(b) Even function

FIGURE 1.55

EXERCISES for Section 1.5

case
@ f® 7~
soLUTlON .
) d sin¢
. cynction 15 © 3 .
@ P L D BAxET TE T D=
f(=%) cound 8 follows
geros of f 3¢ © _
The 3_x=0 Les fie) <y
+ 1) =0 Factor
1o 1) =X~ Iyes
WEERY L =0,1, 1 Zewsor,
(b) This function is Ve since
en= P FITE 1= 8@
It has no zeros Since 2 + 1is positive for all x. (See Figure Lss,
C

REMARK ~ Each of the functions in Example 5 is either even or odd. Howeyg
R

functions such as
foy=x*+tx+t 1

are neither even nor odd.

1. Given f(x) = 2x — 3, find the following.

4. Gi =
Given f(x) = 1/Vx, find the following.

baghi 0 -3
L v@se-y

(a)l‘:zlf)w ** = 2x + 2, find the following. ® /@ () f G)

2 (b) f(~1 © fx +

(C) Sf(c) d ) S. leenf(x)A:), ,/ @@ fix + Ax) - fx)
. Given f(x) = Vx + 3, ) f& + A @) £(2) il % i i Fotioaiing:

@ f(~2) ! ﬁn((li))ﬂ-lfe 6fOHowing_ (c) f(x?) (b) f(—2)

© f(o) ' i f((x)+ N 6. Given f(x) = | @ fix— 1)

) @ £(2) x| + 4, find the following.
() f(-2)

(©) f(x2
3 d) fx + A — S0
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; 7. Given f() = x* = x + 1, find 925.x—y2=0 26. x2+y2 =9

f@ + Ax) = f(2) 5 y
Ax ’
8. Given f(x) = 1/x, find

f(1 + Ax) = f(1)
Ax '

9. Given f(x) = x3, find

fx + Ax) = f(x)
ax ' 2. VaZ—4—-y=0
10. Given f(x) = 3x — 1, find

f&) = fA)
x—1 \
11. Given f(x) = 1/Vx — 1, find A -

-3-2-1
fx) — fQ)
x—2
12. Given f(x) = x> — x, find
fx) — fQ1) In Exercises 29—36, determine whether y is a function
x—1 of x.
029, x2+y?=4 30. x = y?
o - -
In Exercises 13—22, find the domain and range of the 3;' x4y '_4 32. x2+ yzz_ B
given function, and sketch its graph. 33. 2x + 3y =4 4. 32 +y? -4y =0
35.y2=x2-1 36. x2y — x> +4y =0
13. fx) =4 — x 14. [ = 37. Use the graph of f(x) = V/x to sketch the graph of each
of the following.
15. f(x) = 4 — x? 16. g = - @y=Vx+2 ® y=-Vx
;‘ ©y=Vx—2 @y=Vx+3
017. h(x) = Vx — 1 18. f) = 5% + 2 € y=Vx-—4 ) y=2Vx
38. Use the graph of f(x) = 1/x to sketch the graph of
= —_ 2 =\ w2
19. fx) = V9 —x 20. h(x) |x|25 & each of the following.
021 f(x) = |x — 2| 22, f(x) = — _1 _
x (a)y—x—l ®y=_"
1
, _ ©y=1"7 @y=-3
In Exercises 23—28, use the vertical line test to deter- A {
mine whether y is a function of x. € y=- €)y=—-+2
X X
023 y=x? 4. y=x>-1 ¢ 39, Use the graph of f(x) = x2 to determine a formula for
the indicated function.

() ®)
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SOLUTION

e

Since
li 2 _ = —
xl_fgj (2x 10) =23 -10=8
we have

11“; \/32x2—1 =\3‘/—=2
x—‘)

EXERCISES for Section 2.1

In Exercises 1-6, complete the table and use the result
to estimate the given limit.

. x—2
f1. O R . Vi=g=)
1}‘1§;x2_x_2 4':;1_1.1113 x+3

lx |19 | 199 | 1.999 | 2.001 | 201 | 2.1 x| =31 | -3.01 | -3.001
wl | 1 1] \TW s

x -2.999 | =2.99 | —2.9
fx)

5, i 1/G+ D1 = (1/4)
x-3 x—3

X 1.9 { 1.99 | 1.999 ‘ 2.001 | 2.01 | 2.1

o] | |

x 129299 | 299 | 3.001 |3.01 3.1
f@x)

— + S
03 ﬁm\/x +3-V3 & Ton x/(x + D] = 4/5)
" x0 b x—4 x—4
Lx -0.1 \ —0.01 | —0.001 \ x | 39399399 |4.001|401 |41

Ao
el T
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In Exercises 7—

12, use the given graph to fing the limit ¢ 27. 1 lim f(x) = 2 and lim g(x) = 3 find the follgy;,
(it it exists). (@) lim [Sg(x)] (b) lim (£ 809
0 : - . 2 .
y 28. If lim f(x) = 2 and limg() = 4 fing fouow‘-n&
@) lim [4£(x)] (b) lim £y 4 8()
. f(x)
(9] 31:101 [f(g)] ()] }grcz m
29. If lim f(x) = 4, find the foIIowing.
@ lim [ £(0))3 (b) lim Vix)
% T X X—c X—c
R © lim [3 f(x)] @ lim [ ey
10, 30. If lim J&®) = 27, find the fol]owing.
e o 3 . f®)
X2 +2 yz 1 (@) lim VFx) (b) lim £
f(x) = { ’ x = 1 X—=c X—c 18

© xu;nz [f)]? (d) fif} [f(x))%3

» Use a compyter Or graphics
Calculator to Sketch the 8raph of the function Jand fing
the specifieq limit (if jt exists),

Vx+5-3 ;
3L fx) = —2EI 3 T lim e
X—.
L sy i :
Yt R TG Snre)
12. lim 33. Write 4 computer program
I=5 x — § :

: F Or use 3 Spreadsheet ¢
approximate 1111} Sx) Where
X
y

2 _ -~

X —4

[Hint: Gener:

lerate two Columpg Whosge €ntries form the
ordered pajrs “4 = [0.1]7, fq * [0.1)7) for n = |
2, 3, and 4.] ’
0 34, Iff2) =4

» can we conclude anything about
lim fx)?

. Give reasons for our
3 3x +2 y answer.
o 14 lim Gx + 2 0 35 1
15. lim 25 — 4 16. lim (—x2 4+ 1))
}1.?3 ek ) x=1 lim f(x) = 4,
17. lim (~x2 4 , _ 2) 18. lim (3x3 — 5,2 4) *=2
x—2 x—1 .
19. lim Vi ¥ 7 20. lim Vx ¥ 4 can we conclude anything 2Bout £(2)? Gy reasons for
*=3 =g your answer,
21. lim o + 3)? 22. ling Qx - 1)3 36. Find two functions Sand g such thyy
X——4 X
. lim 1 24. |im 2 5 limfG)  anq Jim g(x)
x=2 X F—-=-3 X +
Vx + 1
. lim Xt 1 26. lim ~~ 7 1

do not exist, but Iing [f) + &)}
P x x~3 X — 4 =



~Ue 11111
x=2 X —2

. P
[ | |
| i i’ f In Exercises 27—32, use the graph to determine the
! ] I following visually.
@ lim f)  (b) lim f@) (o) lim f(x)

@ limfGx)

(a) 31311 gk)
(b) f’l’} Sfx)

®) lim g(x)

In Exercises 5—22, find the limit (if it exists).

L) _xz—l . 2x2—x—3
C a1 x + 1 6-,\'1—1»1311 x+ 1
x—3 x3+1
7. lim 5—— i
3 11_{13112_9 8.}1_1.111‘x+1
X3+ 8 O + Ax)? — x?
9. TR o L S vl LN L0
. x—-2 X + 2 10, Alxlf-no Ax
. 2(x + Ax) — 2x (x + Ax)3 — x3
11. lim ———— =2 12. lim —M—
Ax—0 Ax 2 ALITO Ax ']
13. lim (x+Ax)2—2(x+Ax)+l—(12—21-1-1)
Ax—0 Ax
. (0 +Axd -1
14. lim ———— -
AxlTO Ax
x—35 -
16. ll'm2

15. lim =—2>
Im oy dim =



In Exer

cises 33—50, find the limit (if it exists).
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In Exercises 51 and 52, use the position function
s(f) = —16#2 + 25 giving the height (in feet) of a free-

x=J5 9 —
33 e x2— 25 34 xli“zh =i :alhnghobject. As discussed in the Chapter 2 Applica-
) x - ion, the velocity at ti =aisgi
25, lim —— 936. lim Vx -2 y at time ¢ = a is given by
7 Vat =4 ot &= . s(a) — s()
7. lim 2(x + Ax) — 2x Pm——a—_t—’
37. A Ax a
“ x + Ax)? + (x + Ax) — *2 + x) 51. Find the velocity when ¢ = 0.5 second.
* Ax—0" Ax 52. Find the velocity when ¢ = 1.1 seconds.
1 1
39, i x+Ax X & In Exercises 53 and 54, use a graphing utility to graph
" Ax—0* Ax the function and estimate the limit (if it exists). What
5 is the domain of the function? Can you detecta possible
o ox2-2x+1 ; i : ;
40. lim danger in determining the domain of a function solely
x=1" x—1 by analyzing the graph generated by a graphing utility?
41. lim l_x_l £2. lim |_x_‘_2| Write a short paragraph about the importance of exam-
x-0 X x—=2 X — 2 ining a function analytically as well as graphically.
x+ 2
=3 x—9 x—3
, 2 7 KT i3 _x=3
¢ . 1mf@. & =115~ 2 B0 =3 5450 =53 =9
3 * >3 ’1‘133 & llﬂ f&)
. _[x2—4x+6, x< 2
. a3+, x<1
' 4s. };I_I.I}f(x)’ f(x) - {x +1, x=1
: _ = x=1
46. gqf(x), f&x) = {1 o ox>1
47. lilgl_ 2x — 31 48. lir?+ [2x]

49.

(2] +

s0. | 1:_1]]
« R D

2.3 Continuity

Continuity at a point = Continuity on an open i
Intermediate Value Theorem

nterval = Continuity on a closed interval = Properties of continuity =

;

|
11

!

|
i %f(cl) iS
|

:\L_,/

lim f(x)
x=rC)

not defined.

Three Points of Discontinuity

FIGURE 2.14

does not exist

|

;

|
“( lim f(x) # f(c3)
A GG s i 1
¢ )

|
|
|
|

1
]
|
1
|

b

—

X

In mathematics the term continuous has much the same meaning as it does

in our everyday usage. To say that a function is continuous at x = ¢ means
that there is no interruption in the graphof fatc. That is, its graph is unbquen
or gaps. For example, Figure 2. 14 identifies

at ¢ and there are no holes, jumps, . ' :
three values of x at which the graph of fis not continuous. At all other points

of the interval (4, b), the graph of fis uninterrupted and we say it is continuous

at such points. Thus, it appears that the continuity of a function at x = ¢ can

be destroyed by any 0ne of the following conditions:

1. The function is not defined at x = C.

2. The limit of f(x) does not exist at x = €.
3. The limit of f(x) exists at x = c, but is not equal to f(©)-

This brings us t0 the following definition.
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. ind the points of discontinuity (i ) =]%» x=1
; ExerCises 1-6, find p uity (if 15. f(x) {xz, -1
any)- 2 _ 16. f(x) = {“223‘ +3, x<1
g ) | 1. =12t *=2
4 3—x, x>2
_ J—2x, x=<2
B0 =" ax 1, x>2
+ 2 3
19. f(x) = |;‘ = 2' 2. @) = 3|
_flx—=2|+3, x<O0
21'f(x)'{ +5, x=0
22, f(x) = {32+ fr & i ;
_ 4. f(x) = x‘+1, x
3.0 =31 23. f(x) = [x — 1] 24. f(x) = x — [x]
\ 1 In Exercises 25—30, discuss the continuity of the com-
2T i posite function h(x) = f(g(x)).
1=F ]
_|_+—+——74 / 25. f(x) = 22, g(0) = x — 1
-3 -2 - 2 "
3L ' 26.f(x)=%,g(x)=x—l
=2 27. f(x) = ;1—1 gx) =x2+5
28. f(x) = Vx, gx) = x2
X, x <1 T 1 _ 1
5. f) = (2, x=1 6. fix = '%ﬂ + x 29. fx) =, 800 = 77
2 =
x—1, x>1 v 30.f(x)=—1—,g(x)=l
; Va x

In Exercises 31—-34, sketch the graph of the given func-
tion to determine any points of discontinuity.

2 _ 3_g

3. fi) = = 16 2. f0) =
|x2 — 1]
3B.fx) =[x — x 4. fo) = ——

In Exercises 35—38, find the interval(s) for which the
function is continuous.

In Exercises 7—24, find the discontinuities (if any) for
€ 8ven function. Which of the discontinuities are

removable? 36. fx) =xVx +3
b
7. fx) = x2 — 2 _
x + 1 8,f(,x)—x2+1 .

9' f(x) = 1 _ X
" X —xl 10. f(x) = x2 _31 3, 0)

. = X — g} |

foy 2+ 1 12, f(x) = 2-9 = f b x
Big=52+2 __x—1
Z=3x-10 WIOTEi
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x 38 )_x+1

37. f(x) =x2 1 flx Va
2 4 -
4 - /’-.\ “
1 :H* 2

1 2 3

In Exerciseg 39 and 40, prove that the given function
has a zerg in the indicateq interval.

Function Interval
39. f(x) = 42 4x + 3 [2, 4
40. f(x) = x3 4 3x-2 [0, 1]

In Exercises 41 and 42, use the Intermediate Value
Theorem to approximate the zero of the given function
in the interval [0, 1]. (a) Begin by locating the Zero in
a subinterva| of length 0.1. (b) Refine your approxima-
tion by locating the Zeroin a subinterval of length 0.01.

4l.f(x)=x3+x—1 42.f(x)=x3+3x—2

In Exercises 43-46, verify the applicability of the Inter-
Mediate \alye Theorem in the indicateqd interval ang
find the value of ¢ 8uaranteed by the theorem,

43. S&) =x2 4 x — 1, [0, 51, f(c) = 11
44, JOx) = x2 - 6x + 8, [0, 3L, f(c) =0
45. f(x) = x3 — 52 4 *¥=2,00,3], f(c) = 4

2 5
46. f(x) = ijl", [5, 4],f(c) =6

47. Determine the constant g 5o that the following function
is continuous on the entire rea] line.

X, x=2
ax?, x>2

f&) = {

48. Determine the constants g and p 50 that the following
function js continuous on the entire real line,

2, x= -]
f) = ax+b —-1<x<3
~2, x=3

49. Is the function J@®) = V1 = x continuous at y = 1?
Give the reason for your answer.

50.

51.

52.

53,

55.
56.

7.

A union contract guarantees a' 9 PerCcm Wary
increase for five years. For an injtia] salary of $28. 50
the salary § is given by g

§ = 28,500(1.09)11

where t = ( corresponds to 1985, Sketch 3 graph o¢
this function and discuss ijts continuity,

A dial-direct long distance ca]] between two Cities Costs
$1.04 for the first two minutes and $0.36 for each
additional minute or fraction thereof. Use the
integer function to write the cost C of a call jp

of the time ¢ (in minutes). Sketch a graph of this fyp,.
tion and discuss its continuity.

The number of units jn inventory in a smaj] company
is given by

t+2
N(t) = 25<2ﬂ7ﬂ = )

where ¢ is the time ip months. Sketch the graph of this
function and discuss jts continuity. How oftep must this
company replenish jtg inventory?

Use a computer or graphics calculator o sketch the
graph of the function S and determine whether it js
continuous on the entire real lipe.

=J2x -4, x=<3
7= {xz —2x, x>3

Prove that jf fis continuous gpq has no Zeros on
[a, b], then either
fx) >0 for all x in [a, b)

or

) <0 for all x in [q, b].

The Dirichlet function fis defineg as follows,

feo) = 0, xis rational
& 1, xis irrationa]

Show that this function ig discontinyoys at every real
number,
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SOLUTION
i 2) = oo, can apply Prq
(a) Since 11_1’15 (1) =1 and Img (1/x%) = =, we Ply Property | of

i
Theorem 2.13 to conclude that

1
s — | = oo,
t(143)

o - - 1(;:—1)]=_co,wecanal
(b) Since xl_lgl_ x>+ 1) =2 and Xl_l.rln_ [1/ pply
Property 2 of Theorem 2.13 to conclude that

x4+

im ——~ — 0.
EG=5

EXERCISES for Section 2.4

=

In Exercises 1 and 2, determine whether f(x) approaches
<]

Or —o 35 x approaches —2 from the Jeft and from the of the given function,

right. i
9. fix) = ~
() =_1 e x
1. f(x) (X + 2)2 2. f(x) x+2 . 11 f( ) _ x2
; = +x-2

3
B =

() [
—f» <
|
7 w
S

VIS fay =g - 4

i _5- =i 7-‘,3 I -0 12
N i 017, foy = x
Aa \ TS0 = i

In Exercises 3-6, determine whether S(x) approaches
©0r —w as x approaches —3 from the Jeft and from the

=3

In Exercises 19

-2
right. tion has 3 vertical as
i i nuity at y = —-1.
3. flx) = = 4. f(x) = =9 X2
3 2 019, fix) = m
U5 ) = - — 6. f) = = 3
x“ -9 x 9 21 _xt 4+
=T

In Exercises 7 and 8, find the vertica) asymptotes of
the given function,

0 23, fim X3
x=2t X — 2

9 25, lim — %
% 27. lim (1 + 1)

. x2 -y
6:29. lim CC+ D=1

X2+ x4
d 31 lim xﬁ\"l
x—1t -

——

In Exercises 9-18, find the vertical asymptotes (jf any)

4
10. f(x) = m
12. f(x) = f G

.

—4x
4. f(x) = m

-2
16. f(x) = m

1
18. f(x) = m

2, determine Whether the given func-
Ymptote or 5 removab|e disconti-

2 el —
20. f(x) = %’37

22, f(x) = ;‘T‘:

In Exercises 23-32, fing the indicateq limit,

4. lip 2t
x—1* ] ~-Xx

; x2
26. |
pos: ¥ g

28. lim (xz _ l)

x—0~ X
30. lim \x3 -l
R Bra— 1

x2 =2,

32. lim =
X0~ X



ses 33—38, find the indicated limit (if it exists),

|n Exerci
given that
1

f@) = = a7 and g = x> - 5x.
33. liﬂf(x) 34. lim g(x)
35. linl [f() + 8X)] 36. li_rg [f(x)g()]

: ﬂi’] - [g_(x)
. 1m |5 38 i | 5]
39, The cost in dollars of removing p percent of the air

40.

41.

pollutants from the stack emission of a utility company
that burns coal to generate electricity is

s 80,000p

100 — p
(a) Find the cost of removing 15 percent.
(b) Find the cost of removing 50 percent.
(c) Find the cost of removing 90 percent.

(d) Find the limit of C as x — 100™.
The cost in millions of dollars for the federal govern-
ment to seize x percent of a certain illegal drug as it

enters the country is 21954 vy

0 = p < 100.

s

528x

C= 100 — %’ 0 = 1 < s

(a) Find the cost of seizing 25 percent.
(b) Find the cost of seizing 50 percent.
(c) Find the cost of seizing 75 percent.
(d) Find the limit of C as x — 1007.

A 25-foot ladder is leaning against a house, a$ shown

in the figure. If the base of the ladder is pulled away

from the house at a rate of 2 feet per second, the top

will move down the wall at a rate of

2x
V625 — x?

(a) Find the rate when x is 7 feet.
(b) Find the rate when x is 15 feet.
(c) Find the limit of r as x —> 25”.

ft/sec.

2 ft/sec

FIGURE FOR 41

42.

43.
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Coulomb’s Law states that the force F of a point charge
q, on a point charge g,, when the charges are r units
apart, is proportional to the product of the charges and
inversely proportional to the square of the distance
between them. If a point particle with a charge of +1
is placed on a line between two particles 5 units apart,
each with a charge of —1, the net force on the particle

with a positive charge is given by

k k

F=—;—2'+(7-r5_)2, 0<x<5

where x is the distance shown in the figure. Sketch the

graph of F.
Charge: — 1 Charge: —1
1
X
g 1 =2z >3 4 3
Charge: +1

FIGURE FOR 42

Use a computer or graphics calculator to sketch the

graph of the function

1
fx) = %2 =125

and find liI?_ fx).
x—
Find functions f and g such that

lim f(x) = and lim g(x) =
but
},ii“c [fx) — g@)] # 0.

g
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g forsecton 3

piek
nd 2, trace the curve on another piece
In D<erci593j lsp?etch the tangent line at the point (x, y).
0 PﬂPe’an .
TR
1 )

1 x, y)

|

ises 3 and 4, estimate the slope of the curve
xerc!

|£ the point (%> Y-
1 (b)

3, () L
ERES))

(b)s ' ’ //

In Beercises 5-14, use the definition of the derivative
tofind £ (x),

=3 6. f(x) = 3x + 2

s f0= -5z 8. f) =1—x2

S e =22 4y — 10. f(x) = Vx — 4
11, f(x):#

12. f(x) = ﬁ

O TR
o= -1y 14. f(1) = £ + 12

In .

IineE)t(:rtcr:ses 15-20, find the equation of the tangent

Your ans;egr’iph of fat the indicated point. Then verify

tangent line, Y sketching both the graph of f and the

Funey;
15 = Point of Tangency
16 10 =22+ g @, 5)
W=y 1 (=3, 4

Function Point of Tangency
17. fx) = x3 2, 8)
18. f(x) = x3 (-2, -8)
19 fx) = Vx + 1 (3,2)
_ 1
20. f(x) = 1 O, 1)

In Exercises 21—26, use the alternate form of the deriv-

ative (Theorem 3.1) to find the derivative at x = c (if it
exists).

2l fx) =x2—1,c=2
2. fo)=x>+2x,c=1
23. f) =x3+2x2+1,c= -2

2"‘-‘f(4‘€)=%,c=3

25. f) = (x— 1), c=1
26. f) =|x—2|,c=2

In Exercises 27—36, find every point at which the func-
tion is differentiable.

27. fx) = |x + 3|

28. f(x) = |x2 — 9|
y
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4 —x2 <
35. flo = {xz _x4' SS 3

=
|
w
=
(8]
+
w
=~
=
A

FIGURE FOR 35 FIGURE FOR 36

37. Assume f'(¢) = 3. Find f'(=c) for the fol]owing con-
ditions.
(@) fis an odd function.
(b) fis an even function.
38. Sketch the graph of f and S’ on the same set of axes
for each of the following.
@) flx) = x2 (®) flx) = x3
In Exercises 39-42, find the derivatives from the [eft
and from the rightatx = 1 (jf they exist). Is the function
differentiable at x = ?
39. fo) = VI = x?2
—Jx-1, x=1
W.f(x)—{(x_l)Z, x> 1
=1G—-13 <
41, f(x) = {(x 1P, 2>1

SRl

In Exercises 43 and 44, find an equation of the [ine
t

hat is tangent to the graph of fang parallel to the given
line.

Function Line S
BS@=x 3o 5452

”-f(x)-*-%x X+2y—6=9

In Exercises 51 ang 52,

. find the equationg of t

In Exercises 45 and 46, he o
tangent lines to the graph of f that pass throug, thz
indicated point.

45. f(x) = 4x — x? 6. F0) = af

5 ¥ (2,5

FIGURE FOR 45 FIGURE FOR 46

In Exercises 47-50, determine whether the statement
is true or false,

47. The slope of the graph of y = x2 is different at every
point on the curve.

48. If a function is continuous at a point, then it is differ-
entiable at that point.

49. If a function js differentiable at 4 point, then it is cop-
tinuous at that point.

50. If a function has derivativeg from both the right and

the left at 3 point, then it jg differentiable at that point.

use a computer or graphics

calculator to sketch the graph of f over the interval

[-2, 2] and complete the following table.

In Exercises 53 and 54, consider the functions
Sax(x) where Sf(x) and

2+ Ax) - 2
SAx(x) = f(A\'?f()(x g 2) +f(2).

(@) Usea 8raphing utility to graphfand s, on the same
coordinate axes for Ax =], 0.5, and 0.1.

(b) Give a written description of the 8raphs of § fo, the
different values of Ax.

§3. f(-’\) =4 - (x - 3)2 54. f(_x) =x+

= |-



IADLLE 2.%

 (min)

C (mg)

70 80 90 100 | 110

120

Concentraliio
o
3

+—
20 40 60 80
Minutes (1)

103 | 111 | 113 | 113 | 103

68

SOLUTION

For the interval [0, 10), the average rate of change is
AC 2-0 2

For the interval [0, 20], the average rate of change is
AC _17-0_ 17
At 20-0- 20" 0.85 mg/min.

For the interval [100, 110], the average rate of change is
AC _103-113  —10 ,
At 110 - 100 =~ 10 — —1 mg/min.

ntration in Bloodstream . . -
Drug Conce Note in Figure 3.15 that the average rate of change is positive when the

AGURE 315 concentration increases and negative when the concentration decreases. £=1
To conclude this section, we give a summary concerning the derivative
and its interpretations.
INTERPRETATIONS OF If the function given by y = f(x) is differentiable at x, then its derivative
THE DERIVATIVE Y _ iy = fim LETAD —fG)
dx Ax—0 Ax

denotes both

1. the slope of the graph of f at x and
2. the instantaneous rate of change in y with respect to x.

EXERCISES for Section 3.2

Ir] Exercises 16, find the average rate of change of the
given function over the indicated interval. Compare this

ti Interval
a\rllerage rate of change to the instantaneous rates of Function
thange at the i i . 1
endpoints of the interval 3. f0) = . 0, 3]
Function Interval 1
4. fx) = — (1, 2]
Lo =247 (1, 2] %
2, = 1 5. f(n = -3 [2, 2.1]
H=ar=1 [0’ 5] 6. f)=x2—6x—1  [-1,3]
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7. The height s at time ¢ of a silver dollar dropped6 ﬁz’OT
the World Trade Center is given by :(t') = —lér -
1350, where s is measured in feet and ¢ is measured in
seconds [s'(¢) = —32¢]. '

(@) Find the average velocity on the interval [1, 2].

(b) Find the instantaneous velocity when ¢ = 1 and
t=2

(c) How long will it take the dollar to hit the grlound?

(d) Find the velocity of the dollar when it hits the
ground.

8. An automobile’s velocity starting from rest is given by

_ 100«

IV EST
where v is measured in feet per second. Find the accel-
eration at the following times,
@ Sseconds (b) 10 seconds

(¢) 20 seconds

In Exercises 9-14, use the following position and veloc-
ity functions for free-falling objects.

S(1) = —16¢2 + Vol + 5o
s'(1) = =321 + Vo

. To estimate the height of 5 building, a stone js dropped
from the top of the building ingo a pool of water at

:grcises 15ang 16, the 8raphs of position functions
,lven.‘ They 'epresent the istance in miles that 3

7
(10,6 E
) £ 6 (6,5)“0'6)
4,2) g ¢ e
(6,2) g2
S T 5/341,\111
me (in Minutes) 0,0 Time (i Minutes)

In Exercises 17 and 18, the graphs of velgcit

y func:tions

! locity in miles
ven. They represent the ve Per ho,
3Leri§'g a 10-minute drive to work. Make sketches of th;

corresponding position functions.
18.
17.
15 -: 1
E 60 m j 60 i
3 ! = 10 | |
S -W——-’! : i Z i [ !
L L = “‘ﬁ, 1 '
> - L ) I :
2 4.6 810 24 6 4 >
Time (in minutes) Time (in minutes)

In Exercises 19-24, find the indicated derivative,

Given Find
19. f'(x) = 42 ')
20. f"(x) = x3 S
2L f'x) = 2 — f S"(x)
22 f"(x) = 2V = %)
23. fD) = 2x + 1 FO%)
4. f(x) =22 — S

25,

26.

The annua] inventory cogt for a certain manufacturer js
given by

dac 1,008,000
E = “? +6.3
when Q = 350.

A car is driep 15,000 mijeg
4 a year apg €ts x mil,
Per gallon, Aggyme that the average fye| cist is $nlll leg

quency of

F = 200vT

Where F jg measured jp vibrationg Per seconq and the
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b : ;
(b) The velocity a¢ time ¢ is given by the derivative
(1) = =32 + 16.

Therefore, the velocity at time ¢ = 2 g

$'(2) = =322) + 16 = —48 ft/sec.

=
REM :
This ::)RK 0 Figure 3.18, note that the diver moves upward for the first half-second.
Tresponds to the fact that the velocity is positive for 0 < ¢ < 1
EXERCISES for Section 3.3
In Exercises 1 and 2, find the slope of the tangent line = 312 — -2
to y = x" at the point (1, 1). ©y=x @y=x
Y y
L @y=x" (b) y = x32 \
y 21 2
T (CHY) an
1+ 14+
2__
* L (R 1\ i N2
t } x
1 2 )
In Exercises 3—12, find the derivative of the given
© y=x? @ y=x3 function.
3.y=3 4. f(x) = -2
S.fx)=x+1

7. gx) =x2+ 4

9. f(t) = =22+ 3t —6
1. s() =3 — 2t + 4

6. gx) =3x—1
8.y=2+2t-3

10. y=x3-9

12. f(x) = 2x3 — x2 + 3x

In Exercises 13—18, find the value of the derivative of
the given function at the indicated point.

Function Point
183. f = - a, 1
L f(x) - x ’
3 3
14. f(r) =3 — 5 (g, 2)
1.7, _1
15. f(x) = 3 + 5% (0, 2)

- 2_2
16. y = 3x(x = ;)
17. y = @x + 1)
18. f(x) = 3(5 — x)?

(2, 18)

©, 1)
(5,0
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In Exercises 19-30, find ).
4
19. f(x) = x2 = p
20. f(x) = x2 — 3x — 352
2
2L fx) =x3 — 3, _ 2

e
2x2 — 3 +1
zz.f(x)=x\x

x
3 _ 2.2

23. f(x) = %’I""‘
4. fx) = 2 + 2X)(x + 1)
25. f(x) = x(x2 + 1)

1
26. f&x) =x + 2
27, f(x) = x#s
28. f(x) = 153 _ 1
29. f(x) = Vx + V5

1
30. f(x) = F

x2

In Exercises 31-36, complete the table, using Example

6 as a mode).
3. y = r;

32.y= 3Tzrz

33. @

4. y = é

35. y = %;

36. y = x;i‘l

N Exercises 37 and 38, find an €quation of the tangent
ne to the given function at the indicateq point.

7.y=x4—3x2+2,(],0)
8. y = 43 +x, (—1, -2)

1 Exercises 39-42, determine the

point(s) (if any) at
hich the given function has a horiz

ontal tangent line.
40, y = 3 4 x

cy== 2.y =x24

.y x2 y X

ketch the graphs of the two quations ), _ 2
43. j: —x2 + 6x — 5, and sketch the two “nes Xa["nd
tangent to both graphs. Find the equatiqp Of theg, ]in:‘F

44. Show that the graphs 0}{ the ttl\:lo €quatiop ,, <ty
¥ = 1/x have tangent 1nes that are perpendlculm o
each other at their points of Intersectiop

45. The area of a square with sides of Jep s is givenp,
A = 52, Find the rate of change of the are, with Pespeq
to s when s = 4,

46. The volume of a cube with sides of len
by V = 5. Find the rate of change of th
respect to s when s = 4,

gth S is giVen
€ volume With

47. A company finds that charging p dollars

Per unit pr,
duces a monthly revenue

R = 12,000p - 1,000p2, o =p =12

(Note that the revenue is zero whep P = 12 since g

one is willing to pay that rauch.) Find the rate of change
of R with TeSpect to p wher 5 has the following values,
@ p=1 h) p =
©p=6

48. Suppose that the profit p

obtained in selling x units of
4 certain item each week

is given by

P=50\/;—05x—500 0 =x =< 8000

Find the rate of change of p with Tespect to x whep
@ x =g (b)x=100

©) x = 2500

49. Suppose that the ﬂ‘ectiveness E inkil]j
; of a ainkilling dry
? hours after Cntering the bloodstre fs 8iven fi/ :

E= i(9t + 372

27 = 1),

Osi<ys,
Find the rate
@ =
© t=3

of change of E with Tespect to , when
(b) = 2

@ r=y
50. In a certain chemijca] react;

] (S} ]
of a substance Produceq ourarn(.)um n

8rams Q
€quation

IS given by the

Q=16t—4t2, O<t32_

Find the rate jp &rams per hour 4 ich
is being produced When ¢ hyq the followi;he ubstance
g val

1 alueg,
@r=3 @)= © 1=, e



Differentiate
3x - 1)2
y= (XZ +3)"

SOLUTION

—

-l
n u 1

m —t—

b _ fde=1\d 3x—1]
E=2x2+3 dx[x* + 3

[2(3x - 1)] [(xZ +3)3) - Gx - 1)(2x)}
= 2\3 T AT o ———=

x4 (%% + 3y’
= 26x - DBx2+9 - g2 4 2x)
- (% + 3)3
= 203x = 1)(=342 + 2x +9)
- (& +3)3
Try finding using the Quotient Ryl oy = (Gx - 12/x2 + 3)* and
compare the regy]ys. =
EXERCISES for Section 3.5
| i -6, i
2 Ex;féffs 16, complete th taple 5ing Example 2 In Exercises 7-44, fing the derivative,
= - - 7.y=(2x-7)3 8.y=(3x2+l)‘
Y = flgx) U= gx) Y= fw) 9 50 = 3 Ox — 4y 10, fp) = 262 = 1
Ly =(6x - 5p 1 1
1 1. y = m 12, 5(p) = m
Zy=—- =
Vi +1 (1 \2 _ 4
e \/3-2\_1 13, f(r) = (ﬁ) K.y = ~w
4y= (%) 15 fy = 3 16. fiy < 1
7 (E) Bt Y 'f(x)‘(xz‘SxP
5, y=(x2 - 3x + 4)5 17. fx) = xz(x = .25 18. fx) = x(3x - 9)3
6. y=(5x - 2y . f()= 1= t 20. g(x) = V33,
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_ViEta-1 2.y=V33ig

n s W 24. g(x) = \/me+1 SL. llft : b:-/a_zdifferentiable function of x. Use the fact that
B VE-x 26. f(x) = —3V3 =55 e oy
Y220 - . f(0) = O + 2y 2 flul] = w2
27,]’()") 1 dx ul =u m, u ¥ 0
i 30. g(1) = /57—
PY=Tir2 -2 In Exerci i
' V-1 32. y =x2V9 — ;2 find th ISes 5254, use the result of Exercise 51 to
gy=F 2 @ derivative of the given function.
* x Hy= 7
= —— 2 52.f(x)=]2_
1 Vx2 +9 *—4
BI=VE + 1 o 53. f(x) = |3 + | 54. fo) = |2
31+ 2 36. f(x) = - i *
0= ":T 2x — 3 .
3. f( t o - !n Exe(msc'es 55 and 56, the graphs of a function f and
. 37_44, use a symbolic d|ffer.ent|at|0n util- its den_vatlve S’ are given. Label the graphs as f or f’
e ind the first dervlath? of the .functugn, Then use and write a short paragraph stating the criteria used in
h Stility o graph the function and its derivative on the making the selection.
the

e set of coordinate axes. Describe the behavior of
th?fundion that corresponds to any zeros of the graph
of the derivative.

_Vatl 38.y=\/—2’T
37-)”x2+l x+1

312
2, g(t) = Vitar-1 40. f(x) = Vx(2 - x)?
+1 !
dhy= - 2.y=#-9Vr+2 57. (Doppler effect) The frequency F of a fire truck siren
_2x(2 - V1 + ¢ heard by a stationary observer is given by
8. s(1) = 3 p e 132,400
“gw=Vx—1+Vx+1 3Blxy
InExercises 45 and 46, find an equation of the tangent where v represents the velocity of the accelerating
line to the graph of f at the given point. fire truck (see figure). Find the rate of change of F with
respect to v when (a) the fire truck is approaching at a
Function Point

velocity of 30 m/s [use —v], and then when (b) the fire
.00 = V3Z =3 3. 5) truck is moving away at a velocity of 30 m/s [use +v].
% fo)=xVx2 +5 (2, 6) 132,400 132,400
=Lt £ aey

h Exercises 4750, find the second derivative of the

given function,
4. f(x) = 22 — 1y 48. f(x) = __1_5 =
x -
49, =V/y2 t2 t1
f) *+x+1 50. f(r) = — 7 Doppler Effect

38 Implicit Differentiation

Impli —
Plit ang explicit functions Implicit differentiation

So far, our equations involving two variables were generally expressed in the
explic;t form y = f(x). That is, one of the two variables was explicitly given
in terms of the other. For example,

y =3x -5, s= —1602+ 20, u=23w—w?
all are written in explicit form, and we say that y, s, and u are functions of
x, t, and w, respectively.




N

level is filming the lift.-oﬂr of a space thug
g to the position equation s = 50.2 e
d in seconds. The camera g 2009

f change in the distance bCIWeen cee'

A television camera at grour:;l
that is rising vertically accor in !
is measured in feet and 7 is measur

d. Find the rate 0 .
fm'zrzlz,,?gzhbf; of the shuttle 10 seconds after lift-off. (Assume that
cam

camera and the base of the shuttle are level with each other when ¢ = 0,)

Te 4

SOLUTION

1. We let r be the distance between the camera and the base of the shuttle

as shown in Figure 3.31. Then we can find the velocity of the rocket b;
ﬁ differentiating s with respect to ¢ to obtain ds/dt = 100¢. Thus, we have

< the following model.

- 1 (* Given: % = 100t = velocity

z 20N g Find: Z—:when t=10

FEEDN00* s 2. Using Figure 3.31 we relate s and r by the equation
FIGURE 3.31 r2 = 20002 + s2.

3. Implicit differentiation with respect to ¢ yields

dr ds

ZrE—-ZSE
=5.85_5s

= r(lOt).

4. Now, when ¢ = 10, we know that s = 50(102) = 5000, and we have
r = V20002 + 50002 = 1000V29.

Finally, the rate of change of r when ¢ = 10 is

dr 0
= = ————=(100)(10) = :
&~ 1000 \/E( )(10) = 928 .48 ft/sec. ca
EXERCISES for Section 3.7
In Exercises 1—4 assume that x and y are both differ- Equati 1
t —4, 0i Fi 3
entiable functions of ¢ and find the indicated values of : "ld\ Given
dy/dt and dx/adr. 2.y=x2-3x (g %whenx =3 & P
. . dt
Equation Find Given (b) & when x = | & 5
 ————— Zien dt B @
dt
Ly=+vVix & = g a
y x (a) d'whenx—4 E—?’ 3. xy=4 (a)szhenx=8 %:10
o & de
(b) = when x = 25 =2 (b) 7 when x = | %=_6

— .



4%

o

6.

10.

11

4,

16,

Find

Given
\

Euarion
j/2j’2; (a)Qwhenx=3 y=4 i
14 y° T dt ’ d;‘s

& =4.y=3 ¥
) dtwhenx—4,y—3 = -2
o radius 7 of 2 circle is increasing at a rate of 2 incheg
m minute. Find the rate of change of the area whep
©r= 6 inches and (b) r = 24 inches.

The radius 7 of a sphere is increasing at a rate of 2
inches per minute. Find the rate of change of the volume
when @) T = 6 inches and (b) r = 24 inches.

et A be the area of a circle of radius r that is changing
with respect to time. If dr/dt is constant, is dA/ds
constant? Explain why or why not.

Let V be the volume of a sphere of radius r that is
changing with respect 'to time. If dr/dt is constant, is
dV/ds constant? Explain why or why not.

A sphen'cal balloon is inflated with gas at the rate of

20 cubic feet per minute. How fast is the radius of the
palloon increasing at the instant the radius is (a) 1 foot
and (b) 2 feet?

The formula for the volume of a cone is
V= %mzh.

Find the rate of change of the volume if dr/dr is 2
inches per minute and » = 3r when (a) r = 6 inches
and (b) r = 24 inches.

Atasand and gravel plant, sand is falling off a conveyor
and onto a conical pile at the rate of 10 cubic feet per
minute. The diameter of the base of the cone is approx-
imately three times the altitude. At what rate is the
height of the pile changing when it is 15 feet high?

. A conical tank (with vertex down) is 10 feet across the

top and 12 feet deep. If water is flowing into the tank
at the rate of 10 cubic feet per minute, find the rate of
change of the depth of the water the instant it is 8 feet
deep.

» All edges of a cube are expanding at the rate of 3

centimeters per second. How fast is the volume chang-
ing when each edge is (a) 1 centimeter and (b) 10
centimeters?

The conditions are the same as in Exercise 13. Now
measure how fast the surface area is changing when
¢ach edge is (a) 1 centimeter and (b) 10 centimeters.

» A point is moving along the graph of y = x2 so that

dx/dt s 2 centimeters per minute. Find dy/dt when
@x=0and (b) x = 3.
The conditions are the same as in Exercise 15, but now

Measure the rate of change of the distance between the
Point and the origin,

T

17.

18.

19.

21.

Section 3.7 / Related Rates 149

A point is moving along the graph of y = 1/(1 + x?)

So that dx/dt = 2 centimeters per minute. Find dy/dt
for the following values of x.

@ x=-2 ® x=0

© x=2 @ x=10

A point is moving along the graph of y = x3 so that

dx/dt = 2 centimeters per minute. Find dy/dt for the
following values of x.

@ x=-2 ®) x=1

©x=0 @dx=3

A swimming pool is 40 feet long, 20 feet wide, 4 feet
deep at the shallow end, and 9 feet deep at the deep
end (see figure). Water is being pumped into the pool
at 10 cubic feet per minute, and there is 4 feet of water
at the deep end.

(a) What percentage of the pool is filled?

(b) At what rate is the water level rising?

. A trough is 12 feet long and 3 feet across the top (see

figure). Its ends are isosceles triangles with an altitude
of 3 feet. If water is being pumped into the trough at
2 cubic feet per minute, how fast is the water level
rising when it is 1 foot deep?

A ladder 25 feet long is leaning against the wall of a
house (see figure). The base of the ladder is pulled
away from the wall at a rate of 2 feet per second. How
fast is the top moving down the wall when the base of
the ladder is (a) 7 feet, (b) 15 feet, and (c) 24 feet from

the wall?

%;.._;
25 ft

¥
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