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EXERCISES for Section 7.1

In Exercises 1 and 2, evaluate each expression.
01. (a) 25%2

(b) 8112
(©) 3_12’3 (d) 27-13
2. (a) 64 (b) 5—4

1\1/3 1\3
© (§) () (Z)
Ir_1 Exgrcises 3-6, use the properties of exponents to
simplify each expression.

3. @ A (®) (57

53 2
© o @ (3) 2
4. (@) 4*»° (b) (642
(© [B~HE*?)? @) (32¥%)(4%)
5. (a) e*(e) ®) (* -
5
© ()72 @ 5
1\—2 e\~1
. @ (() ® (3)
(© @ %

In Exercises 7—16, solve for x.

7. 3* = 81 8. 551 = 125
1)1 1\
9. (g) = 27 10. (5) = 625
11. 43 = (x + 2)° 12. 182 = (5x — 7)?
13. x34 =8 14. (x + 3)¥3 =16
15, e 2x = ¢ 16. e =1

In Exercises 17 and 18, compare the given number
to the number e. Is the number less than or greater
than e?

1 )1 ,000,000

1,000,000
L1111
8.1+ 145+ g+ 5% 730" 720 " 5040

17. (1 +

In Exercises 19—28, sketch the graph of the given
function.

19. y - 3}: 20' y = 31“1

2.y = (-:l,;) 22, y =2

23. f(x) = 37 24. f() =3
©25. h(x) = 72 26. g(x) ol ;e

27.y=¢e* 28. y=e*

29. Use a graphing utility to graph f(x) = ex 5p4 -
function on the same viewing rectangle, How Bive,
two graphs related? e
(@) gw) = fx —2) = e

1 1
(b) h(x) = —5f(x) = — 7€

© gx) =f(=x) +3=e>*+3
30. Use a graphing .utlhty to graph the functiop, .
graph to determine any asymptotes of the functioy the

®) gx) =-—38

8
@ fx) = ﬁ?ﬁ; 1 + ¢-05;

In Exercises 31—34, match the equation with th -
rect graph. Assume that @ and C are arbitrary r :

eal num.
bers such that a > 0. [The graphs are labeleq (a)—(dT]

31. y = Ce** 32. y = Ceex
C
— — p—ax —
33.y=C( — e 34. y [+ o0
(a) y (b) v

In Exercises 35 and 36, find the amount of an invest
ment of P dollars invested at r percent for tyf{ars if trlwe
interest is compounded (a) annually, (b) semiannt? i
(c) monthly, (d) daily, and (e) continuously.

*35. P = $1000, r = 10%, ¢ = 10 years
36. P = $2500, r = 12%, + = 20 years

Id
In Exercises 37 and 38, find the inveStment-that vsil(;uto
be required at r percent compounded CO““"“%U eals
yield an amount of $100,000 in (a) 1 year, (1) 5%

(c) 20 years, and (d) 50 years.

v 37 r=12% 38. r = 9%
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/ Differentiation and Integration of Exponential Functions

petween incoming calls at a switch-

jme
) € nutes. If a call has just come in, the
P i 87 oy the next call will come within the next

=1
P
2), and (¢) POS)-
o) O PO O )
. auwmobile gets 28 mi/gal at speeds of up to
s of over 50 mi/hr, the number of

, poert®? At speed
[ ) mi/br: gallon drops at the rate of 12% for each 10

. ¢ is the speed (in miles per hour) and y is the

ml{es .pe[ gallon, then

m
06-00125  § = 50.
y =

se thiS function t0 complete the following table.

el 9 50 | 55| 60 | 65 | 70

Jiles per gailon ()

n of a bacterial culture is given by the

, The populatio :
! Jogistics growth function

850

y = ’1 n P

where ¥ 18 the number of bacteria and ¢ is the time in

days.

(a) Find the imit of this function as approaches
infinity. _

(b) Sketch the graph of this function.
42, The yield V (in millions of cubic feet per acre) for a

forest at age ¢ years is given by

Vv =6.7e"%"

(2) Find the volume per acre when ¢ = 20 years and

t = 50 years.

7.2 Differentiation and Integr

43.

45.

B 4.

ation of Exponential Functions

365

(b) Find the limiting volume of wood per acre as t
approaches infinity.

() Sketch the graph of this function.

In a group project in learning theory, 2 mathematical

model for the proportion P of correct responses after 7

trials was found to be

_ 083
1+ e—0.2n'

(2) Find the proportion of correct responses after
n = 10 trials.

(b) Find the limiting proportion of correct responses
as n approaches infinity.

. In a typing class, the average number N of words per

minute typed after ¢ weeks of lessons was found to be

_ 187
1+ 5.4¢002°

(2) Find the average number of words per minute after
t = 10 weeks.
(b) Find the limiting number of words per minute as f

approaches infinity. _
In the Chapter 7 Application we introduced the follow-
ing equation of the catenary for the Gateway Arch:

W21T1 4 g-x/12171
y = 75171 - 127.71(9__’21———).

N

Show that the height of the Gateway Arch is the same
as the distance between its two legs.
Given the function

2
f(x) - 1+ el/x

use a computer or graphics calculator to (a) sketch the
graph of f, (b) find any horizontal asymptotes, and
(c) find lir% fx) Gf it exists).

X—

Difirentiation of exponential functions = Integration of ex

In Section 7.1 we claimed
for exponential functions.
nential function fx) = e*

following.

I

f'®)

I

|

Ax—0

lim
Ax—0

4
lim
Ax—0

ponential functions

that the natural base e is the most convenient base
One reason for this claim is that the natural €Xpo-
is its own derivative. To prove this, consider the

fo+ A0 = f0)
Ax

x+dx — g*
€

Ax
ele — 1

Ax

[ L
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EXAMPLE 7 Finding the area of a region in the plane

Find the area of the

axis, for 0 < y < ‘reglon bounded by the graph of f(x) = ¢~* and the x-
SOLUTION

e ———

The region is shown in Figure 7.10, and its area i

is given b
| - ‘1 i 1 l y
= Jo &) dx = L e *dx
aolRe 710 1
- [_e_x]
0
= el - (-1
=1- % ~ 0.632 _
EXERCISES for Section 7.2
sonspiend

In Exercises 1-6, find the slope of the tangent line to
the given exponential function at the point ©, 1).

In Exercises 7-24, find the derivative of the given

function.
1oy = 8. y=el™*
09. y = g~y 10. y = ¥
1L f(x) = lx 12. f(x) = e 1
3
013, g(x) = &V~ 14. g(x) = €*
15, f(x) = (x + 1)e¥ 16. y = x2¢7*
ex/2
17 X) = — 18. f—
f(x) fx) i
019, y = (e"‘ + &) 20. y=(1 — e
2 > PN
2 f0) = S 2. for) =2 2"’
hy=¢* 4, y = ¢

023. y = xe* — ¢* 24. y = x%* — 2xe* + 2¢*

In Exercises 25 and 26, use implicit differentiation to

find dy/dx.
70, 1) _ _ 2 2
025, xe? —10x +3y=0  26. e” + x -y*=10
| ) x In Exercises 27-30, find the second derivative of the
exponential function.
27, f(x) = 263 + 3¢ 28, f(x) = Se~* — 2~
0 5, y= e‘Zx

B, 5 =g 29. g(x) = (1 + 2x)e™ 30. g(x) = (3 + 2x)e3*

In Exercises 31-34, find the extrema and the points of
inflection (if any exist) and sketch the graph of the

function.
©, 1) g
3. f() = 2. fo)=¢ 2e
-1 ' 933. f(x) = x% M. f(x) = xe7
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35. Find an equation of the line normal to the graph of
y =e*at (0, 1).

36. Find the point on the graph of y = ¢~* where the normal
line to the curve will pass through the origin.

37. Find the area of the largest rectangle that can be
inscribed under the curve y = ¢~* in the first and second
quadrants.

38. Find, to three decimal places, the value of x such that
e™* = x. [Use Newton’s Method.]

[ In Exercises 39 and 40, use a graphing utility to graph
the function. Then graph
Py(x) = f(0) + f'(0)(x — 0)

and
PO = fO) + f'O)x = 0) + 3" O)x - O

in the same viewing rectangle. Compare the values of f,
P,, and P, and their first derivatives at x = 0 .

39. f(x) = e*?
@ 41. Consider the function

40. f(x) = e

2
fo) = e

(a) Use a graphing utility to graph f.

(b) Write a short paragraph explaining why the graph
has a horizontal asymptote y = 1 and why the
function has a nonremovable discontinuity at

x=0.

42. The value V of an item ¢ years after it is purchased is
V = 15,000e0-6286", 0=r=10

(a) Use a graphing utility to graph the function.

(b) Find the rate of change of V with respect to ¢ when
t=1andt=>5.

(c) Sketch the tangent line to the graph of the function
whent = 1and = 5.

In Exercises 43—62, evaluate the integral.
1 2
843. J; e % dx 4. fl el ™ dx
2
45. J; (x2 = 1)eX 1 dx 46, j x2e* dx
47 f il
O )+ e

49, f xe® dx

e
@ |

V2
50. f xe~ ™72 dx
0

3 e?:/x
os1. | & > f €~ enpy
53. f X1+ € i 54 f U ~ 2,
12,
56. Jex(ex - e‘l)

55. femdx

dy
e*+e”* 2e* — 9 -
€ T° i 58, 27

7. [V @+ ek
5 —¢* ¥ + 9,1

o [ o [

0
61. f_z (3 - 5)dx 62. f B = x)eap

In Exercises 63 and 64, find a function fthat

the given conditions. tisfie

64. fﬂ(x) =Xt e
fO=3,f@0=.!

1

1
63. f'(x) = —2-(e" + e™)
f0)=1,f0) =0

In Exercises 65—68, find the area of the region by
by the graphs of the given equations.

65.y=ex,y=0,x=0,x=5
6. y=e*y=0,x=a,x=b
67.y=xe_("2/2),y=0,x=0,x=\/i
68. y=eZ+2,y=0,x=0,x=2

In Exercises 69 and 70, find the volume of the sofig
generated by revolving the region bounded by the graphs
of the given equations about the x-axis.

69.y=¢e5,y=0,x=0,x=1
70. y=¢*2,y=0,x=0,x=4

71. Given e* = 1 for x = 0, it follows that

"X "X
I e‘dtzf 1 dt.
0 0

Perform this integration to derive the inequalty ¢ *
1+xforx=0. .

72. Integrate each term of the following inequalites ™
manner similar to that of Exercise 71 to 0Dt eut
succeeding inequality for x = 0. Then evalue® b
sides of each inequality when x = 1.

@ e=1+x
2
(b)e"21+x+%
2 3
© el exsw=
*tot5%
2 3 4
De=1+x+i+Z+2
*tot e T ;
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Thus, in both cases, the slopes are reciprocals, as shown in Figure 7.18.

D

(3,94m =6
8_-
fx) = 2

6 ” e
4_£2,4)m=4 7l = lx
mel "
2+ : ©, 3

4. 2)

FGUREZIS - | 3 & & & =

REMARK 1In Example 5, note that f -1s not differentiable at (0, 0). This is consistent
with Theorem 6.10 because the derivative of f at (0, 0) is zero.

EXERCISES for Section 7.3

—
n Exercises 1-8, (a) show that f and g are inverse Function Interval
functions by showing that f(g(x)) = x and g(f(x)) = x,
and (b) graph fand g on the same set of coordinate axes. B. f0) = x_ 5 2<x<?2
3
b, fx) = X° gx) = Vax B 3
2. f(x) = x—l g(x) = x—l 24. f(x) = 2 - ‘x_2 0 <x< 10
1
03, f) =5x + 1 gw) =3 =1 In Exercises 25 and 26, use the graph of the function
1 fto complete the table and sketch the graph of f71.
4 fr)=3—4x gx) = 1(3 - x)
5.f) = Vx — 4 g)=x2+4,x=0
6.f0)=9-x%x=0 gW)=VI—x
7. f)=1-x° gx)=V1—x

8. f) =x2%,x>0

g(x) = x—1/2’ x>0

In Exercises 9—22, find the inverse of f. Then graph

both fand f~1.

19. f(x) = 2x — 3
1L f(x) = x°
3. f(x) = Vx

5. f) = VA=, 0 = x
16. ) = V¥ = 4, x = 2

1. f@) = Va—1
19, fo)=x23,x=0

2. f(x) = j‘+ -
Vx

10. f(x) = 3x
12. f(x) =x* + 1
4. fx) =x%,x=0

18. f(x) = 3V2x — 1
20. f(x) = x¥

2. ) == : 2

In Exercises 23 and 24, find the inverse function of f
over the specified interval. Use a graphing utility to
graph fand £ in the same viewing rectangle. Observe

that the graph of £-1 is a reflection of the graph of fin
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In Exercises 27-30, use the functions

fo) = —x -3 ad o g(x) =3

to find the indicated value.

27. (7' g™(D)

28. (o~10 F-1)(—
129, (f1o f1)6) (8 tef™)(-3)

30. (g7 og™(—4)

In_Exercises 31-36, use the horizontal line test to deter-
mine 'whether the function is one-to-one on its entire
domain and therefore has an inverse.

32 f(x) = 5x — 3

3. f(x) = %x +6

y ¥

In Exercises 37—40, use the derivative to determine
whether the given function is strictly monotonic on its
entire domain and therefore has an inverse.

x4

8. f(x) = = — 212
40-f(x)=2--x—x3

37. fr) = (x +aP’ + b

39. f(x) =x3 — 6x2 + 12x

=)

B In Exercise

tion is one-to-one on |
1

A hs)=——75 "3
3. hx) = Ix + 4|
M. go) = (& +5°

s 41—44, use a graphing ytjjt
functlon From the graph, determine whe

its entire domain.

4. g(1) =
|x — 4]

o
mm“m

In Exercises 45—48, show that f is strictly

on the given domain and therefore has 5y ; iny

that domain.
Function
g5, f() = (x = 4
46. f() = |x +2|
47. f0) = 2
48. flx) = x> —x

In Exercises 49—52, show that the slopes of the
of fand f~! are reciprocals at the given points,

Domain

(4, <)
[=2,)

(0, ®)
[1, <)

Functions Point
11
. fo=x (z3)
P 11
50. f(x) = 3 — 4x a, -1)
o= L
M1, f) = Vx— 4 5, 1)
flx)=x2+4 @, 5)
_ 1
52, f(x) = T 2 (1, 5)
0§ b
1) . > 1

57,

t(]mt
Se (i

8raphg

In Exercises 53 and 54, the derivative of the function
has the same sign for all x in its domain, but the function
is not strictly monotonic. Explain why.

53. f(x) = %

5.

is unique.
56.

one-to-one,
8.

54. f(x) = Z-4

Prove that if f has an inverse, then (f~ Iyl =/
Prove that a function has an inverse if and 00y

Prove that if f and g are one-to-one functions
(fe®) (x) = (g!

° f~H(x).

Prove that if a function has an inverse, then the inVe®

ol ifits

then
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have both natural and common logarith;, -
g x). Suppose, however, that you are agkeq e (°ften
e or 10. In such cases, yo can

Most calculators

denoted by In x and lo
a logarithm to a base other than

following change-of-base formula.

] - log, X Change-of-base formula
0% * ~ Jog, a

we can use a calculator t0 evaluate eXpressiong such
a

With this formula,

log, 14. That is,

In 14

RS

log, 14 =

EXERCISES for Section 7.4

2.63906 _ 5 8074,

~ 0.693147

In Exercises 1-6, write the logarithmic equation as an
exponential equation and vice versa.

1

1. (a) 22 =38 ) 3—1___3
2. (a) 27%3 =9 (b) 16** =8

3. (a) log,;, 0.01 = -2 (b) logys 8 = -3
4. (a) 2 =1 (b) €2 =17.389. ..

®5. () n2=0.6931... (b)In8.4=2128...
6. (a) In0.5 = —0.6931 . . .
(b) 492 = 7

In Exercises 7—14, solve for x (or b).

(b) log;p 0.1 = x
(b) logs 25 = x

7. (a log,p 1000 = x
8. (a) log, 614 =x

9. (@) log; x = —1 (b) log, x = —4
10. (a) log, 27 = 3 (b) log, 125 =3
11. (a) logy; x = —?2, (b) lne*=3
12. (a) elo* =4 () Inx =2

©13. (a) x> — x = logs 25
(b) 3x + 5 = log, 64
14. (@) logzx +logz; (x —2) =1
(b) logyo (x + 3) — log;px = 1

In Exercises 1520, sketch the graph of the function.

16. f(x) = —2Inx
18. f(x) = In |x|
20. fx) =2+ Inx

15. f@x)=3Inx
17. f(x) = In 2x
919, f(x) =In(x — 1)

In Exercises 21—24, show that the give_en functions are
inverses of each other by sketching their graphs on the

same coordinate axes.

21. f() = €, g) = In Vx

22. f(x) = ¥ — 1, gy =In(x+1)
2. fx)=eLg)=1+nx
24. f(x) = ex/3, g(x) =1nx3

In Exercises 25—30, apply the inverse properties of
In x and e* to simplify the given expression.

25. In ¥ 26. In ¢!
27, eln(x+2) 28. —1 + ln %
$29, onVx 30. —8 + b’

In Exercises 31 and 32, use the properties of logarithms
and the fact that In 2 =~ 0.6931 and In 3 ~ 1.098 to
approximate the given logarithm.

?31. (@ In6 (b) 1n§
() In 81 @ In V3
32. (a) In 0.25 (b) In24
(© In V12 @ ln%

In Exercises 33—42, use the properties of logariths
to write each as a sum, difference, or multiple of
logarithms.

2

33. ln§ 34. In (xy2)
35 m2 .
i 36. InVa -1
37. In V23 38. In+
* A
x2 — 1\3
*edn (T) 40. In 3¢
4L In 2z - qy2 2. 1)
(4



reiTrpey

cises 1960, solve for x or t.

inEXe 2

49,81”:4 50. e —9=0

51'1”,0 52. 2_lnx=4

o =4 54. ¢ % = 0.075

'55: 5we,0_11; = 600 56. e—0.0174t =0.5
5 = 15 58, 217* = 6

i61. A deposit of $1000 is made into a fund with an annual
interest rate of 11%. Find the time for the investment
to double if the interest 18 compounded
(@ mpually. @ (b) monthly.

. f:)ddall)f- . (d) continuously.

: ime;P:Slt of $1009 is made into a fund with an annual
. trisl r?fte of .105%. Find the time for the jnvestment
" aII)l:ual 1the interest is compounded
0 daiy Y. (b) monthly.

'C°mpleu;, i . (d) continuously.

e following table for the time ¢ necessary

for P doly
ars to tri le if in . ,n_
Wously a the rater; terest is compounded contl

2%
b | 4% | 6% | 8% | 10% | 12%

oy
® demanq .
P = 5nn function for a certain product is given by

L

Secti
Ction 7.4 / Logarithmic Functic

% )’-‘ In x nx
]Ily y lnx—lny
1 |2
3 |4
10 | 5
4 |05

. ';here b::re 25 prime numbers less than 100.
umber Theorem states that if p(x) is the
primes less than x, then the ratio of px
approaches 1 as x approaches infini
x/Iln x for x = 1000, x = 100000‘3
1,000,000,000. Then compute the 1,'atio
x/In x given that p(1000) = 168, p(108
and p(10%) = 50,847,478. |

In Exercises 67 and 68, show that f = &
computer or graphics calculator to sketch
fand g on the same coordinate axes. (Ass

2

67. fx) = In 1‘2
gh)=2lnx -4
68. f(x) = In Vx(x*> + 1)

glx) = %[mx + In (x2 + 1]

In Exercises 69 and 70, evaluate the lo
the change of base formula. Do each prob
first time use common logarithms, and tf
use natural logarithms. Round your answ

imal places.
69. (a) logs 7 (b) logs 4

(C) 10g”2 10 (d) 10g4 0.
70. (a) 108 0.4 (b) log, 0.

(c) logs 1250 (d) logys ¢
1. Prove that

In *—lnx-Iny

¥
y=ylnx

72. Prove that In X
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EXAMPLE 10 Comparing variab

les and constants

() & [e] =0
®) (e =

e—1

© &[] = ex

Constant Rule

Exponential Ruyje

Power Rule

Logarithmic differeps:,,:

d y=x
In y=x In x
Y _ x(l) +(nx)=1+Inx
y = :
y =yl +Inx) =x(1 +Inx
&
EXERCISES for Section 7.5
- \
In Exercises 1—4, find the slope of the tangent line to 17. y = In (In x?) 8. y=mn =1
the given logarithmic function at the point (1, 0). x+1 T
‘ = - =
1. y = Ilnx3 2.y =Inx%? B-7=lhaa—1 ARSI
- V4 + x2
L y 2Ly =In{—— 2.y=ln(x+VaTs
4 4 —-VxzZ+1
. : 23_y=_fx—+1n(x+\/x2+1)
1+ 7/, 0 : -VxZ+ 4 1 (2 +VxZ+4
oo 4.y= z gt )
_1_;/23456 2’;35’2" o & x
-2 :/%.0) 25,y =4 26. y =27
27. y =52 28. y = x(173)
® 29, y= x22.x 30. y= 233_1
4. — lﬂ 172
y x 31. y = log; x 32. y = logyo 2x
y _ xz xVx -1,
4_L ® 33. y = log, (ch - l) 34. y = log;, ( |

P
-2 “_

In Exercises 5—38, find dy/dx.

35. y =logs Vx2 — 1

i x 3M.y=I|x - 1

In Exercises 39-48,

differentiation.

2

©-1

36. y = log,g ( J

x+5;

38.y=In

find dy/dx using logarithm?

¢ 5. y=Inx? 6. y=1Inx2+3) _ -
7.y =In Vx® — 4x 8.y=In(l — x)* Zz'y_’{,vxz 1
9. y = (Inx)* 10. y=xInx £ Y=V - Dix - 2)(x — 3)
V=1 x b1, y= V32 Lk
611 y =In(xVa*— 1) 12'y'l“(x+1) T -y 2.y= V-1
= ](14':
x _Inx 43. y = X = 7 _ et DT
13.y=1n(;z“+7) 14.y== YT VETI Uor=fa-me-:
45, y=x2k 46. ",=‘\J—l

015.y='x‘2'
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49 and 50, show that the given funcy;
on

| cises . .

o EXe{ution to the differential equation.

% .5350 Di - 63. Let L) = x

i punction —— Differential equation L /1) dt for all x > 0.

B~ e "+ y (&) Find L(1)

i ’zmx+ X(y)+y =0 (b) Fi s

WA _4x x+y—x= ind L' (x) and L

y,xlnx y—xy=0 (€) Usethe T - {1).

' of x (to ﬁ::ase zoidal Rule to approximate the value

€ decimal places) for which L(x) = 1.

1 ( 1) ( Oor X >’ .
1 and

Lnlﬁerentiation.
2 — X > 0.
,-3lmyt¥ = 10

51' ¥ =
. +5x =130 64. Show that
o< 53 and 54, find an equati In x*
 Exercises n equation of the ta fl) = —
:ine to the graph of the equation at the given po_“:\tg ot *
pquation Point is a decreasing function for x > e and n > 0.
—3xt—Inx
g3y =% 1,3) 65. A per -
S imEr DY =4 02 fok gt TR st e Eonts sk e DTS
tractrix (éee fig oz;t gvels B 8 S 5 B
- ' ure). The equation of th i
In EXercises. 55-60, find any relative extrema and 10 + 2 norhew
inflection points, and sketch the graph of the function. y=10in (——;kx—> - V100 — x2.
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7.6 Logarithmic Functions and Integration

The Log Rule for integration

The differentiation rules

d 1 d '
o [In \x\] =; and E-x[ln \u\] = %

allow us to patch up the hole in our General Power Rule for integration

Recall from Section 5.5 that
un+1
=—+
J u" du 1 C
differentiation formulas for Jogarithmic fur

idedn # —1. Having the
aluate [ u" du forn = —1,as stated
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tions, we are now i
the following theorem.
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