertex is at (0, 0) and the

parabola opens to the left. The general form

is (y—k)? =—da(x—h).

a=0-(-10)=10= y? = -4(10)x = —40x .

The answer is B.

2. y2-4y-5x+24=0=
yi—d4y+4=5x-24+4=
(y—2)2 =5(x—4). The answer is B.

1

1
3. x=7y2:>§=y2=>—=4a=>—=a=>

7 28

the focus at (2L8’ 0) and the directrix is

x= —L . The answer is A.
28

4. The answer is A.

5. (x—3)2 =12(y—1)= the vertex is (3, 1).

12=4a = a =3 = the focusis at (3, 4),

the directrix is y = —=2. The answer is A.

and

6. Let the vertex be located at (0, 25) and one

end of the base is at (90, 0). The general
form of the equation is

(x—h)? = —4a(y - k) . Substitute the values

for x, y, h, and k, then solve for a:
(90-0)? = —4a(0—-25) = a =81
The equation of the parabola is

x? = —4(81)(y—25)= x* =-324(y-25).

Find the value of y for
x=45: 45% = -324(y—-25)= y=18.75
The answer is D.
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7. Vertex (-2, 1) and directrix x =2 = a = 4. 15. y2—4x2—2y—16x—19=O:>
The parabola opens to the left, so the general Y22y +1-4(x2 +4x+4)=19+1-16=
form of the equation is (y—1)2 —4(x+2)2 — 4=

(y—k)* =—4a(x—h). (r—1)?
_ - .
The equation is (y —1)* = —16(x +2). 4 (x+2)" =1. The answer is C.

The answer is A.
16. 4y?-9x? -16y—-36x-56=0=

8. Foci(-3,0)and (3,0) = c=3. 4(y2 —4y+4)—9(x2 +4x+4)
Vertices (-5, 0) and (5,0) = a =5. =56+16-36=
ploa?-c2=p2=52_32_16 4(y—2)2—9(x+2)2=36:>
2 2 (y=2)2 (x+2)? .
The equation is I A > 2 =1. The answer is C.
16
The answer is B. 17. C 18. A 19.D 20. D

9. Foci (0, -3) and (0, 3) = ¢ = 3. y-intercepts . . .
( ) ( ) P Cumulative Review Exercises

Jand7=a=7. b*>=a’-c*=> (Chapters P-1 0)

49 =32 —p% = b? = 40 . The equation is

RN ((x+h)2—3(x+h)+2)—(x2—3x+2)

—+=—=1. The answer is D. 1.

40 49 h

., X7 42xh+h? =3x=3h+2-x" +3x-2
10. a =8, b =4. The equation is R h
16 64 h? +2xh—3h

The answer is A. =T=h+2x_3

1. 9x-1)2+4(y-2)%*=36= 2. y
N2 2 ar
Cint)) +(y 2) =1. The answer is A. B
4 9 2_

12. a=11, b=2.The vertices are at (11, 0) and ,; ',: 0/','/3"‘/‘5(;:

-11,0). 2 =a?+bh> =2 =121+4= 6L

¢ =545 . The foci are at (—5\/3,0) and i

(5\/5,0) . The answer is C. _6:
13. The answer is B. 3. Switch the variables, then solve for y:
14. The center is (0, 0) and the transverse axis is y=2x-3=x=2y-3= x+3_ y=f"1x)

the y-axis, so the equation is of the form

X £ ) = 2(x+3j—3=x

AL 2

2 2
a b
a=5,=10=100=25+b> = b*>=75.
2 2
X

The equation is ~———=
25 75

The answer is B.
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10.

logs (x — 1) +logs (x —2) = 3logs 36 =
3
logs ((x=1)(x—2)) = logs (Y6) =

x?-3x4+2=6=x-3x-4=0=
(x=4)(x+1)=0=x=4 orx=-1. (Reject
the negative solution.) The solution is {4}.

loga 3V x\/; = loga (x yz)l/3

1 1
= gloga x+§10ga \/;

1 1 12
= Eloga x+§10ga(yz) /

1 11
:§loga x+§-§10ga(yz)

1 1 1
= gloga x+gloga y +gloga Z

1= -120=>
x—2 x—2 xX—

x—2>0= x> 2. The solution is (2, ).

=0.

I =K(1—e_0'3’) S1-IR_0x
R 1%
IR ln(l—l‘fj
ln(l——j=—0.3t St=—— 2
% 0.3

Solve using elimination:
14x-0.5y=1.3 0.56x—- 0.2y =0.52

{O.4x+l.1y =4.1 {

-1.74y=-522=y=3

04x+1.13)=41=x=2

The solution is {(2, 3)}.

Switch the first and second equations:
2x+ y—4z=3 x=2y+3z=4
x=2y+3z=4 =
3x+4y—- z=-2 3x+4y— z=-2
Multiply the first equation by —2, add the

result to the second equation, and replace the

second equation with the new equation:

~0.56x—1.54y =574

2x+ y—4z=3 .

11.

12.

x=2y+3z=4 x=2y+ 3z=4
2x+ y—-4z=3 = Sy—-10z=-5
3x+4y—- z=-2 3x+4y- z=-2

Divide the second equation by 5 and replace
the equation with the result. Then multiply the
first equation by 3, add the result to the third
equation, and replace the third equation with
the new equation.

x=2y+ 3z=4 x—=2y+3z=4
S5y-10z=-5= y—2z=-1.
3x+4y—- z=-2 -2y+8z=10

Divide the third equation by —2 and replace
the equation with the result:

x—2y+3z=4 x—=2y+3z=4
y-2z=-1= y—2z=-1.
-2y+8z=10 y—4z=-5

Subtract the third equation from the second
equation and solve for z:

x—=2y+3z=4 x—=2y+3z=4
y-2z=-1= y—2z=-1
y—4z=-5 7=2

Substitute z = 2 into the second equation and
solve for y: y—2(2) =-1= y =3. Substitute
the values for y and z into the first equation
and solve forx: x—2(3)+32)=4=x=4.
The solution is {(4, 3, 2)}.

Solve using substitution:

y=2-logx
{y—log(x+3)=1
2-logx—log(x+3)=1=
log x +log(x +3) =1=> log (x(x+3))=1=

X +3x=10= x> +3x-10=0=
(x+5x-2)=0=x=-50rx=2
(Reject the negative solution.)

The solution is {(2,2—-1og2)}.

Solve using substitution:

y=x2—1 y+1=)c2
2,02 _ o |22, _e
3x“+8y° =8 3x“+8y° =8

3(y+1)+8y2=8=8y>+3y-5=0=
(y+1)(8y—5):0:>y:—10ry:§

(continued on next page)
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(continued) 17. Let u = x>. Then the equation becomes
“1=x2-1=x*=0>x=0 2wl -5u+3=0=> Qu-3)u-1)=0=
5 13 26
—:)c2—1:>—:x2:>x:i£ u:éoruzl. Now solve for x:
8 8 4
3 6
The solutions are < (0,—1), @,é s x2=—:>x=i—;x2=1=>x=i1.
4 8 2 2
\/% 5 The solutions are {iﬁ,il}.
_—,_ . 2
4 8
13. Expand by the first column: 18. Hyperbola y
1 4 7 5
2 5 §=ap Ay taydy tazds N
36 9
.
58 4 L1 L1
=1_1 1+1 +2_1 2+1 — — —
D o T ) 6 9 5.3 1L r 3 sx
4
+3_1 3+1 -3
D 5 8 ~
=-3-2(=6)+3(=3)=0 T
19. Circle
3y = 2 3
1, |2 s =29
Sx+7y=1 5 7
e TR N iy B
L7 Y
29" 729 - e
32, o1 4o |F!
15. A= = =5 3
-5 4 12-105 3| |= =
2
16. To find the point of intersection, solve the 20. lyo_
system -
x+ 2y—3=0:> 2x—4y+6=0 oC
3x+4y-5=0 3x+4y-5=0 S
x=-L-1+2y-3=0=y=2 ST Ifgg_é K
The point of intersection is (—1, 2). The line L
76_
x=3y+5=0= y=lx+§=> its slope is -
33 —101-

1/3. The slope of the perpendicular is —3. The

equation of the line through (-1, 2) with slope
—-3is y—-2=-3(x+1)= y=-3x-1.
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